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EIGENVALUES OF SMOOTH POSITIVE DEFINITE KERNELS

by J. B. READE
(Received 25th January 1990)

For positive definite C' kernels on a finite real interval the eigenvalues 1, are known to be o(1/n?). In this
paper this result is shown to be best possible in the best possible sense, namely that, given any decreasing
sequence A, which is o(1/n?), there exist positive definite C* kernels whose eigenvalues are 4,.

1980 Mathematics subject classification (1985 Revision): 47G05.

1. Introduction

We showed in [4] that for any real positive sequence 4, for which n2A, decreases and
tends to zero there exist positive definite C! kernels whose eigenvalues are 4,. We now
prove a slightly stronger result namely that if 1, itself decreases and if n’A,—0 then
there exist positive definite C! kernels whose eigenvalues are 4,. The proof is based on
an idea of Chaundy and Jolliffe originally given in [1] and later reproduced in [5].

2. Trigonometric series

We need some results on trigonometric sine series. The following estimates on partial
sums are crucial.

Lemma 1. For all integers N =1 and for all real t in the interval 0 <t <2n

(i)

b

N
Y sinnt
1

sint/2’

(i) )Z::n sinnt=0 (sirﬁ/2)'

Proof. Let us write

N
sy(t)=) sinnt.
1
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Then we have

N
|sp(2)|=|Y sinnt
1

N

Z eim

1

lIA

it piN+ 1)t

it

1—¢

1
sint/2’

1A

Also

N N
Y nsinnt=s,()+Y n(s,(t) — s,— 1(2))
1 2

N-1
=— Y s,()+Nsy(2).

Hence

32N_1
T sint/2

N
=0 (sin t/2>'

Lemma 2. If 1, is a real positive decreasing sequence such that n*A,—0 then

N
Y nsinnt
1

e
Y A,cosnt
1

is C! for all real t.

Proof. The series clearly converges (absolutely) for all ¢ so it is sufficient to show the
differentiated series
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—Y nl,sinnt
1

is uniformly convergent over all .
Suppose £¢>0 is given. Let N be chosen such that n?4,<e¢ for all n>N. Consider the
sum

q
Y nA,sinnt
p
where p,q are both >N and 0<t<n. We split this sum into two parts

+3

k+1

>::=

s [ =

where k (depending on t) is chosen such that
kt<m<(k+ ).
Either of these smaller sums may be empty of course.

The first sum can be estimated as follows. Using the inequality sin§ <8 for >0 we
have

k k
Y ni,sinnt<y et
P p

k
<> en/k
14

Sem.

Estimating the second sum is not quite so easy. If we write

N
ox(t)=) nsinnt
1
then, using the inequality sin 8 >26/n for 0 <6< n/2, we have from Lemma 1

N
on()=0 (sin t/2>

=O(Nn/t)
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=0(N(k+1))
=O(Nk).
Also
q q
Y ni,sinnt= Y A(0,(0)—06,- ()
k+1 k+1
q-1
= A’k+ lak(t) + Z (}‘n - )“n+ l)an(t) + }‘qaq(t)'
k+1
Therefore
q q-1
Y ni,sinnt=0 (lkﬂkz + Y (Ay—2ns ,)nk+).qqk)
k+1 k+1
q
=0 (/1“. 12k+D)k+ Y l,,k)
k+2
q
=0 (s+ y ek/n2>
k+2
=0(¢)
since

fj 1/n2=0(1/k).
k

3. The kernels

Lemma 2 above enables us to construct smooth kernels with prescribed eigenvalues in
the following way.

Theorem 1. If A, is real positive decreasing and n*1,—0 then the kernel

e o)
K(x,t)=Y 4,cos nmx cos nnt
1

=% Y. An(cos na(x + t) + cos na(x —t))
1
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is C! and the operator
1
Tf(x)= | K(x,0)f(t)dt
el

on I[*[ —1,1] has eigenvalues A,.

The same idea can be used to construct positive definite C? kernels (p odd) with
eigenvalues any given A, positive decreasing such that n?*'4,—0. For p even one has to
have

o
Y nPi, <o
1

(see [4]) which makes the proof that the corresponding kernel is CP relatively trivial.

Regrettably this idea cannot be used to construct a symmetric C' kernel with
eigenvalues any given A, decreasing in modulus such that n324,-0 (see [3]) since no
symmetric C' kernel can have eigenvalues e.g. |1,|=1/n*?*(logn)'/?> on account of the
fact that

O
Y n222 < oo
1

for such kernels (see [2]).
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