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Quaternionic Dolbeault complex and vanishing
theorems on hyperkahler manifolds

Misha Verbitsky

ABSTRACT

Let (M,1,J,K) be a compact hyperkahler manifold, dimg M = n, and L a non-trivial
holomorphic line bundle on (M, I). Using the quaternionic Dolbeault complex, we prove
the following vanishing theorem for holomorphic cohomology of L. If ¢;(L) lies in the
closure K of the dual Kihler cone, then H'(L) = 0 for i > n. If ¢;(L) lies in the opposite
cone —K, then H'(L) = 0 for i < n. Finally, if ¢;(L) is neither in K nor in —K, then
H(L) = 0 for i # n.

1. Introduction

1.1 Hypercomplex and hyperkahler manifolds
DEFINITION 1.1. Let M be a manifold, and let I, J, K € End(T'M) be endomorphisms of the tangent
bundle satisfying the quaternionic relation

P=7=K’=1JK = —Idpy.

The manifold (M, I,J, K) is called hypercomplex if the almost complex structures I, J, K are
integrable. If, in addition, M is equipped with a Riemannian metric g which is Kéhler with respect
to I, J, K, the manifold (M, I, J, K,g) is called hyperkdihler.

Consider the Kahler forms wy,wy,wg on M:

WI('> ) = g(',I'), WJ('> ) = g('> J')v WK('> ) = g(',K-).

An elementary linear-algebraic calculation implies that the 2-form Q := wy + /—1 wg is of Hodge
type (2,0) on (M,I). This form is clearly closed and non-degenerate, hence it is a holomorphic
symplectic form.

In algebraic geometry, the word ‘hyperkéhler’ is essentially synonymous with ‘holomorphically
symplectic’, due to the following theorem, which is implied by Yau’s solution of the Calabi conjec-
ture.

THEOREM 1.2. Let (M, I) be a compact, Kéhler, holomorphically symplectic manifold. Then there
exists a unique hyperkahler metric on (M, I) with the same Kéhler class.

Proof. For the proof, see [Yau78] and [Bes87]. O

Remark 1.3. The hyperkahler metric is unique, but there could be several hyperkahler structures
compatible with a given hyperkéhler metric on (M, I).
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VANISHING THEOREMS FOR HYPERKAHLER MANIFOLDS

DEFINITION 1.4. Let (M,I,.J,K) be a compact, simply connected hyperkiihler! manifold which
satisfies HY(M) = 0, H>°(M,I) = C. Then M is called an irreducible hyperkdihler manifold.

Remark 1.5. By Bogomolov’s decomposition theorem [Bog74], any compact holomorphic symplectic
manifold admits a finite cover which is a product of several irreducible hyperkéhler manifolds and
a compact torus. This explains the term.

1.2 Vanishing theorems on hyperkihler manifolds

Using the argument which essentially belongs to the theory of hypercomplex manifolds, we are able
to prove the following algebro-geometric statements.

THEOREM 1.6. Let (M, I,J, K) be a compact, irreducible hyperkéhler manifold, and L a holomor-
phic line bundle on (M, I) with c¢;(L) # 0. Denote by
K c HYY (M, 1) n H*(M,R)

the closure of the dual Kéhler cone of (M,I) (§5.2), and let —K" be the opposite cone. Then one
of the following holds:

(i) e1(L) € K7; then H'(L) = 0 for i > % dim¢ M;

(i) ¢1(L) € =K7; then HY(L) = 0 for i < § dim¢ M;
(iii) e1(L) does not lie in =K UK"; then H (L) = 0 for i # 5 dim¢ M.

Proof. See Theorem 5.6. O

THEOREM 1.7. Let (M, I,J, K) be a compact, irreducible hyperkéhler manifold, L a holomorphic
line bundle on (M,I) with ¢;(L) # 0, and B an arbitrary holomorphic vector bundle on (M,I).
Then there exists a sufficiently big number Ny, such that for any integer N > Ny one of the following
holds:

(i) e1(L) € K7; then H(LY ® B) =0 for i > 5 dim¢ M;

(ii) ¢1(L) € =K7; then H(LY ® B) = 0 for i < 5 dim¢ M;
(iii) e1(L) does not lie in —K"UK"; then H (LY ® B) = 0 for i # 5 dim¢ M.

Proof. This is Theorem 5.8. U

The vanishing theorems have many interesting geometrical consequences. As an example, we
give the following theorem (§6).

THEOREM 1.8. Let (M, I, J, K) be an irreducible hyperkéhler manifold, and X C (M, I) a subvariety
of dimension dim¢c X > %dimc M. Assume that X is a complete intersection of ample divisors.
Consider a holomorphic line bundle L on (M, I) with ¢1(L) numerically effective (that is, c1(L) lies
in the closure of the Kéahler cone of (M,I)) and q(ci(L),c1(L)) = 0, where q is the Bogomolov—
Beauville-Fujiki bilinear form (Definition 4.4). Then the natural restriction map is surjective on
holomorphic sections,
HO(LY) — HY (LY |x) — 0,
for a sufficiently big power of L.

Proof. See Theorem 6.5. O

1Or holomorphically symplectic Kihler; by Yau’s theorem, it is essentially the same notion.
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2. Quaternionic Dolbeault complex

2.1 Weights of SU(2)-representations

It is well known that any finite-dimensional (continuous) irreducible representations of SU(2) over C
can be obtained as a symmetric power S?(V;), where V7 is a fundamental two-dimensional represen-
tation. We say that a representation W has weight i if it is isomorphic to S?(Vi). A representation
is said to be pure of weight i if all its irreducible components have weight 7. If all irreducible com-
ponents of a representation Wy have weight at most ¢, we say that Wy is a representation of weight
at most 7. In a similar fashion one defines representations of weight at least 1.

Remark 2.1. The Clebsch-Gordan formula (see [Hum72]) claims that the weight is multiplicative,
in the following sense: if ¢ < j, then

%
Vi@V = @D Vigjan,
k=0

where V; = S%(V}) denotes the irreducible representation of weight 1.

A subspace W C W is pure of weight i if the SU(2)-representation W’ C Wj generated by W
is pure of weight 1.

2.2 Quaternionic Dolbeault complex: a definition

Let M be a hypercomplex (e.g. a hyperkéhler) manifold, dimg M = n. There is a natural multi-
plicative action of SU(2) C H* on A*(M), associated with the hypercomplex structure.

The space A*(M) of differential forms is an infinite-dimensional representation of SU(2).
However, the SU(2)-action is C°°(M)-linear, because the group SU(2) acts on A*(M) fiberwise.
Take a differential form v € A*(M) such that the restriction ~y|, of v to any fiber A*(M)|, lies
in an irreducible, weight k representation of SU(2) (this is possible, because the fiber A*(M)|, is
finite-dimensional). Then ~ lies in a direct sum of weight k representations. If we pick v in such a
way that 7|, is a vector of highest (or lowest) weight with respect to some Cartan subalgebra in
su(2), then ~ is also a vector of highest (or lowest) weight, and generates an irreducible weight &
representation. It is easy to see that all irreducible subrepresentations of A*(M) are obtained this
way. This gives the following claim.

Cramv 2.2. All irreducible components of A*(M) are finite-dimensional.

Remark 2.3. From the above argument, we see that it makes sense to speak of the weight of
A*(M) and its subrepresentations. Clearly, A'(M) has weight 1. From the Clebsch-Gordan formula
(Remark 2.1), it follows that A?(M) is an SU(2)-representation of weight at most i. Using the Hodge
*-isomorphism AY(M) = A*~%(M), we find that, for i > 2n, A’(M) is a representation of weight at
most 2n — 1.

Let V¢ C AY(M) be a maximal SU(2)-invariant subspace of weight less than i. The space V* is
well defined, because it is a sum of all irreducible representations W C A*(M) of weight less than i.
Since the weight is multiplicative (Remark 2.1), V* = @, V* is an ideal in A*(M). We also have
V=AY (M) for i > 2n (Remark 2.3).

It is easy to see that the de Rham differential d increases the weight by 1 at most. Therefore,
dVi C VL and V* € A*(M) is a differential ideal in the de Rham DG-algebra (A*(M),d).

DEFINITION 2.4 [Ver02]. Denote by (A% (M),dy) the quotient algebra A*(M)/V*. It is called the
quaternionic Dolbeault algebra of M, or the quaternionic Dolbeault complex (qD-algebra or gqD-
complex for short).
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The space A’ (M) can be identified with the maximal subspace of A*(M) of weight 4, that is,
a sum of all irreducible subrepresentations of weight i. This way, A% (M) can be considered as a
subspace in A’(M); however, this subspace is not preserved by the multiplicative structure and the
differential.

Remark 2.5. The complex (A% (M),dy) was constructed much earlier by Salamon [Sal07], in a
different (and much more general) situation, and has been much studied since then [CS88, Bas92,
LY97].

2.3 The Hodge decomposition on the quaternionic Dolbeault complex

Let (M, I, J, K) be a hypercomplex manifold, and L a complex structure induced by the quaternionic
action, say, I, J or K. Consider the U(1)-action on A'(M) provided by ¢ 2% cosp Id +sin¢ - L.
We extend this action to a multiplicative action on A*(M). Clearly, for a (p, q)-form n € AP4(M, L),

we have

V=Ip-0)ey (2.1)

LEMMA 2.6. Let (M,I,J, K) be a hypercomplex manifold and

pL(p)n =e

PI;PJ; PK
the homomorphisms
U(1) — Aut(A*(M))
constructed above. Then py, pj, px generate the Lie group action
SU(2) C Aut(A*(M))

associated with the hypercomplex structure.

Proof. Lemma 2.6 is clear. Indeed, the action of SU(2) and py, ps, px are defined on A*(M) by
multiplicativity, hence it suffices to check that pr, ps, px generate the standard action of SU(2)
on AY(M). On AY(M), pr, ps, px act as quaternions cos ¢ +sin ¢- I, cos p+sin p-.J, cos p+sin p- K,
and they generate the group of unitary quaternions. O

From Lemma 2.6, it is clear that py preserves components of weight ¢. We obtain that V* is
preserved by pr, hence pr, acts on A% (M). Then, (2.1) gives a Hodge decomposition on A% (M):

ALy = @) AL,
Ptq=i

The following result is implied immediately by the standard calculations from the theory of
SU(2)-representations.

PROPOSITION 2.7. Let (M, I, J, K) be a hypercomplex manifold and
AL = @) A% )

pt+q=t

the Hodge decomposition of qD-complex defined above. Then there is a natural isomorphism
AI_DF’?I(M) =~ AOPFHI(MT). (2.2)
Proof. The following lemma is clear. U

LEMmA 2.8. Let (M,I,J,K) be a hypercomplex manifold, dimg M = n, and p an integer,
0 < p < 2n. Then A®P(M,I) C AP(M) is pure of weight p.
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Proof. Consider the operator Wy : A*(M) — A*(M) mapping a form n € AP4(M, ) to /—1(p—q)n.
Clearly, Wy acts as a generator of u(1), with u(1) associated to pr : U(1l) — End(A*(M)). By
Lemma 2.6, W} € su(2), where the su(2)-action on A*(M) is associated with the standard action of
SU(2). Writing su(2) explicitly in terms of generators W, W; and Wi, we find that W generates
a Cartan subalgebra of su(2) (indeed, the corresponding Lie group is a maximal compact torus of
SU(2)). Since the Cartan algebra C - Wy acts on APC(M, I) with weight p, the space APC(M,I) is
of weight at least p. On the other hand, AP(M) is a representation of weight at most p (Remark 2.3).
Therefore, AP°(M, I) is pure of weight p. O
Remark 2.9. This argument also implies that A%P(M, I) coincides with A?f (M) C AE (M) (here
we consider Af (M) as a maximal SU(2)-invariant subspace of weight p in AP(M)).

Now, Proposition 2.7 is implied by the general machinery of SU(2)-representations. If R is a
finite-dimensional SU(2)-representation of weight at most p, the Cartan algebra action splits R
onto weight components R = @ R;, i = —p, —p + 2,...,p — 2, p the weights of the root /=1 W;
acting on R; as a multiplication by . Moreover, if R is pure of weight p, then all spaces R; are
naturally isomorphic, with isomorphism provided by the SU(2)-action.

In the case R = Ai(M ), the decomposition R = @ R; is precisely the Hodge decomposition,
hence the spaces Aﬁ”ql(M ) are naturally isomorphic for all p,q > 0 satisfying p + ¢ = i. We have
proved Proposition 2.7.

2.4 The Hodge decomposition on qD-complex: an explicit construction

The isomorphism (2.2) can be made explicit, and also multiplicative, in the following way. Let R
be an irreducible two-dimensional representation of SU(2). Clearly, any irreducible SU(2)-
representation of weight p is isomorphic to SPJR (the pth symmetric power of ). Consider the
root /—1 W; € su(2), constructed in §2.3. The corresponding sl(2)-triple can be written as

f=Wi+v-1Wk, g=W;—-v-1Wg, h=v-1W].
Let z,y be a basis in R, such that hx =z, hy = —y, gz =y, fy = x.
Consider a hypercomplex manifold (M, I, J, K). The bundle
& = P SR A" (M, 1) (2.3)
P

is equipped with a natural multiplicative structure (we assume that the elements of SPJR and
A%4(M, I) commute). We define the following SU(2)-action on &: SU(2) acts trivially on A%P(M, I),
and in a standard way on SPSR.

Consider an isomorphism % @ A% (M, I) — A'(M) mapping * ®n to J(n) and y ® 1 to n. This
map is clearly SU(2)-invariant. Using the multiplicative structure on &, it can be extended to an
SU(2)-invariant algebra homomorphism

P PR @ AVP(M, I) — A (M). (2.4)
P
PROPOSITION 2.10. In these assumptions, (2.4) is an algebra isomorphism.

Proof. Let &P C & denote the grading p component. Bijectivity of the map (2.4) is checked in the
same way as one proves Proposition 2.7: the Hodge components of GP are all isomorphic, because GP
is a pure representation of weight p, and the same is true for A" (M). Therefore, it suffices to prove
that the restriction of (2.4) to one Hodge component, say, y?A%P(M, I), induces an isomorphism

yPAOP(M, 1) — ALY (M),
This is implied by the equality A%P(M, ) = A(_);Z(M) (Remark 2.9). O
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2.5 The 0 j-operator
Let (M, I,J, K) be a hypercomplex manifold. We extend
J AN (M) — AY(M)
to A*(M) by multiplicativity. Recall that
J(API(M,T)) = APP(M,T),
because I and .J anticommute on A!(M). Denote by
0y API(M,T) — AP (M, T)

the operator J o d o J, where 0 : AP9(M, ) — APT14(M, I) is the standard Dolbeault operator on

(M, I), that is, the (1,0) part of the de Rham differential. Since 9% = 0, we have 5?] = 0. Since
I, J, K are integrable, the_operators d,dy :=1I1odol, dy := Jgdo J, dg := K odo K pairwise
anticommute. Therefore, & = §(d —/—1d;) anticommutes with 8; = 3(d; —/—1d). Writing the
supercommutator as {-, -}, we express this as

{0,,0,4 =0, {0,0} =0. (2.5)
2.6 The 8, dj-bicomplex

Consider the quaternionic Dolbeault complex (A% (M), d;) constructed in §2.2. Using the Hodge
decomposition, we can represent this complex as

AQ (M)
%i% .
AL (M) AT (M (2.6)

A2 0 (M) Al 1 (M) AO 2
where di’ol and d(jll are the Hodge components of the quaternionic Dolbeault differential d, taken

with respect to I.

Consider a hypercomplex manifold (M, I, J, K). Let

P SR @ A% (M, T) — A% (M) (2.7)

be the isomorphism constructed in Proposition 2.10. Writing the basis x,y of R as in the proof of
Proposition 2.10, we may write the Hodge decomposition of (2.7) as

2Py IAOPHI(M, T) & AP (M),
1581
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THEOREM 2.11. Under this correspondence, d‘ll corresponds to_5 Emd di’o to 0y. This way the
bicomplex (2.6) becomes equivalent to the bicomplex (A%P(M,I),d,0;) as follows:

AE‘f)-,I(M) AO O(Mm
0,1
dS dS
207
Proof. Consider the action of zd; + y5 on
P srr @ AP(M, I) = A% (M)
P
defined as in (2.8). To prove Theorem 2.11, we need to show that
0y +y0 =d,. (2.9)

Both of these operators satisfy the Leibniz rule, hence it suffices to check (2.9) on some set of
multiplicative generators of A% (M). On A% (M), the equality (2.9) is clear from the definitions:

207 +y0la0 (ar) = a0 (a1)- (2.10)

It is easy to check that the space A°(M)@®dA°(M) generates the algebra A*(M). Therefore, A% (M)
d+ A9 (M) generates A* (M). To prove Theorem 2.11 it remains to show that

xd; + yg|d+Ag(M) = dylay 29 (ar): (2.11)
Since d2 = 0, we have d+|d+A1(M) = 0. By (2.5), we have

(205 + yd)? = 0. (2.12)
Using (2.10) and (2.12), we obtain
0y + y5|d+A(i(M) =207 + y5|z5J+y5(A&(M)) =0.
Therefore, we have
207 +y0la, a0 (1) = dtla, 20 (ar) = O-
This proves (2.11). Theorem 2.11 is proven. O

3. Kodaira identities for qD-complex

3.1 The Lefschetz-type sl(2)-action on A%*(M,I) ® End(B)

Let (M,1,J,K) be a hyperkihler manifold, B a holomorphic Hermitian vector bundle on (M, I),
and A%*(M,I) ® B the space of (0, p)-forms with coefficients in B. Denote by Q € A%2(M, I) the
standard (0, 2)-form wy + v/—1 wg (see §1.1).

Using a hyperkiihler metric, we construct a natural Hermitian structure on A%*(M,I) ® B.
Denote by Lg : AYP(M,I) — A%PT2(M) the operator of exterior multiplication by ©Q, and by
Ag : A%P(M,I) ® B — A%"~2(M) ® B its Hermitian adjoint. The same argument as proves the
usual Lefschetz theorem about the s[(2)-action (see [GH78|) can be used to prove the following
linear-algebraic result, which is due to Fujiki [Fuj85].
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PROPOSITION 3.1 [Fuj85]. With the above assumptions, let
Hg = Ly Ag)

be a commutator of L, Ag. Then Hg is a scalar operator, multiplying a (q,p)-form by n —p, where
n = 1 dimH(M). Moreover, Lg, Ag, Hg is an s{(2)-triple.

Proof. For the proof, see [Ver96a, Theorem 4.2]. O

Let 0 € A% (M, ) ® End(B) be a 1-form. Denote by
Lo : A"?(M,I)® B — APTY M, T)® B
the operator of multiplication by 0, and let
Ag : APP(M,T) — AYP~1 (M, T)
be its Hermitian adjoint. Denote by 6 the (0, 1)-form J(0).

CrAm 3.2. In the above assumptions, we have
(L Ao] = Lo,. (3.1)

Proof. This follows from a trivial computation. U

3.2 9, 85 with coefficients in a bundle
Let (M, I, J, K) be a hyperkéhler manifold, and B a holomorphic Hermitian vector bundle on (M, I).
Consider the standard (Chern) Hermitian connection V on B, V = V0 + 9, where 0 : B —
B ® A% (M, I) is the holomorphic structure operator. Denote by d; : B — B @ A»'(M,I) the
composition of V1V: B ® AY(M,I) and let

Idg®J: B AY(M,I) — B A»Y(M, 1)
be an endomorphism associated with J € H. We extend 0, 05 to operators

0,05 : A"P(M,I)® B — A*?TY(M,I)® B

using the Leibniz rule.

ProrosiTiON 3.3. With these assumptions, 52 = 53 = 0, and the anticommutator {0,0;} acts on
A%*(M,I) as a multiplication by an End(B)-valued 2-form ©, € A%2(M,I) ® End B. Moreover,
under the identification

A%2(M,I) ® End B = A}Y (M) ® End B
(Proposition 2.7), ©4 corresponds to the A2 (M) part of the curvature of B.

Proof. Let

V. : A (M)® B — AT (M)® B
be the connection operator restricted to A% (M)® B, and V. = Vi’o + 05 its Hodge decomposition.
Clearly, V% is the A2 (M) part of the curvature of B.

Now, Proposition 3.3 follows immediately from Theorem 2.11. Indeed, under the isomorphism
2.8), xdj corresponds to Vl’o; since the curvature of the Chern connection is of type (1,1), we
+

have (Vi’o)2 = 0, hence 55 = 0. Similarly, the operator {z0;,yd} under the isomorphism (2.8)
corresponds to {Vi’o, o4} = V2. O
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3.3 Kodaira relations for 9, 8
Let (M, I,J, K) be a hyperkéhler manifold. Consider the bicomplex

(A"*(M,1),8,0,),
constructed in §2.6. Let
Lg : A%P(M, I) — A"PT2(M, 1)
be an operator of exterior multiplication by Q (§3.1), and
3,05 : AOP(M,I) — A"P~1(M, 1)
the operators Hermitian adjoint to 9, 0.
The following proposition is well known.

PROPOSITION 3.4. With these assumptions, the following commutator relations hold

[Lq, 01 =08y, [Lg 0] =—0. (3.2)
Proof. The proof of (3.2) is essentially the same as the proof of the usual Kodaira relations; see
e.g. [Ver96a, Proposition 4.2]. O

The same argument, applied locally to End(B)-valued forms, gives the following theorem.

THEOREM 3.5. Let (M,I,J,K) be a hyperkédhler manifold, B a holomorphic Hermitian vector
bundle on (M, 1),

0,05 : A% (M,I) @ B — A%"*Y(M,I)® B
the operators constructed in § 3.2, and 5*,53 the Hermitian adjoint operators. Then
Lg,0 1 =3;, [Lg 0y =—0. (3.3)
Proof. For this, see [Ver96a). O

3.4 Kodaira—Nakano identities
The following theorem is the qD-analogue of the usual Kodaira—Nakano identity (or, rather, the
identity used in the proof of Kodaira—Nakano vanishing).

THEOREM 3.6. Let (M,I,J,K) be a hyperkidhler manifold, B a holomorphic Hermitian vector
bundle on (M, 1),

0,05 : A% (M,I) @ B — A%"*Y(M,I)® B
the operators constructed in §3.2, and 5*,53 the Hermitian adjoint operators. Consider the
Laplacians

ANg:=1{0,0}, Ay, :=1{0;,0;}
(here, as elsewhere, {-,-} denotes the anticommutator). Then
A5 - AEJ = [04, Aﬁ]v (3.4)
where
0, : A°P(M,I)® B — A%*2(M, 1)
is an operator defined as
®+ = {57 EJ}
and identified with the Ai(M) ® End B part of the curvature of B as in Proposition 3.3.
Proof. Using the graded Jacobi identity and Theorem 3.5, we obtain

01, A5] = —[Ag, {3,8,}] = {3.9°} — {9.,07} = Ay — A | 0

J
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4. Cohomology of hyperkihler manifolds

For the convenience of the reader, we recall here some well-known facts about the structure of H?(M)
for M a compact, irreducible hyperkéhler manifold; see [Bog78], [Bes87], [Bea83] and [Fuj85] for
details.

4.1 SU(2)-action on H2(M)
Let (M,1I,J,K,g) be a compact, irreducible hyperkahler manifold. Since g is Kahler with respect
to (I, J, K), we have
VI=VJ=VK =0,

where V denotes the Levi-Civita connection. Chern has shown that covariantly constant endomor-
phisms of A*(M) commute with the Laplacian (see [Bes87]). Then the SU(2)-action generated by
I, J, K € H* also commutes with the Laplacian. This gives an SU(2)-action on the space of harmonic
forms on M. Identifying the harmonic forms with cohomology, we obtain an SU(2)-action on the
cohomology as well.

Let H?(M) = H2 (M) & HQ(M)SU@)_inV be a decomposition of H?(M) onto its weight 2 and
weight 0 components. Using the weights of the Cartan algebra action as in the proof of Proposi-
tion 2.7, we find that

dim H*O(M, I) = dim Hy (M, I) = dim H*?(M, I).

Since M is irreducible, dim H*°(M,I) = 1 and the space Hi’l(M, I) is one-dimensional. Let
H?(M)gsu(2)-inv be the space of SU(2)-invariant classes. It is easy to check that SU(2)-invariant
classes are all of type (1,1) (e.g. [Ver96a]).

Since H il(M , I) is one-dimensional and generated by the Kéhler form wy, we have a decompo-
sition
HLI(M7 I) = Cuwy @H2(M)SU(2)—inV' (41)

Using the so(1,4)-action generated by the three Lefschetz s((2)-triples associated with the Kahler

structures I, J, K as in [Ver90], we can easily show that an SU(2)-invariant 2-form is primitive? (see
e.g. [Ver96al).

This gives the following well-known statement [Ver96a).

Cram 4.1. Let (M,I,J,K) be a compact, irreducible hyperkédhler manifold. Then the space
1,1 L . . .

H (M, I) of primitive classes in HY'(M,I) coincides with the space H?(M)sy@)iny Of

SU(2)-invariant classes.

Proof. Since all SU(2)-invariant classes are primitive, H;;ilm(M, I) contains H2(M)SU(2)_inV.
Comparing the decomposition (4.1) with

HY (M, T) = Hyy (M, ) @ Cuy,
we find that dim H i (M, I) = dim H*(M)sy(2)-iny- O

4.2 The Bogomolov—Beauville-Fujiki form

Let (M,I,J,K) be a compact hyperkahler manifold, and Q := w; + /—1 wg the holomorphic
symplectic form on (M, I). Bogomolov [Bog78| defined the following bilinear symmetric 2-form

2Recall that the primitive classes [GHT8] are cohomology classes which satisfy A(n) = 0, where A : H' (M) — H'=?(M)
is the dual Lefschetz operator. A (1, 1)-class is primitive if and only if it is orthogonal to the Kahler form with respect
to the Riemann—-Hodge pairing.
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on HY (M, I):
q(n,n') = /MnAn’AQ"‘l A (4.2)
where n = dim HM. Since QA Q is a positive (2,2)-form, ¢ is positive on the Kihler cone of (M, I):

Vwe kK, ¢(w,w)>0. (4.3)

An elementary linear-algebraic calculation similar to the proof of Riemann—Hodge bilinear relations
implies that ¢(n,n) < 0 for  primitive. Therefore, ¢ has signature (+, —, —, —,...) on HY1(M,I)N
H?(M,R).

The form ¢ is topological by its nature.

THEOREM 4.2 [Fuj85]. Let (M,I,J,K) be a compact, irreducible hyperkahler manifold of real
dimension 4n. Then there exists a bilinear, symmetric non-degenerate 2-form q : H?*(M,Q) ®
H?(M,Q) — Q such that

/ n*" = q(n,n)", (4.4)
M

for all n € H?(M). Moreover, q is proportional to the form (4.2) on H%'(M), and has signature
(+7+7+7_7_7_7”’)’
Remark 4.3. If n is odd, (4.4) determines ¢ uniquely, otherwise up to a sign. To choose a sign, we

use (4.3).

DEFINITION 4.4. Let (M,I,J, K) be a compact, irreducible hyperkahler manifold. A Bogomolov—
Beauville—Fujiki form on M is a form

q: H*(M,Q) @ H*(M,Q) = Q
which satisfies (4.4), and takes positive values on the Kéhler cone of (M, I). Such a form always

exists and is unique, by Theorem 4.2.

Remark 4.5. The Bogomolov-Beauville-Fujiki form is integer, but not unimodular on H?(M,Z).

The Bogomolov-Beauville-Fujiki form can be expressed in terms of the SU(2)-action on
cohomology (§4.1) as follows.

CrAamm 4.6. Let (M, 1,J, K) be a compact, irreducible hyperkéhler manifold, and (-,-)y the positive
definite pairing on cohomology associated with the Euclidean metric on the space of harmonic forms
induced by the Riemannian structure. Consider the form ¢’ which is equal to (-,-)y on the three-
dimensional space generated by wy, wy, wi, and to —(-, )y on its orthogonal complement. Then ¢
is proportional to the Bogomolov—Beauville—Fujiki form.

Proof. For the proof, see e.g. [Ver96b, Theorem 2.1]. O

This immediately gives the following corollary.

COROLLARY 4.7. Consider the natural SU(2)-action on the cohomology of a hyperkédhler manifold.
Then the Bogomolov—Beauville-Fujiki form is SU(2)-invariant.

Using the Riemann-Hodge bilinear relations, we can express (-,-)y in terms of the product
structure on cohomology. Together with Claim 4.6, this gives

2n—2 Jxwi" - [y @i

2n —1)2 Jx w?
for any 11,7 € H?(M) (see [Ver95, Claim 5.1]). This formula is due to Beauville.
The following claim follows directly from (4.5) and Claim 4.1.

q'(m,m2) = /X w?n—2 A Ang — ( ; (4.5)
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CrAIM 4.8. Let (M, I,.J,K) be an irreducible, compact hyperkéihler manifold, and n € H%'(M,I)
a (1,1)-class. Then the following assertions are equivalent:

(i) g(n,wr) = 0, where q is the Bogomolov—Beauville-Fujiki form, and w; the Kéhler class of
(M, I);
(ii) n is primitive;
(iii) n is SU(2)-invariant.

Proof. The equivalence of assertions (ii) and (iii) is implied by Claim 4.1, and the equivalence of
assertions (i) and (iii) by (4.5). O

5. The vanishing of cohomology

5.1 Cohomology vanishing for line bundles with g(c1(L),w) > 0

The following result is implied immediately by the quaternionic Kodaira—Nakano identity
(Theorem 3.6), in the same fashion as the usual Kodaira-Nakano vanishing follows from the usual
Kodaira—Nakano identity.

PROPOSITION 5.1. Let (M, 1,J, K) be a compact, irreducible hyperkéhler manifold, dimg M = 4n,
and L a holomorphic line bundle on (M, I), such that q(c1(L),wy) > 0, where wy is the Kahler class
of (M, I). Then the holomorphic cohomology H*(M, L) is zero for i > n.

Proof. Let n be a harmonic form representing ¢1(L). We may chose the Hermitian structure on L
in such a way that 1 is equal to the curvature of L (see [GH78]). Let w denote the Kéhler form
of (M, I). Abusing the notation, we denote the Kéahler class of (M, I) by the same letter.
The cohomology class

Q(Cl (L)7 w) w

q(w,w)
clearly satisfies q(k,w) = 0. Therefore, s is SU(2)-invariant (Claim 4.8). Since 7 is harmonic, the
harmonic form

k:=c1 (L) —

aen).e)
n (o) (5.1)

representing « is also SU(2)-invariant. Let @ be the form
we AV (M)

considered as an element in A%2(M, I) using the isomorphism constructed in Proposition 2.7. By
Proposition 3.3,
- = q(c1(L),w) -
Oy ={0,0;} = ——"20.
q(w, w)
Clearly, wr,wy, wk form a three-dimensional irreducible SU(2)-invariant subspace of A%(M). A triv-
ial calculation is used to show that w is in fact equal to 2. This gives

(5.2)

0, ={9,0,} = \Lg. (5.3)
where A\ = ¢(ci1(L),w)/q(w,w) is a positive constant. Comparing (5.3), Kodaira-Nakano
identity (3.4) and the quaternionic Lefschetz theorem (Proposition 3.1), we obtain

Az — Az, =[04,Ag] = g, (5.4)

On (0,7)-forms this operator acts as (i — n)A. Given a harmonic form
v € ker Ay C AY(M,I)® L,
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we can obtain

0=2A5) =Ag,(¥)+ (1 —n)Av. (5.5)

Since
(Ag,(),v) = @m,8m) + (@yn,0m) >0, (5.6)
(5.5) leads to (v,v) = 0 for ¢ > n. The harmonic (0, 7)-forms are identified with the ith holomorphic
cohomology of L as usual. We have proved Proposition 5.1. ]

Remark 5.2. Let W be a Hermitian vector space. A positive operator A : W — W is an operator
which satisfies (A(x),x) > 0 for all z € W. Operator A is positive definite if this inequality is strict
for all non-zero x. From (5.6), we obtain that the Laplacians AgJ and Ay are positive. If

Ay = AgJ + A,
where A is positive definite, then ker Ay = 0. This argument is used quite often in geometry and

analysis.

Remark 5.3. Let (M, 1,J, K) be a compact, irreducible hyperkéhler manifold, dimyg M = n, and L
a holomorphic line bundle on (M, I'). Then Serre’s duality gives H'(M, L)* = H" (M, L*), because
the canonical class of M is trivial. Therefore, Proposition 5.1 implies that H*(M, L) vanishes for all
i < n if L is a holomorphic line bundle on (M, I) with ¢(c1(L),w) < 0.

5.2 The dual Kéahler cone and vanishing
Let (M, I) be a Kahler manifold.

DEFINITION 5.4. The Kdhler cone K C H“'(M,I) for (M,I) is the set of all Kéihler classes w €
Hll’l(M, R), where Hll’l(M, R) denotes the intersection HYY(M,I) N H*(M,R). Clearly, K is a
convex cone in H}’l(M, R).

Now, let (M, I, J, K) be a hyperkéhler manifold, K C HII’I(M, R) the Kahler cone of (M, I), and

q: Hp'(M,R) x Hp''(M,R) — R the Bogomolov-Beauville-Fujiki form. We define the dual Kahler
cone

K c Hp' (M,R)
as
K :={xeH"'(M,R)|Vyek, qlx,y) >0}
It is an open, convex cone. Since a product of two Kahler forms is positive, we have " D K.
Denote by K~ the closure of K~ in H}I(M ,R), and by —K" the opposite cone. Clearly,

K :={recH"'(MR)|Vyeck, qxy) =0}
and
K :={zre H''(M,R) |Vye K, qlz,y) <0}
Proposition 5.1 immediately leads to the following corollary.

COROLLARY 5.5. Let (M, I) be a compact, irreducible, holomorphically symplectic Kdhler manifold,
dimec M = 2n, and L a holomorphic line bundle on (M, I) with c1(L) ¢ K. Then the holomorphic
cohomology H'(M, L) is zero for all i < n.

Now we can prove the main result of this paper.

THEOREM 5.6. Let (M, I, J, K) be a compact, irreducible hyperkéhler manifold, and L a holomor-
phic line bundle on (M, I) with ¢;1(L) # 0. Then one of the following holds:
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(i) e1(L) € K7; then HY(L) = 0 for i > 3 dim¢ M;

(ii) c1(L) € —K7; then H'(L) = 0 for i < § dim¢ M;
(iii) ¢1(L) does not lie in —K" UK "; then H'(L) = 0 for i # 3 dim¢ M.
Proof. Denote % dimc M by n. Theorem 5.6(iii) is a direct consequence of Corollary 5.5. Indeed, in
this case

HY(L)=0 fori<n
and

HY(L*)=0 fori<n, (5.7)
because the Chern classes of both L and L* do not lie in K. However, by Serre’s duality, (5.7) is
equivalent to

H'(L)=0 fori>n.

Let us prove Theorem 5.6(i). Since ¢;(L) € K°, we may assume that q(ci(L),w) > 0 for all

w € K. Unless g(c1(L),w) = 0 for all Kéhler classes w, the assertion of Theorem 5.6(i) is obtained
from Proposition 5.1. However, if ¢(c1(L),w) = 0 for all Kahler classes, ¢1(L) = 0, because ¢ is

non-degenerate and the Kéhler classes generate Hlll(M ,R). Theorem 5.6(i) is obtained from (ii)
by Serre’s duality. O

The classes n ¢ —K UK can also be characterized as follows.

CrAmm 5.7. Let (M, I, J, K) be a compact, irreducible hyperkahler manifold, and n € HIl’l(M, R) a
non-zero cohomology class. Then the following conditions are clearly equivalent:

(i) n¢ -K UK

(ii) q(n,w1) > 0 and q(n,w2) < 0 for some Kéhler forms wy, we on (M, I);

(iii) n is primitive with respect to some Kéhler form on (M,I); or, equivalently, q(n,w) = 0
(see Claim 4.8);

(iv) the class n is SU(2)-invariant with respect to some hyperkahler structure (I,J', K') on M.

Proof. The equivalence of conditions (i) and (ii) is clear. The equivalence of conditions (iii) and (iv)
is implied by Claim 4.8. The implication (ii) = (iii) is clear, because the Kéhler cone is connected,
hence from ¢(n,w1) > 0 and ¢(n,w2) < 0 it follows that ¢(n,ws) = 0 for some Kéhler form. Finally,
(iii) = (ii) is obtained as follows: Given a Kahler class w, with ¢(n,w) = 0, take a neighbourhood
U of w in the Kéhler cone. The function U = R, v(w') = ¢(1,w’), is non-zero and linear, hence it
takes positive and negative values in any open neighbourhood of w. ]

5.3 Cohomology vanishing for vector bundles of arbitrary rank

A version of Theorem 5.6 can be stated for holomorphic bundles of arbitrary rank, as follows.

THEOREM 5.8. Let (M, I,J, K) be a compact, irreducible hyperkéhler manifold, L a holomorphic
line bundle on (M,I) with ¢;(L) # 0, and B an arbitrary holomorphic vector bundle on (M,I).
Then there exists a sufficiently big number Ny, such that for any integer N > Ny one of the following
holds:

(i) e1(L) € K7; then HY(LN @ B) =0 for i > 1 dim¢ M;
(i) e1(L) € —K7; then H (LN ® B) = 0 for i < § dim¢ M;
(ili) ¢1(L) does not lie in —K"UK"; then H (LY ® B) = 0 for i # § dim¢ M.
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Proof. The proof of Theorem 5.8 is similar to the Kodaira—Nakano vanishing for vector bundles of
arbitrary rank. The same argument as used in the proof of Theorem 5.6 can be employed to deduce
Theorem 5.8 from the following statement. O

PROPOSITION 5.9. Let (M, I, J, K) be a compact, irreducible hyperkéahler manifold, L a holomorphic
line bundle on (M,I) with ¢;(L) # 0, and B an arbitrary holomorphic vector bundle on (M,I).
Assume that q(c1(L),w) > 0, where w is the Kéhler form of (M, I). Then there exists a sufficiently
big number Ny, such that, for any integer N > No, H' (LN @ B) = 0 for all i > %dimc M.

Proof. To prove Proposition 5.9, we use the formula (3.4) again:

A5 - A5 O, Aﬁ]v (5.8)

g
where Az, Ay are the Laplacians on LY ® B, and O is the Ai}I(M ) @ End(LY ® B) part of the
curvature of LV @ B, considered as an operator on A% (M)® (LN ® B) as in the proof of the quater-

nionic Dolbeault Kodaira-Nakano identity (Theorem 3.6). Since the curvature is additive on tensor
product, we have

O, =0+ NOL,
where O, O, are A% (M) parts of the curvatures of B and L. The same argument as used in the
proof of (5.2) implies that © = AQ, where A = g(c1(L),w)/q(w,w). Then, as the Lefschetz formula
(Proposition 3.1) implies,
—[04,Ag] = —[OB,Ag] + V,

where V' is a scalar operator acting on (0, 7)-forms as A(i—n)N, n = % dimg M. Clearly, —[0©p, Ag]+
V' is positive definite for IV sufficiently big and ¢ > n. From Remark 5.2 we obtain immediately that
ker Az = 0 whenever —[Op, Ag| + V' is positive definite. This proves Proposition 5.9. O

6. Vanishing of cohomology and nef classes with q(n,n7) =0

6.1 Nef classes on hyperkahler manifolds

DEFINITION 6.1. Let M be a Kihler manifold, and € H"'(M) a real (1, 1)-class. Then 7 is called
nef (numerically effective) if 1 belongs to a closure K of the Kihler cone K of M. The closure K is
called the nef cone. A nef line bundle on M is a line bundle with ¢; (L) nef; a nef divisor D is one
with nef cohomology class.

Consider a compact, irreducible hyperkdhler manifold (M, I, J, K). Let L be a holomorphic line
bundle on (M, I) which is nef and satisfies

q(er(L), er(L)) = 0.
It was conjectured [GHJ02, Saw03] that L is base point free, that is, defines a holomorphic map
(M, I) — PHO(LY) (6.1)

for N sufficiently big. If this is true, then (6.1) is a Lagrangian fibration onto its image [Mat99].
A special case of this conjecture was recently proven by Matsushita [Mat06]. This motivates our
interest in the geometry of nef classes satisfying ¢(n,n) = 0.

PROPOSITION 6.2. Let (M, I,J, K) be a compact, irreducible hyperkéahler manifold, n € H}’I(M, R)
a non-zero nef class on (M, I), satisfying q(n,n) = 0, and w a Kahler class on (M, I). Then we have
the following:

(i) qlw,n) >0;
(i) choose a positive real number € < q(n,w)/q(w,w) then n — ew lies outside of K~ U —K".
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Proof. The proof is clear. O

6.2 A vanishing theorem and its applications

From Proposition 6.2, the following theorem is apparent.

THEOREM 6.3. Let (M, I,J, K) be a compact, irreducible hyperkéhler manifold, dimyg M = n, and
L a non-trivial holomorphic bundle on (M, I) which is nef and satisfies q(c1(L), c1(L)) = 0. Consider
an ample line bundle H on (M, I). Then there exists Ny such that, for all integers N > Ny,

HY{(IN @ H)=0 fori#n. (6.2)

Proof. Let Ng = 1/¢, where
_ gla(l), ()
q(cr(H), 1 (H))
Then Nci(L) — ¢i(H) ¢ KU —K as follows from Proposition 6.2. The vanishing of (6.2) then
follows from Theorem 5.6. U

Theorem 6.3 has an immediate corollary.

COROLLARY 6.4. Let (M,I,J,K) be a compact, irreducible hyperkadhler manifold, dimg(M) > 1,
L a non-trivial holomorphic bundle on (M, I) which is nef and satisfies q(c1(L), c1(L)) = 0, and D
an ample divisor on (M, I). Then, for sufficiently big N > Ny, the natural restriction map

HO(L) = HO(LN|p)
is surjective.
Proof. The following exact sequence is well known:
0— LY(-D) — LY — LY|p — 0.
By Theorem 5.6, H' (LY (—D)) = 0. Then the long exact sequence of cohomology gives
0— HY(LY(-D)) — H(LN) — H*(L"|p) — 0.
This proves Corollary 6.4. O

Corollary 6.4 can be generalized as follows.

THEOREM 6.5. Let (M, I, J, K) be an irreducible hyperkéhler manifold, and X C (M, I) a subvariety
of dimension dim¢ X > %dim@ M. Assume that X is a complete intersection of ample divisors.
Consider a holomorphic line bundle L on (M, I) with ¢;(L) nef and q(c1(L),c1(L)) = 0. Then the
natural restriction map is surjective on holomorphic sections:

HO (L) — HY(LN|x) — 0,
for a sufficiently big power of L.
Proof. The proof follows the standard pattern of how to generalize an assertion for hypersurfaces
to one for complete intersections. ]
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