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1. Introduction. Let A denote the lattice of points 
X = (x , . . . , x ) with integral coordinates. A basis of A is 

I n 
a set of n points X . . . . , X of A such that every point of 

I n 
n 

A is expressible in the form 2 u. X., where u are integers . 
i = l 

It is easy to see that points X , • . . , X of A form a basis if, 
1 n 

and only if 
det (X . . . . , X ) = | x ( r ) j = 1 1 (r, s = 1, 2, . . . , n) , 

1 n s ' 
(r) (r) n 

where X = (x, , . . . , x ) . Let Q(X) = 2 a x x be any 
r 1 n • • A ij i J 

indefinite quadratic form in the integer variables x , . . . , x 
1 n 

with rea l coefficients a of determinant d = d(Q) = la I 4= 0 
ij ij 

(i, j = 1, 2, . . . , n) . It is known that there is a constant k > 0 , 
n 

depending only on n , such that to each Q(X) there corresponds 
1/n 

a basis satisfying |Q(X ) I < k jdj , (r = 1, 2, . . . , n) ; see 
r = n ' 

G. L. Watson [4]. Recently , I showed that for a suitably large 
constant k1 > 0 , there is a basis satisfying 0 < Q(X ) < k1 | d | /r^ 

n n r = n 
(r = 1 , 2, . . . , n) . 

See [ l ] , Lemma 1 for a proof. An equivalent formulation is 
stated in Lemma 2 (§2). 
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C o n s i d e r now the c a s e when the f o r m Q(X) r e p r e s e n t s 
a r b i t r a r i l y s m a l l n o n - z e r o v a l u e s for i n t e g r a l X^O • It h a s 
been con j ec tu r ed tha t e v e r y indefini te f o r m Q(X) in n > 5 
v a r i a b l e s wi th i n c o m m e n s u r a b l e coef f ic ien t s a s a t i s f i e s t h i s ; 

ij 
so fa r [Z], we know it to be t r u e , p r o v i d e d tha t n >̂ 21 . In any 
even t , for f o r m s Q(X) in at l e a s t 3 v a r i a b l e s which r e p r e s e n t 
a r b i t r a r i l y s m a l l n o n - z e r o v a l u e s , it is e a s y to deduce f rom the 
e x i s t e n c e of k ! tha t , to e v e r y e > 0 , t h e r e c o r r e s p o n d s a 

n 
b a s i s X , . . . , X sa t i s fy ing 

1 n 

0 4= |Q(X ) | <e (r =1 , 2, . . . , n) . 
r 

The proof would , in add i t ion , give Q(X ) > 0 excep t in the 
r 

one c a s e when the s i g n a t u r e s(Q) = - (n-2) . The p u r p o s e of 
t h i s note i s to p r e s e n t a m o d i f i c a t i o n of the a r g u m e n t to s e c u r e 
0 < Q(X ) < e (r = 1, 2, . . . , n) in a l l c a s e s . To avoid a 

r 
s u c c e s s i o n of c o n s t a n t s in our i n e q u a l i t i e s it i s conven ien t to 
u s e the V inog radov symbo l « , to i nd ica t e s o m e i m p l i e d 
cons t an t , depending only on n . 

I acknowledge gra te fu l ly the useful c o m m e n t s of the 
R e f e r e e . 

2. Two L e m m a s . 

LEMMA 1. F o r any r e a l a and a > 0 , b > 0 , t h e r e i s 
an i n t e g e r x such tha t 

0 < a (x-fc*)2 - b < 2 ( a b ) 1 / 2 + a (1) 

Proof . Take x to be the i n t e g e r for which 

1/2 A I? 
(b/a) ' < x + a < ( b / a ) ' + 1 . 

See [ 1 ] , T h e o r e m 1. 
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LEMMA 2. F o r n > 2 , let Q(x , . . . , x ) be an 
= — 1 n — 

indef ini te q u a d r a t i c f o r m of d e t e r m i n a n t d ^ 0 . Then Q is 
equ iva len t , by an i n t e g r a l un imodu ia r subs t i tu t ion on the 
v a r i a b l e s x , . . . , x , to a fo rm whose coef f ic ien ts a 

I n . . _ y 
sa t i s fv 

a > 0, . . . , a > 0 (2) 
11 nn v ; 

i i l / n 
a. « jdj (i = l , 2, . . . , n ) . (3) 

ii 

Proof, See [ l ] , L e m m a 1. 

3. T H E O R E M , (n ^ 3) Le t X be any p r i m i t i v e point 

o£ A with Q(X^) > 0 and put 9 = 0 (X^ ) = Q(X ) |d ( " 1 / n . 

Then t h e r e is a b a s i s X , . . . , X of A sa t i s fy ing 
— 1 n • 

( » 
e n ! d | 1 / n , if e < i 

0 < Q ( X . ) « < , (4) 
] 9 j d j 1 / n , if e > i , 

- n+i - 2 
w h e r e v = (1 - n. 2 ' ) ( n - l ) > 0 . 

n 

Proof. Since X i s p r i m i t i v e , we m a y , af ter a su i tab le 
—,—.—_ Î 

i n t e g r a l un imodu ia r subs t i tu t ion appl ied to x , . . - , x , 
6 I n 

suppose tha t X = ( 1 , 0, . . . , 0), whence 

0 < aAA - Q(X ) . (5) 
i i 1 

n 
Let Q ' ( Y ) = 2 A y y denote the f o r m , of d e t e r m i n a n t 

d ~ , adjoint to Q(X), and c o n s i d e r i t s sec t ion D (0, y ^ . . . , y^) . 

T h i s i s a q u a d r a t i c f o r m in n - i v a r i a b l e s and has d e t e r m i n a n t 

a dn~ 4= ° • N o w a n y r e a I n o n " s i n g u I a r q u a d r a t i c f o r m f 
1 1 . 1 / s 

in s v a r i a b l e s r e p r e s e n t s a n o n - z e r o va lue « |d ( f ) | , by 
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c l a s s i c a l i n e q u a l i t i e s ( see e . g . H. B l a n e y , J . London Math. Soc. 
23 (1948), 153-160 for the c a s e of indef ini te f o r m s , and J . F . 
K o k s m a , D iophan t i s che A p p r o x . , Kap II, § 6 for the def ini te 
c a s e ) . T h u s , in p a r t i c u l a r , t h e r e a r e r e l a t i v e l y p r i m e i n t e g e r s 
y ! , . . . , y1 such tha t 

2 n 

2 l / ( n - 1 ) 
0 + |Q-(0, y' . . . , y ' ) | « |a d"" | . (6) 

2 n 11 

Applying an a p p r o p r i a t e i n t e g r a l u n i m o d u l a r subs t i tu t ion to the 
v a r i a b l e s y , . . . , y , we can s u p p o s e , wi thout l o s s of 

g e n e r a l i t y , tha t (y ! , . . . , y1 ) = (0, . . . , 0, 1 ); whence 

2 l / ( n - l ) 
0 4= |A | « |a dn" | . (7) 

nn 11 

In o r d e r to p r e s e r v e the r e c i p r o c a l r e l a t i o n be tween Q and Q , 
we a l s o apply the c o n t r a v a r i a n t subs t i tu t ion to x , , « . , x , 

2 n 
which is i n t e g r a l and u n i m o d u l a r , and, m o r e o v e r , l e a v e s the 

2 
coeff ic ient of x in Q(X) i n v a r i a n t . Thus we p r e s e r v e the 

r e l a t i o n (5). By c o m p l e t i n g the s q u a r e on x in Q(X), we may 

w r i t e 

Q(X) = a (x + i ) 2 + q(x . . . , x 
11 1 1 2 n (8) 

w h e r e I i s a l i n e a r f o r m in x (i >2) and q(x , . . . . x ) i s a 
1 i = 2 n 

q u a d r a t i c f o r m of d e t e r m i n a n t d / a i 0 * ^ e n o w c o n s i d e r 
11 

two c a s e s a c c o r d i n g as q(x , . . . , x ) i s indef ini te or o t h e r -
2 n 

w i s e . (In the l a t t e r c a s e , it wi l l be o b s e r v e d tha t q , be ing 
n o n - s i n g u l a r , i s nega t ive def in i te , s ince Q(X) is indef in i te , 
by h y p o t h e s i s . ) We p r o c e e d by induc t ion on n , a s s u m i n g the 
t h e o r e m to hold for indef in i te f o r m s in n - 1 v a r i a b l e s if n > 4. 

Case 1, Suppose tha t q(x . . . . , x ) i s indef in i te . Then 
2 n 

L e m m a 2 m a y be app l ied d i r e c t l y to - q ( x . . . . , x ), Hence 
2 n 
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(r, .c(r) 
n 

(r) 
jx I = t 1 ( r , s = 2, . . . , n) , satisfying 

t h e r e a r e i n t ege r s e t s (x , . . . , x ) , r = 2, . . . , n with 
2 n 

0 < - , ( * < / > , . . . , * < " , . b « | d / . I 1 ' 4 " " 1 ! 
2 n r ' 11 

(9) 

F o r t h e s e v a l u e s , 

m { r ) 

Q ( V X2 ' 
( r ) ( r ) 2 

xv ') = a fx + I v ') - b , s ay , (10) 
n 11 1 1 r 

w h e r e 0 < a b « a | d / a | 
11 r 11 11 

n - 2 

l / ( n - l ) 

^ n - 1 | , , l / ( n - D 
« a d 

11 ! j 

(11) 

( r ) 
F o r e a c h such r , we use L e m m a 1 to s e l ec t x =x s ay , giving 

0 < Q(x ( . r ) , . . . , x ( r ) ) « a , , + ( a 4 4 b ) 1 / 2 

1 n 11 11 r 

2 V n - l ' . , l / 2 ( n - l ) 

thus X. = ( 1 , 0, . . . , 0), X = ( x ( / ) x ( r ) ) , r = 2 , . 
1 r 1 n 

f o r m a b a s i s of A sa t i s fy ing 

- ( — ) 
o < Q ( X r ) « e f d | 1 / n + e 2 "-1 | d | 1 / n 

, n 

' A ( — ) 
e 2 1 1 ' 1 | d | 1 / n if e < i , 

« 

e d 
l / n 

if 8 > 1 (12) 
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1 n-2 
Obviously v <— ( ) for n > 3 and so (4) is established in 

n 2 n-1 = 
this case. 

Case 2. Suppose that q(x_, . . . , x ) is negative definite. 
2 n 

Observe that for n = 3 , 

a i 2 2 A33 2 

11 11 

(13) 

where A < 0 , by the hypothesis of this case. By Lemma 1, 
3 3 (2) 

we can select an integer x such that 

0 < Q(x ( / \ 1, 0) « a + 
1 11 

33 
11 a 

1 /2 

« a i + (a d ) 
11 v 11 ! , ; 

11 / 

1/4 
(14) 

by (7). Hence if x =1 , x^ = 0} x^ = 1, and x is as 
* 1 2 2 1 

chosen above, we have 

0<Q(xV ' , xV ' , 0 ) « a , , + (a d|) ' 
1 2 11 11 • ' 

« e | d i 1 / 3
+ e

1 / 4 | d l 1 / 3 , 

(r =1 , 2) (15) 

(r) 
and Jx I =1 . Now, more generally for n >4, we apply our 

inductive hypothesis to Q(x , . . . , x , 0 ) which has deter-
1 n-1 

m inant A =f= ^ and clearly is indefinite. Since Q(l, 0, . . . , 0) 

= a , we may assume that there are n-1 integer sets 

X = ( * , , . . . , x ( r ) . 0), (r = 1, 2, . . . , n-1) with | x ( r ) | =+ 1 
r 1 n-1 ' s ' 

336 

https://doi.org/10.4153/CMB-1963-027-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-027-7


(1) (1) 
and (x , . . . , xv . 0) = ( 1 , 0, . . . , 0) sat isfying 

1 n - 1 ° 

9 f |A i / ( n - l ) if 9 ' > 1 

0 < Q(X ) « < 
r * 

e' n " V | 1 / ( n - 1 } if e . < i . 
' nn ' = 

(16) 

w h e r e 9 ' = a |A 
11 r 

- l / ( n - l ) 
Now 

and 

e . | A l 1 ^ " 1 ^ e | d | 1 / n 

' nn ' ' 

nn l l 1 nn 

- 1 

X ( l - \ n 
n - l U i n - 1 

« a
1 1

 d 

- 1 

n - l | d | l / n 
(17) 

- 2 - a 
w h e r e \ = (n-1) + (1 - (n-1) )v > v for n > 4. 

n - 1 n - 1 n = 
Combin ing t h e s e i n e q u a l i t i e s , we see tha t if 9 > 1 , then 

8 Id I > 9 n~ Id I , s ince X < 1 for n > 4 , whi le if 
= n - 1 = 

A. V 

9 < 1 , we have 9 | d | 1 / n < 9 n " 1 | d | 1 / n < 9 n | d | 1 / n . Thus 
X (r = 1, 2, . . . , n -1) sa t i s fy (4) when n > 4; m o r e o v e r , s ince 

r i i 

v =""7 < ~7 w e s e e , by (15), tha t t h i s is t r u e when n = 3. T h u s , 

for n > 3 , in comple t i ng our b a s i s , we c o n s i d e r the point 
(x 

(n) 
x , 1), w h e r e x (r = l , . . . , n -1 ) a r e 

n - 1 r 
a r b i t r a r y i n t e g e r s a t ou r d i s p o s a l . By a t h e o r e m of M i s s 
F o s t e r [31 on po lynomia l s Q(x. , . . . , x t, 1) wi th an 

1 n - 1 
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i n d e f i n i t e s e c t i o n Q ( x , , . . . , x . 0) w e c a n e n s u r e t h a t 
1 n - 1 

O < Q , X < ; ' x ( " » t , D « i A j 1 " " - 1 » 
1 n - 1 n - 1 

- n + 1 ( n - l ) v 

+ |A ! |A J n (is) 
n ' n - 1 

w h e r e 

A A - d (Q(x , . . . , x 0)) = A , 
n - 1 1 n - 1 nn 

A = d ( Q ( x . . . , x )) - d . 
n I n 

A p p l y i n g (7) t o t h e r i g h t h a n d s i d e of ( 1 8 ) , w e g e t 

1/fn \\ ( n - l ) v - n + 1 
A + A d 

1 n n 1 n n ' ' 

^ ( n ~ 1 , , i ( n - 2 ) n - l ) n , , n 
« a d + a , , d 

11 « I l l ' ' 

= e ^ 1 ^ | d | 1 / n
+ e V n | d | 1 / n 

if e < l 

if e > l . 

T h u s X = (x , . . . , x , 1 ) c o m p l e t e s o u r b a s i s a n d 
n 1 n - 1 

s a t i s f i e s (4 ) . T h e p r o o f i s n o w c o m p l e t e . 

In c o n c l u s i o n , i t m a y b e n o t e d t h a t t h e e x p o n e n t v 
n 

in (4) c o u l d b e i m p r o v e d if s o m e b e t t e r b o u n d on t h e r i g h t of 

(18) w e r e k n o w n . I t h a s b e e n c o n j e c t u r e d ( s e e G. L . W a t s o n , 

M a t h e m a t i k a , 7 ( 1 9 6 0 ) , 1 4 1 - 1 4 4 ) t h a t t h e t e r m 

- n + 1 ( n - l ) v 

338 

https://doi.org/10.4153/CMB-1963-027-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-027-7


is supe r f l uous . Indeed, for n > 3 and for f o r m s Q(X) which 
a s s u m e a r b i t r a r i l y s m a l l n o n - z e r o v a l u e s for i n t e g r a l X =̂ 0 , 
he p r o v e s tha t the r igh t of (18) m a y be r e p l a c e d by any e > 0 . 
On the o the r hand, s ince v > 0 , the r e s u l t (18) i t se l f i s suf-

n 
f ic ient (for our pu rpose ) to show that t h e r e is a b a s i s wi th 
0 < Q(X.) < £ w h e n e v e r n > 3 and Q r e p r e s e n t s a r b i t r a r i l y 

s m a l l n o n - z e r o v a l u e s . 
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U n i v e r s i t y of T o r o n t o 

Note added in P r o o f s . 

Since the point X of f\ can be s e l e c t e d to sa t i s fy 
1/n 

0 < Q(X ) « | d | , our t h e o r e m m a y be r e g a r d e d a s a 

s t r o n g e r f o r m of L e m m a 2. T h u s , the appea l to L e m m a 2 
(which o c c u r s only in C a s e 1) could be avoided for n > 3 
v a r i a b l e s by r e p l a c i n g it by the m o r e powerful induct ive 
h y p o t h e s i s . L e m m a 2, in the c a s e of 2 v a r i a b l e s , i s c l a s s i c a l 
and s e v e r a l p roofs a r e known. With th i s modi f i ca t ion our proof 
of the t h e o r e m is m o r e s e l f - con t a ined and, i nc iden ta l ly , p r o 
v i d e s an a l t e r n a t i v e ve r i f i ca t ion of L e m m a 2 for 3 or m o r e 
v a r i a b l e s . 
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