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Abstract

It is an open question whether every derivation of a Fréchet GB*-algebra A[7] is continuous. We give an
affirmative answer for the case where A[7] is a smooth Fréchet nuclear GB*-algebra. Motivated by this
result, we give examples of smooth Fréchet nuclear GB*-algebras which are not pro-C*-algebras.
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1. Introduction

The algebras known as GB*-algebras (that is, generalised B*-algebras) are locally
convex #-algebras which are generalisations of C*-algebras. They were introduced
in [4] by Allan in 1967, and the concept was later extended by Dixon in [11]
to incorporate nonlocally convex algebras. GB*-algebras are also abstract algebras
of unbounded operators in the sense that the well-known Gelfand—Naimark
representation theorem for C*-algebras extends to GB*-algebras [11, Theorems 7.6
and 7.11].

Algebras of unbounded operators are important in quantum physics and quantum
statistical mechanics, in that the observables of a quantum mechanical system are
regarded as unbounded self-adjoint operators on a Hilbert space and the time evolution
of the system can be modelled by one-parameter automorphism groups of the latter
algebras. Furthermore, derivations are the generators of these groups [8].

If X is a bimodule over an algebra A, then we call a linear map 6: A — X a
derivation if 6(ab) = ad(b) + 6(a)b for all a,b € A. The derivation § is said to be inner
if there exists an x € X such that 6(a) = ax — xa for all a € A. It is well known that the
zero derivation is the only derivation of a commutative C*-algebra [23, Corollary 2.2.8]
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and that all derivations of a C*-algebra are continuous [23, Theorem 2.3.1]. Also, all
derivations of a von Neumann algebra are inner [23, Theorem 2.5.3]. An abundance of
automatic continuity results for derivations of Banach algebras can be found in [10].

The article of Brodel and Lassner [9] is the first article about derivations of
unbounded operator algebras to appear in the literature. Much later, in 1992, Becker
proved that every derivation 6 : A — A of a pro-C*-algebra A[7rr] is continuous [5,
Proposition 2]. By a pro-C*-algebra, we mean a complete topological x-algebra A[7r]
for which there exists a directed family of C*-seminorms defining the topology 7 [13].

Becker also proved that commutative pro-C*-algebras have no nonzero
derivations [5, Corollary 3]. Other results concerning derivations of nonnormed
topological x-algebras and unbounded operator algebras can be found in [1, 2, 6, 18,
26, 28, 30]. For a detailed survey of derivations of locally convex *-algebras, see [17].

All of the above, together with [17, discussion after Theorem 5.2], provide
motivation for a general investigation of derivations of GB*-algebras. In [28],
we proved that a complete commutative GB*-algebra having jointly continuous
multiplication has no nonzero derivations [28, Theorem 3.3]. In particular, every
Fréchet commutative GB*-algebra has no nonzero derivations [28, Corollary 3.4].

A nuclear GB*-algebra is a GB*-algebra for which A[By] is a nuclear C*-
algebra [16]. Clearly, every commutative GB*-algebra is a nuclear GB*-algebra. Some
basic properties and examples of nuclear GB*-algebras can be found in [16]. For
instance, [ 16, Theorem 6.8] is a characterisation of nuclear GB*-algebras.

If A[7] is a locally convex algebra with a defining family of seminorms I" and X[7’]
is a locally convex A-bimodule, then we say that X[7'] is a 7 — 7" smooth A-bimodule if
there exist defining families of seminorms {p, : 1 € Ag} and {g, : @ € A} for A[7] and
X[7'], respectively, such that Ay and A; are directed and such that, for every a € Ay,
there exists A € Ay such that g,(ax) < p(a)q.(x) and g, (xa) < pa(a)g.(x) foralla € A
and x € X.

We say that the locally convex algebra A[7] is smooth if there exists a defining
family of seminorms {p, : 4 € Ag} for A[7] such that, for every 1 € Ay, there exists
1 € Ag such that p,(ab) < p,(a)pa(b) and pa(ba) < p.(a)pa(b) for all a, b € A. We say
that this family of seminorms is smooth. It is clear that every smooth locally convex
algebra is a smooth locally convex bimodule over itself.

Smooth modules were introduced in an attempt to generalise a result of Sheinberg
concerning the flatness of cyclic Banach modules over Banach algebras to locally
convex modules over locally convex algebras. This leads to a characterisation of the
notion of amenability in the context of Fréchet algebras (see [20] in this regard). Some
general information concerning smooth modules can be found in [21].

It is an open question whether every derivation of a Fréchet GB*-algebra is
continuous. The purpose of this article is to give a partial answer to this question. To be
more specific, we prove in Section 4 that every derivation of a smooth Fréchet nuclear
GB*-algebra is continuous. In [29], we proved that every derivation of a Fréchet GB*-
algebra A[7] is continuous, for which A[By] is a W*-algebra. It is clear that every pro-
C*-algebra is a smooth GB*-algebra and, in Section 3, motivated by the main result
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in Section 4, we give examples of smooth Fréchet nuclear GB*-algebras which are
not pro-C*-algebras in general. Section 2 consists of all the necessary background for
understanding and proving the main results of this paper.

2. Preliminaries

All vector spaces in the paper are over the field C of complex numbers and all
topological spaces are assumed to be Hausdorff. Moreover, all algebras are assumed
to have an identity element denoted by 1.

A topological algebra is an algebra which is also a topological vector space such
that the multiplication is separately continuous in both variables [13]. A topological
x-algebra is a topological algebra endowed with a continuous involution. A topological
x-algebra which is also a locally convex space is called a locally convex =-algebra. The
symbol A[7] will stand for a topological x-algebra A endowed with given topology .

DermniTioN 2.1 [4]. Let A[1] be a topological =-algebra and 8* a collection of subsets
B of A with the following properties:

(i) Bis absolutely convex, closed and bounded;
(ii)) 1eB,B*>c Band B* =B.

For every B € 8*, denote by A[B] the linear span of B, which is a normed algebra
under the gauge function || - || of B. If A[B] is complete for every B € B*, then A[7] is
called pseudo-complete.

An element x € A is called (Allan) bounded if, for some nonzero complex number A,
the set {(Ax)" : n=1,2,3,...} is bounded in A. We denote by A the set of all bounded
elements in A.

A topological =-algebra A[7] is called symmetric if, for every x € A, the element
(1 + x*x)! exists and belongs to Ay.

In [11], the collection B* in the definition above is defined to be the same as above,
except that B € 8* is no longer assumed to be absolutely convex. The notion of a
bounded element is a generalisation of the concept of a bounded operator on a Banach
space and was introduced by Allan in [3] in order to develop a spectral theory for
general locally convex x-algebras.

DeriniTion 2.2 [4]. A symmetric pseudo-complete locally convex #-algebra A[7] such
that the collection B* has a greatest member denoted by By is called a GB*-algebra
over By.

Every sequentially complete locally convex algebra is pseudo-complete
[3, Proposition 2.6]. In [11], Dixon extended the notion of GB*-algebras to include
topological x-algebras which are not locally convex. In this definition, GB*-algebras
are not assumed to be pseudo-complete, By is the only element in B* which is
necessarily absolutely convex (see the paragraph before Definition 2.2) and only A[By]
is assumed to be complete with respect to the gauge function || - ||,. For a survey of
GB™-algebras, see [15].
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Prorosition 2.3 ([4, Theorem 2.6] and [7, Theorem 2]). If A[t] is a GB*-algebra, then
the Banach *-algebra A[By) is a C*-algebra sequentially dense in A and (1 + x*x)~! €
A[By] for every x € A. Furthermore, By is the unit ball of A[By].

If A is commutative, then Ay = A[By] [4, page 94]. In general, Aj is not a
x-subalgebra of A and A[By] contains all normal elements of Aq [4, page 94].

It is well known that every commutative C*-algebra is topologically and
algebraically s-isomorphic to C(X) for some compact Hausdorff space (in fact, X
is the maximal ideal space of A). More generally, any commutative GB*-algebra is
algebraically *-isomorphic to an algebra of functions on a compact Hausdorff space
X which are allowed to take the value infinity on at most a nowhere dense subset of
X [4, Theorem 3.9]. This algebraic *-isomorphism extends the Gelfand isomorphism
of A[By] onto the corresponding C(X).

Recall that every C*-algebra is topologically-algebraically *-isomorphic to a norm
closed #-subalgebra of B(H) for some Hilbert space H. In general, for every GB*-
algebra A[t], there exists a faithful *-representation 7 : A — m(A) such that m(A)
is an algebra of closed densely defined operators on a Hilbert space H with By
being identified with {x € m(A) N B(H) : ||x]| < 1} [11, Theorem 7.11]. Therefore, for
every a € A, it follows that ||(1 + a*a)”!|| < 1 (see also [4, Proposition 2.6]) and that
a(l +a*a)™" € A[By].

ProposiTioN 2.4 [19, Proposition 3.4]. If Alt] is a pro-C*-algebra and X[1'] is a
complete locally convex A-bimodule having T X v — 1’ jointly continuous module
actions, then X[7'] is a T — v’ smooth A-bimodule.

If, in particular, A[|| - ||] is a C*-algebra and X[7’] is a complete locally convex
A-bimodule having || - || X 7/ — 7’ jointly continuous module actions, then X[7'] is a
[| - || = 7" smooth A-bimodule.

3. Examples of smooth Fréchet GB*-algebras

In this section, we give an example of a smooth Fréchet GB*-algebra (Example 3.4)
and use it to construct an example of a smooth Fréchet nuclear GB*-algebra
(Example 3.5). We begin by first outlining an example of a GB*-algebra given in [12].

Derinition 3.1 [12, Definition 1.1]. A set R of bounded self-adjoint linear operators on
a Hilbert space H is called a generating family if it satisfies the following conditions:

i) O<ac<lforallaeR,

(i) ab=baforalla,beR,

(ii1) for all a, b € R, there exists ¢ € R such thata < cand b < c;
(iv) for every a € R, there exists b € R such that a < b°.

Observe that 1 need not be in R. In what follows, we equip the set Lg = (U er aH
with the inductive limit topology [12, Definition 1.3]. Let x be a densely defined linear
operator on H such that its domain contains Lg. Then x is called R- bounded if xa is
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a bounded linear operator for every a € R [12, Definition 2.1]. The vector space of all
R-bounded linear operators is denoted by RB(H). For every x € RB(H), the restriction
of x to Lg is a continuous linear operator into H and, conversely, every continuous
linear operator from Lg into H is R-bounded [12, remark, page 112]. Clearly,
R C RB(H).

On RB(H), we define the seminorms p,, a € R, by p,(x) = ||xa|| for every x €
RB(H). From the previous paragraph, it follows that if p,(x) = 0 for all a € R, then
x =0/[12, page 112], implying that RB(H) is a Hausdorff locally convex space.

If A c RB(H), then we define A’ ¢ RB(H) as follows [12, Definition 2.4]:

A" ={ye RB(H) : yx e RB(H), xy € RB(H)
and yxa = xya for all x € A and a € R}.

The map x — x* := x*|, defines an involution on R’ [12, Definition 3.3 and
Lemma 3.4], and p,(x) = p,(x*) for every a € R and x € R’ [12, Lemma 3.6(ii)].

TaeoreM 3.2 [12, Theorem 3.10, Lemma 3.6(1) and Corollary 3.8]. Let R be a
generating family of bounded linear operators on H. Then R’ is a sequentially
complete GB*-algebra with respect to the locally convex topology defined by the family
of seminorms p,, a € R, restricted to R’, and with respect to the involution defined

above. Furthermore, for every a € R, there exists b € R such that p,(xy) < pp(x)pp(y)
forall x,y e R.

The last statement of Theorem 3.2 implies that R’ is a GB*-algebra having jointly
continuous multiplication. Observe in Theorem 3.2 that the seminorms p,, a € R, are
generally not smooth on R’. However, if R has the additional property that for every
a € R, there exists g € R such that a = ga, then, for every a € R,

Pa(xy) = |lxyall = |lxygall = ||lxg - yall < |lxql| llyall = pg(x)pa(y)

forall x,y e R'.

In Example 3.4 below, we exhibit a countable generating family R, having the
additional property mentioned above, thereby ensuring that (R,)” is a smooth Fréchet
GB*-algebra. For this example, we require Lemma 3.3 below.

In what follows, let 0 < a < 1 be a bounded (self-adjoint) linear operator on H and
let Ry ={a'":neN}U{d":neN}. If M denotes the commutative von Neumann
algebra generated by R, then r(x) denotes the support of x € M relative to M, that
is, for every x € M, r(x) is the least projection in M such that xr(x) = r(x)x = x. It is
easily seen that r(r(x)) = r(x) for all x € M.

Lemma 3.3.

(1)  Ifbi,by € Ry are such that by < by, then r(by) < r(b).
(1) IfxeMand0<x<1, then x < r(x).
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Proor. (i) Let by, b, € Ry be such that b; < b,. We consider the three cases below.

Case 1. by =d" and by = d* for some n, k € N, and therefore k < n. Since R; ¢ M and
M is commutative, it follows that

r(by) = r(@) = r(dd"™*) < r(d)r@*) < r(d) = r(by).

Case 2. by = a'* and b, = a'/™ for some m, k € N, and therefore k < m. By using a
similar argument to that of Case 1, we get r(by) < r(bs).

Case 3. by =a" and b, = a'/* for some n, k € N. Once again, by using a similar
argument to that of Case 1 above, we get r(by) < r(by).

(i) Let x € M with 0 < x < 1. Then 1 — x > 0 and, therefore, since r(x)x = x, it
follows for every & € H that

((r(x) = %)¢, &) = (r(x)(1 = x)§,&)
= (r()"r()(1 = x)¢, &)
= {1 = )r(x)&, r(x)&)
>0,

implying that x < r(x). O

ExampLE 3.4. Let a and R; be as above. Then R, clearly satisfies properties (i) and
(i1) of Definition 3.1. For any by, b, € Ry, it is clear that we either have b; < b, or
by < by, so that property (iii) of Definition 3.1 holds. For any n € N, we have that
a* < a = (a'’*)?. Observe that a'/?> € R,. If n € N, then there exists » € N such that
n < 2r and therefore a'/" < a'/?" = (a'/*")?. Note also that a'/* € R,. Hence, property
(iv) of Definition 3.1 holds.

Now let Ry = R; U {r(b) : b € R;}. Clearly, properties (i) and (ii) of Definition 3.1
still remain valid. Since r(b) = r(b)* for every b € Ry, it is clear that property (iv) of
Definition 3.1 also remains valid. We now show that property (iii) of Definition 3.1
still holds. Consider r(b;) and r(b,) for some by, b, € R;. As noted above, we have
either b < b, or b, < by. Without loss of generality, we may assume that by < b;. It
follows from Lemma 3.3(i) that #(by) < r(b,).

Now let a; = by and a, = r(b,) for some by, by € R;. Once again, we have either
by <byorby <b. If by < by, then it follows from Lemma 3.3(i) that #(b;) < r(b,). By
Lemma 3.3(ii), b; < r(by). Therefore, a; = by < r(by) = ay. If b, < by instead, then, by
Lemma 3.3(i), (b>) < r(b;). It follows from Lemma 3.3(ii) that b; < r(b;) and hence
a; < r(by) and a; < r(b;). Therefore, property (iii) of Definition 3.1 remains valid.

We conclude from the discussion preceding Lemma 3.3 that (R;) is a smooth
Fréchet GB*-algebra.

We now use Example 3.4 to construct an example of a smooth Fréchet nuclear
GB*-algebra from a nuclear C*-algebra which is also a von Neumann algebra.
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ExampLE 3.5. Let A be a von Neumann algebra which is also a nuclear C*-algebra.
Then Z(A), the centre of A, is a commutative von Neumann algebra. Let 0 < a < 1 be
a bounded (self-adjoint) linear operator in Z(A) and construct from this the generating
family R, of Example 3.4, that is,

Ry ={a"":neN}U{d":neN}

and

Rz ZQI U{}"(b) : bER]},

where, as before, for any x in the von Neumann algebra M generated by R;, r(x)
denotes the support of x in M. Now R; C Z(A) and so M C Z(A). Hence, R, C Z(A).

It now follows that A C (R,)’: if x € A, then cx and xc are in R, B(H) and xcb = cxb
for all ¢, b € R,. Therefore, A C (Ry)'.

This allows one to restrict the seminorms p, ¢ € Ry, on (Ry)’ to A, thereby obtaining
a family of smooth seminorms on A (in Example 3.4, we have, from the discussion
preceding Lemma 3.3, that the family of seminorms p., ¢ € R;, on (R;)" is smooth).
We use the symbol 7 to denote the locally convex topology on A defined by the above
family of (smooth) seminorms.

It is easily verified that the topology 7 on A is weaker than the given norm topology
on A. Therefore, the completion A[7] of A[7] is a GB*-algebra over the T-closure U(A)
in A of the unit ball T/(A) of A [14, Theorem 2.1].

We prove that U(A) is 7-closed in A. Let ||x]loa = SUp.cg, [lxc|| for all x € A. We
first show that || - ||pg is @ C*-norm on A. For every x € A and ¢ € R,, we have that
llxcll* < |lx*xcl| (see the proof of [12, Theorem 3.10]). Therefore, for every x € A,

2 2
lIxllpg = sup [lxcll® < sup [lx"xcll = [Ix* xlpa.
CERZ CG'RZ

From Theorem 3.2, we have that for every ¢ € Ry, there exists b € R, such that
pe(xy) < pp(x)pp(y) for all x,y € A. Therefore,

6" xllba = sup pe(x"x)
CERZ

2 2
< sup pp(x)” = [Ixllyg
hERz

for every x € A. Therefore, ||x||§d = ||x* x||pq for all x € A.
We now show that ||x*x|lq = ||x* x|lpq for all x € A. For any ¢ € Ry,

llc"xcll = sup [lx"xcél| = sup [I(x"x)"c&]l
liéll=1 ligli=1

= shlp l(x"x)*céll = sup [Ix* (x")* €l

= sup [Ix*(x™)"céll = sup [lx"xcé|
lgli= =1

= [Ix" xcll.

Therefore, [|x*X|lba = SUP g, [1X*xC[| = SUP g, [|lx* xc|| = [|x* x]|pq for all x € A.
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It follows that || - ||pq is @ C*-norm on A and, therefore, by [25, Corollary 1.5.4],
[|x]] = ||x|lpa for every x € A. Finally, to show that U/(A) is T-closed in A, we consider a
net (x,) in U(A) with x, — x € A. Therefore, ||x,c|| < ||xol| llc]| < 1 forall @ and ¢ € R».

T

Since x, — x € A, we have ||x,c|| — ||lxc|| for all ¢ € R,, implying that ||xc|| < 1 for

all c e RZ.TTherefore, [Ixll = llxllba = SUpeg, llxcll < 1. Hence, x € U(A), and therefore
U(A) is T-closed in A.

It follows that A[7] is a GB*-algebra over U(A), which yields (A[7])[Bo] = A, and
therefore X[T] is a Fréchet nuclear GB*-algebra. Since A[7] is smooth (with respect
to the seminorms p., ¢ € R,) and Al [7] has jointly continuous multiplication, it follows
that Z[T] is a smooth Fréchet nuclear GB*-algebra (the extensions of the seminorms
Pe, € € Ry, of A[T] to Al [7] are seminorms which define the topology 7 on X[T]).

4. Main results

For the proof of the following theorem, we establish the convention that if X[|| - ||]
is a Banach space, then || - || will also be used to denote the norms on X* and X**.

Let X[|| - |lo] be a normed space which is also a bimodule over a Banach algebra
A[|l - ||]. If the module actions of X over A are || - || X || - |lo — || - ||lo jointly continuous,
then it is well known that there exists a norm || - ||; equivalent to || - ||o (that is, defining
the same topology on X as || - [lo) such that [lax|l; < |lal| [lx]l; and |[xall; < llal| ||xIl; for
every a € A and x € X. Therefore, X is a normed A-bimodule. This will also be needed
in the proof of the following theorem.

Tueorem 4.1. Let A[|| - ||]] be a nuclear C*-algebra and t a locally convex topology
on A such that T is weaker than the topology defined by || - ||. If X[t'] is a complete
(t = 7') smooth locally convex A-bimodule and 6 : A — X is a derivation, then § is
T — 7' continuous.

Proor. By hypothesis, there exist defining families of seminorms {p, : 1 € Ay} and
{go : @ € Ay} for A[7] and X[7'], respectively, such that, for every @ € A1, there exists
A € Ay such that g,(ax) < p(a)g.(x) and g,(xa) < pi(a)g.(x) foralla € A and x € X.
Furthermore, Ay and A; are directed. It follows, for every a € Ay, that X, = X/N, is
an A-bimodule with respect to the following (well-defined) module actions:

a-(x+Ny)=ax+N, and (x+N,) -a=xa+ N,,

where N, = {x € X : go(x) = 0} for every @ € A;. Then X is isomorphic to {21)?; as

locally convex spaces, where 5(: is the completion of X, = X/N,, with respect to the
topology induced by the norm g,(x + N,) = q.(x), x € X, on X,,.
Note that X, is a normed A-bimodule with respect to the above module actions: let

(a,) be a sequence in A such that a, ﬁ a € A, and let (x, + N,) be a sequence in X,
such that x, + N, — x + N, € X, with respect to q,. Then a, — a (since 7 is weaker
T
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than the topology defined by || - || on A) and so
aa(an(xn + Na) - Cl()C + Na))
< pa(an)q, (X + No) — (x + No)) + pa(an — a)q,(x + Ny)

-0,

that is, the module actions of X, over A are jointly continuous. Therefore, X, is a
normed A-bimodule for every a.

The nornjd A-bimodule X, is therefore a Banacva-bingule. For every a, let
Po - X — X, be the at@rojection map, and let ¢, : X, — (X)** be the embedding
into the second dual of X,, which is a module map. Let 6, be defined as

Ca OPaO(S:A — (5(\;)**

for every @. Then 6, is a derivation. This follows from the definitions of the A-module
actions with respect to which X, and (X,)™ turn into Banach A-bimodules. From
[22, Theorem 2], 6, is || - || — ¢, continuous for every « € A;. Since A is a nuclear
C*-algebra and therefore amgable, it follows that, for every @ € Ay, ¢, is inner, that
is, there is an element z, € (X,)** such that 6,(b) = z,b — bz, for all b € A. It follows
easily from the hypothesis that, for every a, the module actions of X, over A are 7 — g,
smooth. Therefore, the module actions of X, over A are T — g, smooth, that is, there
exists 4 € Ag such that g,(ax,) < pa(a)ga(xa) and g4 (xea) < pa(@)qa(x,) foralla € A
and x, € X,. As can be easily seen, these inequalities extend to the case of the module
actions of (X,)™ over A, which are proven therefore to be 7 X g, — g, continuous.
Hence, 6, is T — g, continuous for all @. Therefore, § is T — 7/ continuous. |

Lemvma 4.2, Let Al[t] be a complete GB*-algebra having jointly continuous
multiplication. If (ay) is a net in A with a, — 0, then (1 + aflaoé)‘l — 1.
T T

Proor. Let {p, : 4 € A} be a family of seminorms defining the topology 7 on A. Since
7 is weaker than the topology defined by || - || on A[By], A is an A[By]-bimodule
with || - || X 7 — 7 jointly continuous module actions (the module actions being the
multiplication defined on A). By Proposition 2.4, A is a || - || — 7 smooth A[By]-
bimodule. Therefore, for every 4 € A,
0<pi(l+aia)™ =1

= pa(=(1 + azaa)ilaza(k)

= p/l((l + azaa)_la;aa)

< (1 + agan) " patagaq)

< pa(ayaa).
The last inequality follows from the fact that ||(1 + a;aa)_lll < 1. Since a, — 0, it

T

follows that p,(aa,) — 0. Hence, the result follows. |

The proof of the following proposition is similar to that of [27, Proposition 3.1]. We
give the proof for completeness, for which we need Lemma 4.2.
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Prorosition 4.3. Let A[t] be a Fréchet GB*-algebra. Let 6 : A — A be a derivation
such that 0|, is T — T closable. Then 6 is T — T continuous. Conversely, if 6 is T — T
continuous, then 6|aip, is T — 7 closable.

Proor. The converse statement is trivial. Therefore, consider the case where dl4(p,] is
T — 7 closable. Since 6 = §; + id,, where 0; are *-derivations, that is, ¢;(a*) = 6;(a)* for
alla € A, i =1,2, we may assume without loss of generality that ¢ is a *-derivation.
Take a sequence (a,) in A such that a, 2 0 and 6(a,) 2

Observe that a,(1 + a;‘la,l)‘1 € A[By] for all n € N. Since A[7] is a Fréchet GB*-
algebra, multiplication of A is jointly continuous. By Lemma 4.2, it follows that
(1+ afla,,)‘l — 1 and therefore a,(1 + a;‘;a,,)‘l — 0. If b € A is invertible, then it

T T

follows easily that 6(b~') = —b~'6(b)b~" and hence

S(1+aia)™) = —(1 +a’a,) " (61 + aa,))(1 + d’a,) ™
= —(1 +aa) '@ a)( + da,)”
= —(1 +a’a,) (@ 6(ay) + 6(ay) a1 + a’a,)™
- —10-y+y"-0)1
= 0.

Hence, 6(a,(1 + ata,)™") — y. Let b, = a,(1 + a’a,)”"! for every n € N. Then (b,) is
T
a sequence in A[By] with b, — 0 and 6(b,) — y. Since 6|a[p,) is T — 7 closable, y = 0.
T T

Therefore, by the closed graph theorem, ¢ is 7 — 7 continuous. O

A consequence of Theorem 4.1 is that if A[7] is a smooth Fréchet nuclear GB*-
algebra, then every derivation § : A — A has the property that d|4(p,; is T — 7 closable.
One therefore obtains the following result from Proposition 4.3, which is a partial
answer to the question of whether every derivation of a Fréchet GB*-algebra is
continuous.

CoroLLARY 4.4. Every derivation of a smooth Fréchet nuclear GB*-algebra is
continuous.

If A[7] is a commutative Fréchet GB*-algebra, then it is a Fréchet nuclear GB*-
algebra with no nonzero derivations [28, Corollary 3.4], implying that A[7] has only
continuous derivations. Therefore, the assumption that A[7] is smooth can be dropped
from the hypothesis of Corollary 4.4 if A[7] is, in addition, commutative.

A type I C*-algebra is a C*-algebra A such that for every representation 7 of A,
the weak operator closure of 7(A) is a type I von Neumann algebra. Every type I C*-
algebra is nuclear [24, Theorem 3].

CoroLLARY 4.5. If A[t] is a smooth Fréchet GB*-algebra such that A[By] is a type I
C*-algebra, then every derivation of A is continuous.
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