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A Variant of Lehmer’s Conjecture,
II: The CM-case

Sanoli Gun and V. Kumar Murty

Abstract. Let f be a normalized Hecke eigenform with rational integer Fourier coefficients. It is an
interesting question to know how often an integer » has a factor common with the n-th Fourier co-
efficient of f. It has been shown in previous papers that this happens very often. In this paper, we
give an asymptotic formula for the number of integers # for which (#,a(n)) = 1, where a(n) is the
n-th Fourier coefficient of a normalized Hecke eigenform f of weight 2 with rational integer Fourier
coefficients and having complex multiplication.

1 Introduction

The arithmetic of the Fourier coefficients of modular forms is intriguing and myste-
rious. For instance, consider the cusp form of Ramanujan:

oo

Alz) =) r(n)er™™.

n=1

The coefficients 7(n) have received extensive arithmetic scrutiny following the
ground-breaking investigations of Ramanujan himself [11]. Here, we have one of
the oft-quoted conjectures in number theory attributed to Lehmer [3, 4], which as-
serts that 7(p) # 0, where p is a prime. Equivalently, for any n > 1, 7(n) # 0. In
general, proving such non-vanishing of all Fourier coefficients of a modular form is
delicate and difficult. A more accessible problem is to study the arithmetic density of
the non-zero coefficients. We refer to [7, 16] for results of this type.

In a recent work [10], a variant of Lehmer’s conjecture was considered. More
precisely, let

oo
f(Z) — Z a(n)eh'inz
n=1
be the Fourier expansion of a normalized eigenform and suppose that the a(n)’s are
rational integers for all n. Then it is natural to ask whether

#{p < x| a(p) =0 (mod p)} = o(m(x)).

Heuristically, if the weight is > 2, the number of such primes up to x may grow like
loglog x though we do not even know if these are of density zero. In general, denoting
(a, b) to be the greatest common divisor of a and b, one can ask whether

#{n <x|(naln)# 1} = o(x),
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an assertion that turns out to be false. As mentioned in [10], the correct question in
this context is the opposite assertion, namely whether it is true that

#{n <x|(nan)= 1} = o(x).

This variant of Lehmer’s conjecture appears to be amenable to study. In contrast to
the prime case, a(n) almost always has a factor in common with #. In particular, the
following result was proved in [10].

Let us set L,(x) = loglogx and for each i > 3, define L;(x) = logL;_(x). In
any occurence of an L;(x), we always assume that x is sufficiently large so that L;(x) is
defined and positive.

Theorem 1.1 ([10]) For a normalized eigenform f as above with rational integer
Fourier coefficients {a(n)}, one has
X

#{ngx\(n,a(n)) = 1} < Lo

In the same paper, it was anticipated that if f has complex multiplication (CM),
a stronger result should hold. The ethos of our present work is to vindicate this
anticipation, at least in the case that f has weight 2. A modular form f is said to
have CM if there is an imaginary quadratic field K and a Hecke character ¥ of K with
conductor m so that

f(z): Z \I/(a)ebriN(a)z-
(a,n?):l

Here, the sum is over integral ideals a of the ring of integers of K that are coprime to
m, and N(a) denotes the norm of a. Thus

a(n)= Y W(a).
N(a)=n,

(a,m)=1

In particular for a prime p, a(p) = 01if p does not split in K and a(n) = 0if p||n (i.e.,
p | nbut p* t n) for some prime p for which a(p) = 0. It is well known that if we
are given a set S of primes of positive density, the set of integers n with the property
that p||n for some p € S has density one. Thus a(n) = 0 for a set of n of density one.
More precisely, let us set

My a(x) =#{n <x|a(n) #0}.
Then we show that there is a constant u £ so that
ufx
Vr(logx):

We also show that there is a constant w¢ > 0 so that

My (x) = (1+0(1))

1 w
I1 (1 - *) ~ ! 1
p<x p (logx):
a(p)#0
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where wr = pisps i3,

)3 ifa(2) #0, )3 ifa(3) #0,
M2 = ) H3 = )

otherwise otherwise,

and 5 is given in Proposition[3.3] Finally, the main result of our paper is the follow-
ing theorem.

Theorem 1.2 Let f be a normalized eigenform of weight 2 with rational integer
Fourier coefficients {a(n)}. If f is of CM-type, then there is a constant Uy > 0 so
that

fo
V(L3 (x) logx)z

The constant is given explicitly in terms of f during the course of the proof.

Our methods are based on the techniques of Erdés [1], Serre [14,15] and those of
Ram Murty and the second author [5,6,8-10]. Throughout this article, p and g will
denote primes.

#{n <x|(nan) =1} = (1+o0(1))

2 Divisibility of Fourier Coefficients

Let f be a normalized Hecke eigenform of weight 2 for I'((N) with CM and let K
be the imaginary quadratic field associated with f. The Fourier expansion of f at
infinity is given by

o0
f(z) — Z a(n)eZ‘/rinz,
n=1
where we are assuming that the a(n)’s are rational integers.

For any prime p, let Z, denote the ring of p-adic integers. By Eichler—Shimura—
Deligne and since the Fourier coefficients of f are in 7, there is a continuous repre-
sentation

Pp.f Gal(Q/Q) — GL,(Z,).

This representation is unramified outside the primes dividing N p. This means that
for any prime g that does not divide Np and for any prime q of Q over g, p,, ;(Frob,)
makes sense. We note that while p, (Frob,) does depend on the choice of g over g, its
characteristic polynomial depends only on the conjugacy class of p, r(Frob,)(hence
only on ¢q) and is given by

(2.1) T? — a(q)T +q.
We consider the reduction of the above representation modulo p
Pp.f: Gal(Q/Q) — GLy(IF)).

The fixed field of the kernel of this representation determines a number field L that is
a Galois extension of () with group the image of p,, 1.

We need to enumerate primes g as above for which a(q) = 0 (mod p). For this
purpose, the following version of a theorem of Schaal [13] is useful.
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Theorem 2.1 Letf be an integral ideal of a number field K of degree n = r1+2r,, where
11,12 denote the number of real and complex embeddings, respectively. Also let § € K
denote an integer with (3,7) = 1. Let My, ..., M,, be nonnegative and Py, ..., P, be
positive real numbers with Py = Ppy,,, l =+ 1,...,rn +rpand P = Py ... P,
Consider the number B of integers w € K subject to the conditions

w = f(mod ), (w)a primeideal
M <o <M+P, 1=1,....n
for real conjugates of w and for complex conjugates
WP <P, I=r+1,...,n
If P > 2 and the norm Nf satisfies

P
Nf < ;
(log p)(zrl +2r,—2+2/n)

P ol 2) "
B — il
< omiog | <°ng> |

where the implied constants depend only on K and not on f.

then one has

Define
T (x, p) 1= #{q <x|a(g) =0(mod p), alq) # 0}-

Now suppose that q is a prime that splits in K, say gOx = q,0; and that 74, 77, are
roots of the characteristic polynomial (2.I). Then

a(q) =g+ 7, and q= 7,7,

Also if a(q) # 0, then m, € Ok and |7y = g% Ifa(g) = 0(mod p), then
wﬁ = —q(mod p). Thus, if in addition g = a(mod p), then 7, (mod p) has a
bounded number of possibilities (at most 4 in fact). Also, the ideal (7;) is prime
as (my)(7,) = (g). Thus,

o< > oL

q<x weOk
mg=a (mod p) (w) is prime
q=a(mod p) lw|<vx
qO0k=0q10; w=a (mod p)

Applying Theorem 2. Jlwith f = (p), the right-hand side is seen to be

X

L 55—+
p*log %

for p* < x/ logx.
Now, summing over all a (mod p) yields the following proposition.
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Proposition 2.2 Let f be a modular form as above. Then for p*> < x/logx, we have

T (x, p) <

plog %5

Now using Proposition 2.2] and partial summation, we see that for primes

p < +/x/logx,

* 1 I dt 1 x
Z - <K = t17t<<710g10g—2,
”log p<q<x q p p?logp L 108 ra p p

a(q)=0 (mod p)
where Y7 means that the summation is over all primes y < g < x for which

a(q) # 0. Thus, we have the following result.

Proposition 2.3 Let f be a modular form as above and also let p* < x/logx be a
fixed prime. Then one has

where Z;gqu means that the summation is over all primes y < q < x for which

a(q) # 0.
Remark 2.4 We note that the contribution from the remaining primes g < p? log p
is
* 1 L
Z L 2(p)
q

logp’
q<p*logp &P
a(q)=0 (mod p)

However, we shall not make use of this estimate.

3 Vanishing of a(p)

Let E be the elliptic curve defined over Q) corresponding to the modular form f of
level N = Ng. As f is of CM-type corresponding to the imaginary quadratic field
K, we know that E has CM by an order in K. A prime p is supersingular for E if
E has good reduction at p and its reduction E, has multiplication by an order in a
quaternion division algebra. It is well known that a prime p of good reduction is
supersingular if and only if

(3.1) [E(F,)| =1 (mod p).

In particular, the set of primes supersingular for E only depends on the isogeny class
of E. For p > 5, is equivalent to the condition a(p) = 0.

Let mg(x) denote the number of primes p < x such that p is a supersingular prime
for E. We know that mg(x) > 7 (x), where 7 (x) denotes the number of primes
p < x that remain prime in K. In fact, the following more precise result is due to
Deuring (see [2, Ch. 13, Thm. 12]).
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Proposition 3.1 Let E be an elliptic curve defined over Q) with multiplication by an
order in an imaginary quadratic field K. Let p be a prime of good reduction for E. Then
p is supersingular for E if and only if p ramifies or remains prime in K.

In particular, this implies the following result.

Proposition 3.2 Suppose that p > 5. With E as in the previous proposition, we have
a(p) = 0 if and only if p is a prime of bad reduction or p does not split in K.

As E has complex multiplication, it has additive reduction at primes of bad reduc-
tion and thus a(p) = 0. The rest follows from Deuring’s result.
Finally, we record a result that will be useful in establishing the main result.

Proposition 3.3 There is a constant i > 0 so that

sgl;[<z(1 - %> B (lo/;fz)% " Of(m)'
a(p)#0

Proof Using Rosen [12, Thm. 2], we have

1 -1
11 (1 — N—p) = ¢'aglogz + O(1).

Np<z

Here, the product is over primes p of K and ax is the residue at s = 1 of the Dedekind
zeta function (x(s). Note that ax = L(1, xx), where xg is the quadratic character
defining K and L(s, xx) is the associated L-function. It follows that

1 e "L(1, xx) ! 1
11— — ) = ———22—— T )
H( Nn) logz T X <<1ogz>2>

Iy B 1
- (I_P) " Uoga)? OK((logz)3/2>’

p splits in K

Thus,

where

b= w0 T (1- ) T (-3)

p inert pldx p

By Proposition[3.2] for p > 5, we have a(p) # 0 if and only if p is a prime of good
reduction and splits in K. This proves the result with

1\ !
MfzﬁKHO_*) . u
p splits p
pl6N
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4 The Number of Non-Zero Fourier Coefficients

We begin by considering a slightly more general setting as in Serre [15, §6], which
parts of this section follow closely. Let n — a(n) be a multiplicative function and
define the multiplicative function

Sy — {1 if a(n) #0,
0 ifa(n)=0.

We want the asymptotic behaviour of

M, x):=#{n<x|an) #0, dn} = Z a’(dn),

dn<x
for any positive integer d.
4.1 TheCased=1
Consider the Dirichlet series
59 =3 114,09
= : nS — ) P 9
where
p(s) =D a’(p™p™"™.
m=0
Let P,(x) = #{p < x| a(p) = 0}. Suppose we know that
x X
4.1 P(x) =
(4.1) (0 /\logx +o((logx)”‘s)

for some d > 0and A\ < 1. Then

x x
Zao(p) == )\)logx i O( (logx)1+5)

p=x

and

0
Z“}Ef’) =(1-\)log <511) + el(s),

p

where €, (s) is analytic in a neighbourhood of s = 1. Moreover,

B 2
log(¢(s) = Y _ log(¢p(s)) = > S el
p

s
p
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where ¢, (s) is also analytic in a neighbourhood of s = 1. Thus,

log((s)) = (1 — A) log( s—%) +es(s)

and
e60)

Y= o

A set of primes P is called frobenien (in the sense of Serre [14, Thm. 3.4]) if there is
a finite Galois extension K/Q) and a conjugacy-stable subset H C G = Gal(K/Q)
such that for p sufficiently large, p € P ifand only if 0,(K/Q)) € H. Here 0,(K/Q)
denotes the conjugacy class of Frobenius automorphisms associated to p. If the set of
primes enumerated by P, is frobenien, we have

Uy X X
4 M) = g * O og):

where u, = ¢“!). Moreover, in the case that A\ = 0, if one has the additional hypoth-

esis that
1
(4.3) > - <o,
a(p)=0 P
then [15, p. 167] states that
1
(4.4) Uy = (1 - 7) :
a(p)=0 p

Remark 4.1 If we do not assume that P, enumerates a frobenien set of primes, we
can still invoke a Tauberian theorem to get an asymptotic formula

UgX

MarC) ~ 03 log

In the next two subsections, we consider those arithmetic functions for which P,
is frobenien.

4.2 Convolution with a Secondary Function

Now consider another function n — b(n) with the following properties:

(i)  There is an integer d so that b(n) # 0 implies that all prime divisors of n are
prime divisors of d.

(i) We have |b(n)| < 4", where v(n) is the number of distinct prime divisors
of n.
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Let us set
o0
b(n)
La(s) = ; et
We see that
4
Z lb(m)| < Z 4/ (x /)l = x4 H(l + 1/47_1> .
m<x plm=>pld Pl P

We observe that

4
v(d)
R(1+7p1/4—1) < 2/,

and so

(4.5) Z b(m)| < x'/42" @,

m<x
Moreover, using (4.5), we have
|b(m)] —3/4~u(d
4.6 = 2@,
(4.6) Y, <z
z<m<2z

Let ¢ = a® % b be the Dirichlet convolution and consider the function

OESY C;’Z) = $(s)a(s).

Zc(n) = Zb(m) Z a°(r).

n<x m<x r<x/m

Then, we have

The contribution from terms with \/x < m < x is
|b(m)]
<x _—
<x oy
Vx<m<x

Decomposing the sum into dyadic intervals U < m < 2U and using (4.6) show
that the summation is O(x—>/82@) and hence the whole expression is O(x*/82"(@),
Assuming that (4.2 holds (that is, that P, enumerates a frobenien set of primes), we
have

7)Y cln) =

n<x
m;/Eb(m){ ( F(luj A) " O( lolgx) ) m(logic/m)/\ } + O(xS/SZI’(d)) .
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Note that )
(log i) = (logx)_’\ + O((log m)(logx)_A_l).
m
Using this and (£.8)), the right-hand side of (£7) is equal to

(F(lui . +o( 10;x) > (lo;x)* (gd(1)+o(x*3/8(logx)*12”“”)) ) +O(x5/82u(d)) .

Summarizing this discussion, we have proved the following.

Proposition 4.2 We have

Cou&y(l) x x2V@
D> _cln) = T(1 =\ (logx) O( (1ogx)A+1>

n<x

uniformly in d.

4.3 The Case of General d

Consider the Dirichlet series

We may write it as

as in Section[4.Iland

—1
o} Od oo 0
o= (30 M) (50 )
1 2

plm=p|d plm=pld

We have a factorization

£a(s) = [1&p.a(s),
pld

where

') e} -1
§p,d(5) — <Z aO(pm+ordpd)p—ms> (Z aO(pm)p—ms> )
m=0 m=0

We record the following estimate for later use.
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Lemma 4.3 &,4(1) = a®(p° %) + O( %) :

We write

) =y )

n=1

and suppose that £,(s) (that is, the coefficients {b(n)}) satisfies the conditions of
Section[4.2] Recall that

M, (x) :=#{n < x| a(n) # 0,d|n}.

We have
Maa(x) =Y a’(dn)

dn<x
and by Proposition we deduce the following.
Proposition 4.4 If ¢, satisfies the hypotheses of Section[d.2] then we have

 uG)  x/d X2
Mg a(x) = (1 —X) (logx/d)> " O<d(10gx/d)m>

uniformly in d.

4.4 Application to Modular Forms

Now let f be a normalized Hecke eigenform of weight k > 2 and let a(n) = as(n)
denote the n-th Fourier coefficient of f. In this case, let us denote the constant u, of
the previous paragraph by u, and the function M, 4 by M 4.

In some cases, 1y can be made explicit. If f does not have CM and d = 1, then
condition (4.3)) holds (see [8]) and so uy is given by (4.4). We shall discuss the case
that f has CM.

In this case the assumption (4.1)) made on P,(x) is true with A = % and so

ufx
Mpi(x) ~ ———.
s Vm(logx)2

(Here, we have used the fact that I'(1) = /.) If we assume that f is of weight 2 and
has integer Fourier coefficients, then by Proposition 3.2, the “frobenien” condition
is satisfied apart from a finite set of primes. If we can show that the conditions of
Section[d.2]are satisfied, then specializing Proposition[4.4lto this case, we can deduce
the following.

Proposition 4.5 We have

u(d)
Mf_,d(x) = #{n <x | le(n) £ 0,d|n} _ fofd(l) N O( x2 )

Vd (logx/d)? d(logx/d)3/?

where uy is a constant depending on f.
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We begin with some preliminary results. Let us set if(p) to be the least integer
i > 1 for which as(p') = 0. If for a given p, there is no such i, then let us set
if(p) = 0. In particular, if p divides the level N of f, thenif(p) = 1.

Lemma 4.6 For pt N, we have

(i) if(p) €{0,1,2,3,5}.
(ii) Ifif(p) > 0, thenap(p') = 0 for every i > 0 with

i+1=0(modif(p)+1).

(iii) Ifaf(pi) = 0 for somei > 0, theni+1=0 (mod if(p) + 1).
(iv) For p sufficiently large (depending on f), we haveis(p) € {0,1}.

Proof Let us suppose thati;(p) > 0. Thus, af(pi) = 0 for some i > 1. Let us write
a, and 3, for the roots of X* — a;(p)X + p. Then, we have

‘ a;‘)ﬂ _ 11';1
(4.8) ar(p') = —-——.
re ap — By
Thus, a, = (B, where ¢ = 1. Since ¢ € Q(ay, 8p) = Q(ap) and

[Q(ap) : Q] = 2, we must have (* = 1 or (* = 1 or (° = 1. This means that
oneof {¢+1,(*+1,¢*+ ¢ +1,(% — ¢ + 1} is zero. This in turn means that one
of {af(p), af(ps), af(pz), ag(p®)} is zero. This proves the first assertion. The second
follows from (4.8). For the third assertion, we note that o, = (3, where ¢ o=,
We also have ¢'/(?*! = 1. Hence, ¢/ = 1 wherei + 1 = j (mod if(p)+1).1f j >0,
then af(pj_l) = 0. But0 < j — 1 < if(p), a contradiction unless j = 1. But then
as(1) = 0 which is also a contradiction. Hence, we must have j = 0, proving the
third assertion. The fourth assertion follows from [6, Lemma 2.5]. [ |

As before, let us set

bp(s) =Y _a’(p™)p~"™.

m=0

From the above lemma, we deduce the following.

Lemma 4.7 We have for p{ N,

Ppls) = (1_#) R ifig(p) =0,
P (5~ gwn) i) >0

Note ¢,(s) = 1for p | N.
Next, we evaluate £;(1). We have the following.

Proposition 4.8 Writing

) =y )
n=1

we have that
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(i)  b(n) = 0 if nis divisible by a prime that does not divide d, and
(ii) if p|d, we have |b(p™)| < 4 for all m.

In particular, the function n — b(n) satisfies the conditions of Section[d.2] Moreover,

we have for p 1 N,
1 ifig(p) =0,
Epa(l) = LHp~h— pr2het! ifif(p) =1,
Lt pee e phf P _ =G0 =D
+p+ +pp+...+1;"f“’) ifig(p) > 1.
Here v = ord,d and k is the smallest integer > l.fz’;ﬂrl.

Proof By a calculation similar to that of Lemmal4.7] we see that

-1

- 1_%> ifis(p) =0,
0 m+v —ms __ ( p

Z a (p™)pT™ = (=t —Dlip(p1+D}s

m=0 PS< psl_l — W) ifif(P) > 0.

Hence, writing i = i7(p), we have

p(Hl)s —_ 1= P{erlf(kal)(Hl)}s + p{vf(kofl)(Hl)}s

fp,d(s) = P (i+1)s —ps

which is equal to

1 1 1 1 ] 1\ 1!
( T TRk + PG} p(i+1)s) ( - E)
from which it follows that |b(p™)| < 4. Moreover, as

&a(s) = I1&p.als),

pld

it follows also that b(n) = 0 unless every prime divisor of # also divides d. The last
assertion of the lemma follows from the above formulas.

Remark 4.9 Note that the dependence of £, ;s on d is only through ord,d. Thus,
where the meaning is clear, for p|d and d squarefree, we shall write &,.

In the remainder of this section, we will elaborate on the constant us and, in par-
ticular, relate it to L-function values. From Lemma[4.7] we have

log &(s) Z log(l——) Z log(l——) Z log ¢, (s)
if(p)=0 if(p)>1

Note that by Lemmal4.6(iv) the third sum on the right-hand side ranges over a finite
set of primes p.
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Denote by xx the quadratic Dirichlet character that defines K and L(s, xx) the
associated Dirichlet series. Let us denote by S, I, R the set of primes that split, stay
inert, or ramify in K (respectively). Then we have

—Zlog(l — —) = %10g§(s)+ %logL(s,XK) +%Zlog(l — %)

PES pel
+ = Zlog(l — —)
PER

Moreover, if i¢(p) = 0, then a(p) # 0 and for p { 6N, this means that p is a prime of
good reduction and splits in K. Therefore,

— log(1—— log(1—— log({ 1 — —
(i) S+ X - )
P’fﬁN ptoN PI6N
Since if(p) = 1 & a(p) = 0, we can write
- Z log(l——) Zlog(l——).
ir(p)=1 a(p)=
ptoN pf6N

After a straightforward (but tedious) computation, one sees that

log ¢(s) = %10g571 ! + %log(g(s)(s — 1)) + llogL(s, XK)

+ - Zlog(l - —25) +1og C(s),

pel
where
co=1I1(-5) 0(-5) 1(-5)
ptoN pl6N
{0 Do} oo
pt6N

Putting the above discussion together, we see that

€(s)

P(s) = G

where

/
up = () = L, x) 2 T (1 - %) e

p€l
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5 A Sieve Lemma

We record a simple consequence of Proposition 4.5l that will be used in Section[8

Lemma 5.1 Let f be as in the previous section, that is, a normalized Hecke eigenform
of weight > 2 with complex multiplication. Let y, = Ly(x)'*¢ and set

(5.1) Ny, (x) ={n < x:qln=q> yi,ar(n) #0}.
Then
B Urx xLs(x)?
N}/l (x) = ﬁ(L3(x) logx)% + ( (logx)3/2) )
where

_ugfigcy ~ §a()
Uf B ﬁ pI;J[/l (1 )

1
(1-3)

p
Note that the last two products are over a finite number of primes and

o= 11 (1—%)_1 I (1—i).

, pe{2,3}
if(p)>1 if(p)=0

2
5Sp<n P<y p
if(p)>2 ir(p)=1

Proof SetP, = [] p. By the principle of inclusion-exclusion, we have

pP<n

Ny, (%) = > p(d)My ax).

d|Py,

Since P,, < ¢”', we see that for any d|P,,, we have logx < logx/d < logx. Now
using Proposition [A.5] the right hand side is

B upx u(d) 2v(d)
~ Ja(logx)? dlzpj d <§d(1)+o<(1ogx))>'

The main term is

_wx oy Sd)
ﬁ(logxﬁpg]( p )

! £pa(D)
= gt AL (175) I (1=747)

(1-5)

23
i1(p)=0 i(p)>1 s
usx 1 1
e 03 1 ()
V(logx): s<p<y, P/ pn p?
i7(p)=0 if(p)=1
0 (=540 1 (-4)
p<n p pef{2.3} p
if(p)>1 if(p)=0
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Note that if i;(p) = 1 and d is squarefree, we have §, 4(1) = é by Proposition [4.8]
Also note that by Lemmal[4.6] there are only finitely many primes p for which i¢(p) >
1, ensuring the convergence of

1 (1—M).

i(p)>1 p
Now using Proposition [3.3] we see that the above sum is

fo
V(L3 (x) logx)z

The error term is

X |:u‘(d)| v(d)
< (logx)3/zz 2.

d|Py,
The sum over d is

< 11 (1+%) < I (1—%) ” < Ls(x)%.

1<y 1<y
This proves the result. u
We record here a variant of the above result.

Lemma 5.2 Suppose that p < y;. We have

#{n <x|plnar(n) #0,qn=q>p} <

X 1 X 4+yplog p
— - =)+ .
p(logx)i i<p ( l) (lng)3/ze p

{ prime

6 Siegel Zeros

Let L/Q) be a Galois extension of number fields with group G and n;, d; be the degree
and the absolute value of the discriminant of L/Q), respectively. Suppose that Artin’s
conjecture on the holomorphy of Artin L-functions is known for L/Q). Set

logM = 2<Zlogp+lognL> .

pld

Also, denote by d the maximum degree and by A the maximum Artin conductor of
an irreducible character of G.

Let C be the set of elements in G that map to the Cartan subgroup and also have
trace zero. Then C is stable under conjugation and thus C is a union of conjugacy
classes. Denote by 7(x,C) the number of primes p < x with Frob, € C. Then,
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[8, Thm. 4.1] asserts that for logx > d*(logM), there is an absolute and effective
constant ¢ > 0 so that

m(x,C) =
€l . ICl.. s 1 2 —clogx
—Lix— —Lix” + O |C|2x (log xXM)~ ex .
|G| |G| (‘ |2 (logxM) p{013/2 d3(logA)2+logx}>

The term involving ( is present only if the Dedekind zeta function (.(s) of L has a
real zero (3 (the Siegel zero), in the interval

1

" Tlogd; < R(s) < 1.

Let L be the fixed field of the kernel of p, r. (Recall that p, s was introduced in
Section2l) Now, let G = Gal(L/Q) (viewed as a subgroup of GL,(Z/p)) and let
C be the subset of elements of G of trace zero. It is known that the subgroup H =
Gal(L/K) is Abelian and maps to a Cartan subgroup of GL,(Z/p). The image of G
maps to the normalizer of this subgroup. As G has an Abelian normal subgroup of
index 2, it is well known that all irreducible characters of G are monomial, and so
Artin’s holomorphy conjecture holds for it.

Thus, we can appeal to the above version of the Chebotarev density theorem. The
extension L/K is unramified outside of primes dividing pN, where N is the level of
f. Wehave d = 2, and log M < log pN as well aslog A < log pN. For p sufficiently
large, it is known that G maps onto the normalizer of a Cartan subgroup, and hence
p? < |G| < p?. Moreover, the size of |C| satisfies p < |C| < p. Thus, if we set
p) = %, we have % < 0(p) < % for p sufficiently large. Thus, we have the
following result.

Theorem 6.1 Let f be a CM form of level N as before. Then for logx > (log pN)?,
we have

T (x, p) =0(p)Lix — d(p)Li o O(xefcm),
where % <i(p) < % and the implied constant is absolute and effective.

From the discussion above, we know that the stated bounds on d(p) hold for p
sufficiently large. To deduce that they hold for all p, it suffices to show that §(p) > 0
holds for all p. This inequality follows from the fact that the image of complex con-
jugation is an element of trace zero in the Galois group.

If the Dedekind zeta function (;(s) = 0 has a Siegel zero 8 with 1 — m <
R(s) < 1, then by a result of Stark [17, p. 145] we know that there is a quadratic field
M contained in L such that (3;(3) = 0. Further [17, p. 147], for such M

1

V'

8<1—

Let [L : M] = n. Since d;, > dj};, we have

1

ﬁ<1_;ﬁ?
L

https://doi.org/10.4153/CJM-2011-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-002-4

A Variant of Lehmer’s Conjecture, 1I: The CM-case 315

Now by an inequality of Hensel [15, p. 129], logd; < 2nlog pn; and so ﬁ logd; <
log pn;. Hence

1
6.1 1—
(6.1) B < onr
7 Intermediate Results

As before
7 (x, p) = #{q < x | a(q) = 0 (mod p),a(q) # 0}.

Proving Theorem requires the following lemmas. Let 0 < e < 1/2 and set
1—e
y =L, (x).

Lemma 7.1 Let p < y be a fixed prime. Then we have
* 1
> 7 = 0PI + OLs(),

g<x
a(q)=0 (mod p)

where ZZSX means that the summation is over all primes q < x for which a(q) # 0.
Proof By partial summation, the sum is

X 2 t

= 1
a(q)=0 (mod p)

But fx T (gp dt can be written as

(log x)? X *
/ T (t, p)dH/ m (Z’p)dt,
2 (log x)” 13

where 7 is chosen in such a way that for (logx)? < t < x, we have logt > (log pN)?.
The first integral is

S0 .
< t—dt < Ls(x), wheren(t) = #{p <t | p prime},
2
and the second integral is

/ ) %2(5(1))Li(t) — S(p)Li(t?) + O(te™V18")) dt, by Theorem .1l
(

log x)7

The first term is equal to

X

a(p) + O(L3(x)) = 6(p)La(x) + O(L3(x)).

(log x)7 t lOg t

https://doi.org/10.4153/CJM-2011-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-002-4

316

S. Gun and V. K. Murty

Next, consider the term with the Siegel zero. Since by (6.1), 5 < 1 — i, therefore
the second term is

5(p) %Li(t") dt = 5(p) / og

(log x)7 (log x)7

< dr
=0 =.
(p) /2 IOg u de (log x)” u% ) t*

We split the range of integration of u into two integrals:

M 2<u<(logx)”,
(I1) (logx)WB <u<xf?

The first range gives rise to the integral

(log x)” 78 . . o
é(p)/ logu (logx)” ;} < (p)logx)"" "V < 1.

The second range gives rise to the integral
Y w11
u
50 | egalar "3
(log x)78 Og u X

Setv = u’. Then v’ = uand Blogv = log u. Moreover, du = (3v"~'dv. Hence the
integral is

g ldv 11 a(p) x dv
6(p) (; - ;) < —0B) /(

(logx)r logv (log x)7(1 logxy ¥10gV
6(p)L o(p)L
(p) 2(;6) < (P)L (2(;6) <l
(logx) P en 2%

Finally, using the elementary estimate ¢©V* >> 12, we deduce that the O-term is

log x du
< / — < L
Ly(x) u?

The term 7*(x, p)/x is of smaller order. This proves the lemma. ]
Define v(p,n) = #{q™||n | a(¢™) = 0 (mod p)}.
Lemma 7.2 Assume that p < y. Then we have

* B uré(p)xLy(x) xLs3(x)
nZSx v(p,n) = (1+o0(1)) NG +O<@>

where Y means that the summation is over all natural numbers n < x such that

a(n) #0.
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Proof Interchanging summation, we see that

* * *
>oviem= > > 1
n<x q"<x n<x

a(q")=0 (mod p) q"||n

* *

= Z )OREETEED DU Dt
n<x q"'<xm>2 n<x
a(q)= (mod p) alln a(q™)=0 (mod p) 4"[In

The contribution of terms g™ with m > 2 is

)OEEDIRE D VD SR P VD O

q"<x, n<x q"<x‘ n<x x<q"<x n<x
m>2 q"lln m>2 q"ln m>2 q"lln
a(q™)=0 (mod p) a(g")=0 (mod P) a(q™)=0 (mod p)

< Y Zl+xzim

q" <x° n<x/q" X <q”’<x
m>2 m>2

a(g™=0 (mod p)

« 1 *dt
x Z 71+x/ T by Proposition[4.5]
x(

(logx)? e
mZZ
X X X
< + i«

Also, we have

* * * * * *

D S SEEED S DRI D i}
q<x n<x q<x1/loglugx n<x xl/loglogX<q<x n<x
a(q)=0 (mod p) q||n a(g)=0 (mod p) 4lln a(g)=0 (mod p) 4ll7

We show that the second double sum on the right of (Z.I) contributes a negligible
amount. Indeed, consider first the quantity

(7.2) Y'Y

¥<q<x  n<x
a(g9)=0 (mod p) ql|n

This is majorized by
2. 2L
n<x x‘<q<x
qlln

The inner sum is bounded and so by Proposition[4.5 we see that (Z.2) is

(7.3) < x/+/logx.
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Now, consider the quantity

(7.4) Y'Y

xl/lnglngxgquf n<x
a(q)=0 (mod p) ql|n

By Proposition[d.3] the inner sum is < x/q+/logx. Since

1
Z — =logloglogx + O(1),

x1/ log ]ngxgquf

it follows that (Z.4)) is

(7.5) < xL3(x)/+/logx.

Putting (Z3]) and (Z3) together, we deduce that

Z* Z* 1= Z* Z* 1+ O(xLs(x)/+/logx).

q<x n<x <M/ loglogx  n<x

a(g)=0 (mod p) ql|n a(g)=0 (mod p) 4ll7

Now by Proposition Lemma [£3] (and the fact that in the sum a°(q) = 1), the
sum on the right is equal to

usx = 1 1 1 _
(1+0(1))ﬁ Z NITET (1+O<q>+o(logx/q)>

qul/loglogx
a(g)=0 (mod p)

Urx * 1 X
(1+0(1))—2= +O< 1).
V7 2z wosra O \oga

a(q)=0 (mod p)

Now applying Lemma[Z.1] we see that this is

upé(p)xLy(x) N o( xL3(x) )
V7 (logx)? -

This proves the lemma. ]

= (1+0(1)) (logx)%

Lemma 7.3 Assume p < y. Then

* 2 2
S ulpom? = (14 o(1) LB, o SPRL0ILy |

= V7 (logx)? (logx)?
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Proof The sum in question is equal to

* * *
> > > L
gy <x 4y <x oy X

a(@™)=0 (mod p) a(qy2)=0(mod p) di |lm 4 * [

By a small modification to the argument given in the proof of Lemma we find
that the contribution of terms with g, = ¢, is

xL,(x)
< log ) 7
Next, we consider the contribution S (say) of terms with 7" g5 > x°. For estimating
this, we may suppose that g/ > ¢3. Since g, > 2, we may suppose that x/2 >
ql" > x? = z (say).
Denote by S; the contribution of terms for which z < g{" < y/x/2 and by S, the
contribution of all remaining terms in S. Then by Proposition 4.5 we have

* 1 1
Si<x Y p Y o —— —
<< ar <) 1 V 08

1
L x Z "1117)6 log lOg(qunl )
2<g" <4/x/2 % 8 ra
< xL() / V2 dt < xL,(x)
? 2 t(logt)/logx/1? Vlogx’

Next, we observe that

s< 3 > vipon

Vx/2 <q <x/2 n<x/q)"

and by Lemmal[Z.2] this is

1 1 L
<xlp(x) Y 0 xLy(x)
1

< .
T a2 Viegx/qi"  /logx
1>
It remains to estimate

Y S =1+ sy,

=
a(g)")=0 (mod p) T lln, 4, ||n
a(q;"Z)EO(mod p)
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where in I we have the terms with m; > 1 or m; > 1, and in J we have the terms
with m; = m, = 1. In order to estimate I, suppose without loss of generality that
m; > 2. Then by Proposition [£5] we have

I<<xZ Z —_—

ml >2 qmlqmz <xf

JI?Z(Z Z)

9 <xE q2
m1>2 my>2

xLy(x)

J = Z Z

<

Next, we consider

qlqz
a(q)= O(modp %H" QZH”
a(q2)=0 (mod p)

By Propositions[L5land [4.8] we have

* 1 xL,(x)
_(1+o(1))7 — + 0| —=
y/mlogx qlgg:x‘ 1192 ( «/logx)
a(q1)=0 (mod p)
a(q2)=0 (mod p)
Q7
L b
X * 1 xL,(x
= (1+0(1)—L— L) po( 2
y/mlogx ;{ q <\/logx>
a(q)=0 (mod p)

=(1+0(1))

urx 2 xLy (x)
o (0 + ottae)*+ o )
w500 o s XLa(@)Ls(x)

V7 (logx)? O( ) /logx )

This proves the lemma. u

= (1+0(1))

Lemma 7.4 Suppose p < y, then

* 0
S (o) — BpILa) < 2L );C L)L ().
n<x
Proof This follows from Lemmas[7.2land [7.3 [ ]

Lemma 7.5 Assume p < y, then
xL3(x)

#H{n<x|v(p,n) =0} < 5(p)(logx)3 Ly(x)
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Proof By Lemmal[Z4] this is

1
<5 {0 =L} =

(p)L3(x) (logx)2

8 Proof of Theorem

For a prime p, let

321

xL3(x)
5(p)(logx)2Ly(x)

Gp(x) = #{n < x| pln, (n,a(n)) = 1,q|n = q > p}

and G(x) = Zpgx Gp(x) = Ay + A, + Az, where

A= ) G, A= > Gp(x), As= ) Gylx).

1_. 1_
p<Li (%) L} (0<p<Ly*(x)

Now, using Lemmal[Z.5 we have

2L ()

A < Z #{n < x| pln, (n,a(n)) =1}

1
p<Ly (%)

xL3(x) 1
(log x) 3L, (x) ; o(p)
p<L; (%)

xL3(x)
L ——mF— ,
(logx)zLy(x) Z P

1_.
1<p<L} (x)

1
aso(p) > —
b p

x x
S I )
(logx)2 LS (x) (Ls(x)logx):z

Moreover, by Lemma[5.2] we have

A< Y #n<x|plnatn) #0,qln=q> p}

1
L} (x)<p<Li*(x)

<= > lH(l—

(logx): , P i
L} (x)<p<Li*(x) l
prime
X 1
<
(logx)? | Z plogp

L2 ()<p<Li*(x)
S -
Ls(x)(logx)? (Ls(x) logx):

<
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Let y1 = Ly(x)'* and as in (5)), Ny, (x) = #{n < x| gln=q> y1, a(n) # 0}.

Then
Ny (x) = Y > 1< A <N, (),

n<aq) 2 <x n<x
a(q})=0 (mod q,) 4i'lIn: &2ln

*%
where g _, means that the summation is over all natural numbers n < x such
n<x

that a(n) # 0 and g|n implies that g > y;.
By Lemma[5.] to prove the theorem, it suffices to show that

* koK x
(8.1) Z Z - 0(71) |
71<ql @ <x n<x (Ls(x) logx)z
a(g)=0 (mod q,) 4\'lln, 2|1

In order to prove (8, let us write

S S

y1<4qy", g2<x n<x n<qy, p<x,m>2  n<x,
a(@)=0 (mod g,) 4V'l1n; @2n a(q]")=0 (mod q,) 47'lln, a2|n
* ok
D DD D
71<q1, <x n<x
a(g)=0 (mod q2) qi|n, ga|n
= B, + B;.

Let us consider B, first. The terms for which ¢7"q, > (logx)x'/2y? contribute an
amount that is

logx Z Z

@< <x "’>y
m>2
x x
< LLZ (%) € ———.
y1logx LS (x) logx

For the remaining terms, q}'q, < (logx)x'/?>y2. We use Proposition {3 to see that
the remaining terms in B, are

> iy

(logx) N<a<x 77y <qy
m>2

«—* v 1
yilogx): = 4
xLy(x) x

y1(logx) b (logx) 3 L5 (x) '
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For B,, we observe that if a(q;) # 0 and a(q;) = 0 (mod g3), then g, < |a(q)| <
2,/q1. Hence q; > g5/4 and so q1q, > ¢3/4. Hence for the inner sum in B; to be

nonempty, we need g, < (4x)'/>. Thus

B, =
y1<q1<x n<x
y1 << alln, gln
a(q1)=0 (mod q,)

Ly oy

yn<q<vx n<x
n<p<2yq  alln qln
a(q1)=0 (mod q,)
= D, + D,.

Sy

Sy

Vasq <x n<x
N<@<2/q qil|n, g2|n

a(q1)=0 (mod q2)

Then by Proposition&5]and the fact that q,q, < x*/*, we have

D < 1
(logx):? 1<a<Vx

N<q@<2./q1

a(q1)=0 (mod q,)

x *
=— E
logx)2
(logx) </t
Lp<qi<q;logg,
a(q1)=0 (mod g»)

By Proposition the second sum is

xL,(x) 1

T 2
2
(logx) < g <o/ Uk}

The first sum is

T

<o o7
(logx)>, ‘.

%Z*L

9192

1192

* 1
. }
<palt 9192

4 log 2 <qi<v/x
a(q1)=0 (mod q,)

xLr(x) x

y1(log x)%

~ (logx)*L(x)’

>
Q2
log a S2S2V/4

q1)=0 (mod ¢12)

We note that the inner sum over g, is bounded. In fact with 0 < |a(q1)| < 2./q1,

there exists at most one g, > 1/qi/logq; that divides a(q;). Thus, the right-hand
side is

Z \/1087‘11 X

q3/2 (Lz(x) log x)

(IOg 0TS 4
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In order to estimate D,, we write

Sy

D, =

< <x/logx nSX
N> ailln, 2l
\/ESQISﬁ
a(q1)=0 (mod ¢»)
* k3%
D RS D

13 n<x
alln, g2ln

)

ev Iogxngg( Togx
\/;CS%Si
a(q1)=0 (mod ¢>)

=h+h+ i+ L

a(q1)=0

S. Gun and V. K. Murty

* * 3k
D DD D
n<p<eVins b
=<q<i Q| lnq2|n
@2 —

a(q)= O(mod q2)
* *kk
> >l
2 B n<x
() <@<x gin gl

VE<q < 5
(mod ¢>)

Here
* 1
ey Loy L
\f<q1<x (E)l/ < <23
< 2P (logx) (40 S
Vx<gi<x
where 7(t) denotes the number of primes < ¢. Thus
x * 1 xL,(x)
Ji < (logx)2/3 Z q (log x)2/3

Vx<qi <x

and

]3<<xz Z

Vx<qi < <x qzla(q )
qzze\/logx

log x

In order to estimate J; and J,, we write

* kK
> >
yi<q<eV'sx q HZS‘;H”
x 11, g2
ﬁSmSE
a(q1)=0 (mod q,)

i

Va<qi<
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Nn<gp<eV log x

= Zqz
a(q1)=0 (mod ¢>)

{Qz | g2 > e*/@,qzla(ql),o #a(q) < Zx/fc}

X /log x Ly(x)

Z** 1=Ju+ o,
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* ok *
J2 = Z )IIREIDS
X 1 242 X X
by = <q <5 3y SNy
a(q)= O(mod 92) a(q1)=0 (mod q,)

325

Z** 1= 11+ )

n<x
q[n

| [nm>2

We show that J;; and J,; are o(x/L3(x)(logx)1/2). Similarly, one can show that J;,

and Jy, are o(x/L;(x)(logx)'/?). We can write

mex Y -0 Y ———p

1 quge\/logx
a(q1)=0 (mod ;)

20 g (t, q,)
x Y —
y1<q2<e\/@ ‘1 t)
< x Z* i { m* (t; lh) } =/
2 | Le(log2)"" ) oy
N <p<eV 8 ot

Then by using Theorem[6.1] we have

i1 <€ x Z*

X * 1
<L — — |1
log x Z 93 l
n<q<eVer IR

X * 1 X
- K —F:.
(log x)1/2 Z 2 1 1/2
( ogx) n<q<e log x % yl( ng)

x \ U
a0 (log )

l[{ 1 }t x/2q,
2 w12
e Lot ) s

/x/Zqz dt ]
+ —
Vx t(log %) 12

+/x/2qz T (t, ) dt}
Vx tz(log%) /2

/x/Zqz dt ]
+ N —
Vx tlogt(logﬁ)l/2

logx

Since for each pair of primes q;, g» with y; < g, < eV'%%* x/2q; < q; < x/q, there

are at most two n < x with 9192 | n, we have

m< > Y

yi<p<eVier apSnSgE
a(q1)=0 (mod q2)

* « x * 1
< E X/ ) < @ E q—% by Theorem[6.1]
yi<g<eV'sx y1<q<eVIoe*
x
K .
y1logx
Hence
x
B+ By —o ( ) |
(logx)2 Ls(x)

This completes the proof.

https://doi.org/10.4153/CJM-2011-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-002-4

326 S. Gun and V. K. Murty
Acknowledgments This work began while the first author was a post-doctoral fellow
at the University of Toronto—Mississauga(UTM). It is her pleasure to thank UTM for
financial support and excellent working conditions. Both authors would like to thank
Ram Murty and the referee for very helpful comments that enabled them to eliminate
some errors from an earlier version.

References

[1] P. Erdos, Some asymptotic formulas in number theory. J. Indian Math. Soc. 12(1948), 75-78.

[2] S. Lang, Elliptic functions. Addison-Wesley, Reading, MA, 1973.

[3] D. H. Lehmer, Ramanujan’s function 7(n). Duke Math. J. 10(1943), 483-492.
doi:10.1215/50012-7094-43-01041-5

[4] __, The vanishing of Ramanujan’s function 7(n). Duke Math. J. 14(1947), 429-433.
doi:10.1215/50012-7094-47-01436-1

[5] M. R. Murty and V. K. Murty, Some results in number theory. I. Acta Arith. 35(1979), no. 4,
367-371.

[6] , Odd values of Fourier coefficients of certain modular forms. Int. J. Number Theory
3(2007), no. 3, 455-470. 1doi:10.1142/51793042107001036.

[7] V. K. Murty, Lacunarity of modular forms. J. Indian Math. Soc. 52(1987), 127-146.

[8] , Modular forms and the Chebotarev density theorem. II. In: Analytic number theory
(Kyoto, 1996), London Math. Soc. Lecture Note Ser., 247, Cambridge University Press,
Cambridge, 1997, pp. 287-308.

[9] , Some results in number theory. II. In: Number theory, Ramanujan Math. Soc. Lect. Notes
Ser., 1, Ramanujan Math. Soc., Mysorem, 2005, pp. 51-55.

[10] , A variant of Lehmer’s conjecture. J. Number Theory 123(2007), no. 1, 80-91.
doi:10.1016/}.jnt.2006.06.004

[11] S. Ramanujan, On certain arithmetical functions. Trans. Cambridge Philos. Soc. 22(1916), no. 9,
159-184. In: Collected papers of Srinivasa Ramanujan, AMS Chelsea, Providence, RI, 2000,
pp. 136-162.

[12] M. Rosen, A generalization of Mertens’ theorem. ]. Ramanujan Math. Soc. 14(1999), no. 1, 1-19.

[13]  W. Schaal, On the large sieve method in algebraic number fields. J. Number Theory 2(1970),
249-270. |doi:10.1016/0022-314X(70)90052-1

[14]  J.-P. Serre, Divisibilité de certaines fonctions arithmétiques. Enseignement Math. 22(1976),
no. 3—4, 227-260.

[15] __, Quelques applications du théoréme de densité de Chebotarev. Inst. Hautes Etudes Sci. Publ.
Math. 54(1981), 323-401.

[16] , Sur la lacunarité des puissances de 1. Glasgow Math. J. 27(1985), 203-221.
doi:10.1017/50017089500006194

[17]  H. M. Stark, Some effective cases of the Brauer-Siegel theorem. Invent. Math. 23(1974), 135-152.

doi:10.1007/BF01405166

The Institute of Mathematical Sciences, CIT Campus, Taramani, India
e-mail: sanoli@imsc.res.in

Department of Mathematics, University of Toronto, Toronto, ON, M5S 2E4
e-mail: murty@math.toronto.edu

https://doi.org/10.4153/CJM-2011-002-4 Published online by Cambridge University Press


http://dx.doi.org/10.1215/S0012-7094-43-01041-5
http://dx.doi.org/10.1215/S0012-7094-47-01436-1
http://dx.doi.org/10.1142/S1793042107001036
http://dx.doi.org/10.1016/j.jnt.2006.06.004
http://dx.doi.org/10.1016/0022-314X(70)90052-1
http://dx.doi.org/10.1017/S0017089500006194
http://dx.doi.org/10.1007/BF01405166
https://doi.org/10.4153/CJM-2011-002-4

