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1. Introduction

In 1902 William Burnside asked the following question, which later became known as the
Burnside Problem: does a finitely generated group whose elements all have finite order
need to be finite? An analogous problem for algebras is the Kurosh Problem: if A is a
finitely generated algebra over a field K, and every element of A is algebraic over K,
does it follow that A is finite dimensional over K7 A special case of the Kurosh Problem,
sometimes known as Levitski’s Problem, concerns nil algebras: if A is a finitely generated
algebra over a field K and every element of A is nilpotent, is A finite dimensional over K7

The seminal works of Golod and Shafarevich [1,2] in 1964 showed that the answer to
these famous problems was negative. Their method entailed the construction of a finitely
generated nil algebra A which was infinite dimensional; from this algebra the counter-
example to the Burnside Problem arises by considering a group whose elements are of
the form 1 4 n, for a particular nil algebra A and some n € A.

The groups and the algebras constructed by the Golod—Shafarevich method have expo-
nential growth. Gromov [3] proved in 1981 that, under the assumption that the group has
polynomial growth, the answer to the Burnside Problem is positive. In fact, he proved
that a finitely generated group with polynomial growth has a nilpotent normal subgroup
of finite index. As a consequence, if a finitely generated group has polynomial growth
and each element has finite order, then the group is finite.
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Golod and Shafarevich’s work, together with Gromov’s result, naturally raises the
question as to whether a finitely generated nil algebra with polynomial growth is of neces-
sity finite dimensional (see [9]; L. W. Small, personal communication, February 2004).
Surprisingly, this is not the case; in [5] Lenagan and Smoktunowicz constructed, over
any countable field, an infinite-dimensional finitely generated nil algebra with Gelfand—
Kirillov dimension at most 20. This result raises the following question: what is the
minimal rate of growth for a finitely generated infinite-dimensional nil algebra? In this
paper, we make progress on this latter question; by refining the methods of [5], we con-
struct, over any countable field, an infinite-dimensional finitely generated nil algebra with
Gelfand—Kirillov dimension at most 3. (In fact, our algebra requires only two generators.)

2. Notation

In what follows, K will be a countable field and A will be the free K-algebra in two
non-commuting indeterminates x and y. The set of monomials in z, y is denoted by M,
and M (n) denotes the set of monomials of degree n for each n > 0. Thus, M(0) = {1}
and for n > 1 the elements in M (n) are of the form x; ---z,, where z; € {x,y}. The
K-subspace of A spanned by M (n) will be denoted by H(n) and elements of H(n) will
be called homogenous polynomials of degree n. The degree, deg f, of any f € A, is the
least d > 0 such that f € H(0) + ---+ H(d). Any f € A can be uniquely presented
in the form f = fo + f1 + -+ + fq, where each f; € H(i). The elements f; are the
homogeneous components of f. A right ideal I of A is homogeneous if for every f € I
all homogeneous components of f are in I. If V is a linear space over K, then dimg V'
denotes the dimension of V' over K. The Gelfand-Kirillov dimension of an algebra R is
denoted by GKdim(R). For elementary properties of Gelfand—Kirillov dimension we refer
the reader to [4].

For any real number k, define |k] to be the largest integer not exceeding k.

Throughout the paper, A will denote the subalgebra of A consisting of polynomials
with constant term equal to 0.

Assume that all logarithms in this paper are of base 2.

The aim of this paper is to present an algebra with the desired properties in the form
A/E for a suitable ideal E. Roughly speaking, we construct a sequence of linear spaces
U(2"), and then set E to be the largest subset such that, for all n > 0, AEAN H(2") C
U(2™). As the sets U(2") will be very large in dimension (dimg U(2")+2 = dimx H(2")
for most n) and behave like an ideal (that is, H(2")U(2") + U(2")H(2") C U(2"*1)),
the ideal E will be very large and hence GKdim A/E will be small. To guarantee that
the algebra A/F is nil we allow the sets U(2") to have a bigger co-dimension at some
sparse places.

3. Enumerating elements

We start with the following lemma.

Lemma 3.1. Let K be a countable field and let A be as above. Then there exists
a subset Z C N, with all i € Z being greater than or equal to 5, and an enumeration
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{fiYicz of A such that |logi| > 66 deg i Moreover, the set Z has the following property:
ifv1>jandi,j € Z, then i > 2%

Proof. As A is a finitely generated algebra over a countable field, it is itself countable.
Let A= {g1,92,...} be an arbitrary enumeration. We now inductively define an increas-
ing function #: N — N as follows: first set (1) := min{i € N |i >4, [logi| > 65deg91},

As an inductive hypothesis, suppose that 6 is defined over {1,...,n} such that
|log(6(i))] > 6°9¢89: for each i < n. Then set

260(n)
9(n+1):min{s€N| |log s| > 66deegn+1, s> 2% }

If we now rename the elements of A by setting Jo(s) = gs, then we have a listing of the
elements of A with the required properties. O

Theorem 3.2. Let Z and {f;}icz be as in Lemma 3.1. Let i € Z and let I be the
two-sided ideal generated by filowi, where w; = 4 - 22'—llogt] There is a linear K-space
F; C H(2?~Uegily such that T C Y oy H(k(22 ~1o8U))F; A and dimg (F;) < 22" — 2.

Proof. Note that 659¢¢(f) < |logi| by Lemma 3.1. Apply [7, Theorem 2] with f = f;,
r=22—logil 4y = q; =4.22 o8l and put F; = spany F', where F' is the correspond-
ing set F' of the conclusion of Lemma 3.1. Note that these choices of f, r, w satisfy the
hypotheses of [7, Theorem 2]. Although the algebra A in [7, Theorem 2] is generated by
three elements rather than two, this does not influence the proof. O

4. Definition of U (2™) and V (2™)

In this section we shall define the sets U(2"), for n =1,2,..., mentioned in §2.
For each i € Z, set S; = [2¢ —i — |logi],2" — [logi] — 1] and set S =J
that the S; are pairwise disjoint.

icz Si- Note

Theorem 4.1. Let Z and F; be as in Theorem 3.2. There are K-linear subspaces
U(2™) and V(2™) of H(2") such that, for all n. > 0:

(i) dimg V(2")=2ifn ¢ S;

(i) dimg V(22 ~i=los(@I+i) = 92’ forall1 <ie Z and all 0 < j <i— 1;

iii 2™) is spanned by monomials;

(iif) V( p y
(iv) F; C U(221 Loe@)]) for every i € Z;
(vi) H2"U(2") +U(2")H(2") C U(2");

(vii) V(2nTh) C vV (2M)V(2n);

)
)
i)
)
(v) V") @ U(2") = H(2");
)
)
)

(viii) ifn ¢ S, then there are monomials my, mg € V(2™) such that V(2") = Kmy+Kmay
and moH (2™) C U(2"1).
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Proof. The proof of properties (i)—(vii) is very similar to the proof of [5, Theorem 3],
and the proof of property (viii) is similar to the proof of [8, Theorem 10(8)]. We construct
the sets U(2") and V(2") inductively. Set V(2°) = Kz + Ky and U(2°) = 0. Assume
that we have defined V(2™) and U(2™) for m < n in such a way that conditions (i)—(v)
hold for all m < n and conditions (vi)—(viii) hold for all m < n. Then we define V (2"+1)
and U(2""!) inductively, in the following way. Consider the following three cases.

Case 1 (n € Sandn+1¢€ S). If n € Sand n+1 € 9, define U(2"!) =
H@2MU(2") + U(2")H(2") and V(2"T1) = V(2")V(2"). Conditions (vi) and (vii) cer-
tainly hold. If, by induction, conditions (v) and (iii) hold for U(2"™) and V(2"), they hold
for U(2"*1) and V(2"*1) as well. Moreover, dimg V(2" *!) = (dimg V(2"))?, inductively
satisfying condition (ii).

Case 2 (n € S). Suppose that n ¢ S. Then dimg V(2") = 2, and V(2") is generated
by monomials, by the inductive hypothesis. Let mi, mo be the distinct monomials that
generate V(2"). Then

V2"V (2") = Kmimy + Kmimg + Kmaomq + Kmaoma.

Set V(2"*1) = Kmymy + Kmyma, so that conditions (i), (iii), (vii) and (viii) hold.
Set
U@t = HEMU(2™) + U(2")H(2") + maV (2™).

Using this definition, condition (vi) holds and

H(2") = H(2")H(2")
vRmuERm)euvmM)vERen) e VER"MUR™) e miV(2") @ maV(2")
Uttt e vertt).

Thus, condition (v) holds.

Case 3 (n € S and n+ 1 ¢ S). Suppose that n € S while n + 1 ¢ S. Then
n =2 — |log(i)] — 1 for some i € Z. By induction on condition (ii),

dimg V(2") = dimg V(2% 1~ Hos@Fim1) — 92"
and
dimg V(2M)V(2") = 22" 22" = 2%
By induction on condition (v),
HER" ™) =Uu@MUE2™) e UMV (2M) @ V(2MU(2™) @ V(2M)V(2M).

We know that F; has a basis {fi,..., fs} for some fi,..., fs € H(2%" — [log(i)]) and
s < 22" —2. Each f; can be uniquely decomposed into f; + g; with f; € V(2")V(2")
and g; € V(2M)U(2") + U(2")U(2") + U(2")V(2"). Let P be the subspace spanned by
f17 MR fs'
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Since dimg P < s = dim F; < 22 —2 < dimg V(2")V(2") — 2, there must exist at
least two monomials mq, ms € V(2")V(2™) such that the space Kmy + Kms is disjoint
from P. Define V(2"T1) as this space; this satisfies conditions (i), (iii) and (vii).

As P is disjoint from Kmj; + Kmo, there must exist a space Q O P such that
V2"V (2") = Q & (Kmy, Kmsy). Set

U@t =u@MUu @) + UMV (2") +V(2MU(2™) + Q.

This immediately satisfies conditions (v) and (vi). Since each polynomial f; = g; + f; €
U(2"+1), it satisfies condition (iv) as well. O

Before continuing, a helpful lemma concerning U(2") should be mentioned.

Lemma 4.2. For any m > n, and any 0 < k < 2™,
H(2MURMH((2™ ™™ —k—1)2") CU2™).

Proof. If m = n, then & = 0 and the equation is trivially true. Using induction,
assume the theorem holds true for some m > n. When 0 < k < 2™™",

H(E2MUQMH((2™ " —k —1)2")
= H(E2"U@MH((2™" —k — 1)2")H(2™) C U (2™ H(2™) C U(2™ 1),
and when 2™~ " < k < 2mHl-n,

H(E2MU(2MH((2™T " — k —1)2")
= HQ2™H((k—2""™)2" U™ H (2™ " —k —1)2")
C H(2™U(2™) CU@2™H),

as required. 0
Another way of stating Lemma 4.2 is that, given any product of the form
H(:2")U(2")H (j2"),
if the sum of the three arguments 12" + 2™ + 52" is a power of 2, then
H(i2")U(2")H (j2") C U(i2" + 2" + j2").
5. A finitely generated infinite-dimensional nil algebra

A graded subspace E C A is formed by defining its homogeneous subspace E(n) to be
the set of elements r € H(n) such that if 2™ < n < 2™+ then, for all 0 < j < 2m+2 —n,

H()rH(2"2 — j —n) C UM HE™) + HE™HHU(2mH),

Now, define £ := E(1)+ E(2) +---.
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Theorem 5.1. The subset E is an ideal in A. Moreover, A/E is a nil algebra and is
infinite dimensional over K.

Proof. The set E is shown to be an ideal in [5, Theorem 5], and Theorems 14 and 15
of [5] prove that A/E is both nil and infinite dimensional over K. No changes to these
proofs need to be made to apply to our example, and so the proofs are not repeated
here. (]

6. The subspaces R, S, Q, W

The key to computing the Gelfand-Kirillov dimension of the algebra A/E is to use a
collection of subspaces R, S, @, W with the following properties: if n > 0, 2™ < n <
2m+1 then

R(n)H(2™ ! —n) C U™, H(2™T —p)S(n) Cc U™,
H(n) =R(n)®Qn),  H(n)=S(n)oW(n).

It then follows from Lemma 4.2 that, for any & > m, R(n)H(2¥ —n) C U(2*) and
H(2F —n)S(n) C U(2%).

The existence of suitable such subspaces is established in the next section. Once this
has been achieved, the following theorem is available to help calculate the Gelfand—
Kirillov dimension of A/E. (In this theorem we take R(0) = S(0) = U(0) = 0 and
V(0) =Q(0) =W(0) = K.)

Theorem 6.1. For every n € N,

(n) S(n — k)H(k) + H(n — k)R(k) C E(n).
k=0

(56

Moreover,

) <D dim(W(n — k) dim(Q(k)).
k=0

Proof. The proof of the first claim is very similar to the proof of [5, Theorem 9] and
so is omitted. Notice that

H(n) = (S(n — k) @ W(n - k))(R(k) © Q(F))
=(S(n—k)H(k)+ H(n—k)R(k)) @ W(n —k)Q(k).

Therefore,
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and so

dim (H (”))

i ) < 3 dm(I¥(n = Q).

as required. O

7. A sufficiently small Q and W
In order to define R, S, @ and W, begin with R(1) = S(1) = U(1) and Q(1) = W(1) =
V(1). Given any natural number j with 2™ < j < 2m*1  define
R(j)={re H(j): rH2™ —j) CU@2™)}
and
S() ={re H(j): H™ = j)r cUER™ )}
Theorem 7.1. Let j be a natural number. Write j in binary form as
j=2P0 4 2P 4. 4 2P
with 0 < pg < p1 < -+ < pn. Then there is a K-linear space W(j) C H(j) such that
W(j) @ 5(j) = H(j) and
n

W(j) SV (2r)--- V() =[] VvEem.
=0

Proof. By Theorem 4.1 (v), H(2P1) = U(2Fi) @ V(2Pi) for i = 1,2,...,n. Hence,

n

H(j) =][wem) e v,

i=0
and
H(j) = <Z H(2P0 4 oo 4 2P )U(2P) H (2P - 2%)) o [[veer).
1=0 1=0
Define Ty, (]) as H(gpo 4.4 2Pi—1)U(2Pi)H(2Pi+1 4+ 4 2:Dn)’ so that

n

1) = (L1700 @ﬁvem).

i=0
Now, from the definition of T}, (j), we obtain
H(2P 1 = 5)T,, ()
— H(2Pn+1 _ (2101‘ +o QPW,))U(QIM)H(QMH ot 2Pn)
— H((2pn+1_pi — (20 e 2P TP QP [T (2P (P41 TP .. o QPP QP
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It follows from Lemma 4.2 that H(2P=+1 — )T, (j) C U(2P~*1); therefore, each T}, (j) C
S(j). Thus, there must exist some W (j) C [}, V(2P?) such that S(j) ® W(j) = H(j).
To see this more clearly, choose a basis of ([]\—, V(2P") + 5(j))/S(j), pull this basis back
to elements in [, V(2P?) and let W (j) be the subspace generated by that basis. O

Next, the sets N (2%) are defined in a similar way to the procedure used in [8].

Let i ¢ S. Then, by Theorem 4.1 (viii), each V/(2?) is generated by two monomials, m; ;
and mg ;, with mo ; H(2") C U(2""1). Define N(2') = Kmy ; and M (2%) = U(2") + Kma,;.
In the case where i € S, simply set N(2°) = V(2%), M(2%) = U(2%). Observe that, for
every i, N(2%) @ M(2") = H(2%). These sets will be used to construct Q(n).

Lemma 7.2. For any integer 0 < m < 2F71,
H(m2"TH)M (2™ H((2F — 2m — 1)2") C U(2"HF).
Proof. By definition, M (2")H (2") C U(2"1). Using this fact and Lemma 4.2,
H(m2" ™M™ H((2F — 2m — 1)27) € Hm2"THU 2" THH((2F! —m — 1)2"*)
cuUE@™h),
as required. 0
Theorem 7.3. Let j € N. Write j in binary form as
j=2P0 4 P14 ... 4 2Pn
with 0 < pg < p1 < -+ < pn, and suppose n # 0 (that is, j is not a power of 2). Then

there is a linear space Q(j) C H(j) such that Q(j) ® R(j) = H(j) and

n n

QU) € N N@En=) - N = [N < [[ver—).

i=0 i=0
Proof. This proof is very similar to that for Theorem 7.1. By definition, H(2Pi) =
N(2Pi) ® M (2P:) for i = 1,2,...,n. Hence,

n

H(j) € [J(v@r) @ M(27))

=0
and
n n
= (ZH(ZP" o 2P M (2P H (2P 4 2’”)) o [[ Ve
1=0 =0
Set
By, (j) := H(2P" + -+ + 2P ) M(2P) H (2P0 + -+ 4 2P0),
so that . :
H() =Y B, ()) & [[ N @),
1=0 i=0
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Multiplying on the right by H(2P»*1 — j), we obtain
By (GVH(2H = ) = HP 4o 4 2P0 M H(2H = (277 44 27)
= H((Qpn—l’i—l S 2Pi+1_Pi_1>2pi+1)M(2pi)H(2Pi)
x H((2Pn=Pi — (2Pn=Pi=l g opPin=Pi=l _q))opitl)
C H((2pr Pimt ... g opir—PimLyopithypr(opitly
% H((zpn—m _ (2pn—pi—1 N 9Pi+1—Pi—1 _ 1))2;07‘,4-1).

It follows from Lemma 4.2 that B,, (j)H (2! — j) C U(2P~*1); therefore, each By, (j) C
R(j). By exactly the same reasoning as in Theorem 7.1, there must exist some

Q) C [ V)
i=0
such that R(j) ® Q(j) = H(j). O
One last theorem about the size of @ and W must be obtained before continuing.
Theorem 7.4. Suppose that j,k € N have the binary forms
k:2po+_,_+2p¢71’ j:2p1++2pn

with pg < -+ < pp. Then dimQ(j + k) < dimQ(j)dim Q(k) and dim W (j + k) <
dim W (5) dim W (k).

Proof. Use the definition of () to see that
H(j + k) = (R(j) ® Q1)) (R(k) & Q(k)) = R(j)H (k) & Q(j)R(k) © Q()Q(k).
If it can be shown that R(j)H (k) + Q(j)R(k) C R(j + k), then
dimQ(j + k) =dim H(j + k) — dim R(j + k)
< dim H(j) dim H (k) — dim R(j) dim H (k) — dim Q(5) dim R(k)
= dim Q(j) dim H (k) — dim Q(j) dim R(k)
= dim Q(j) dim Q(k),

which establishes the @) inequality.
In order to show that R(j)H (k) C R(j + k), note that 2P» < j + k < 2P»T1 and recall
from the definition of R(j) that

RG)H (k) H(2P* 1 = j — k) = R(j)H(2P* = j) C U(2")
so that R(j)H (k) C R(j + k) by the definition of R(j + k).
Finally, to show that Q(j)R(k) C R(j + k), note that 2Pi-1 < k < 2Pi-1+1 and
QU)R(K)H(2P"*! — j — k) = QU)(R(K)H (2P — k) H (2P~ +1 — 2P — )
C H(j)U(?pi—l+1)H(2pn+1 — 9pi—1t+l _ j).
As each of j and 2P»F1 — 2Pi-1+l _ j ig divisible by 2Pi-'*! Lemma 4.2 reveals that
QU)R(k)H (2! — j — k) CU(2P"*!) and so Q(j)R(k) € R(j + k).
An analogous argument is used to prove the inequality for W. |
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8. Inequalities

In this section we shall prove, using induction, that, for all n > 1,
dim Q(n), dim W (n) < 8y/n(logn)?.

This result is obtained by combining the following theorems.

Theorem 8.1. If 2™ < n < 2™*1, then
dim W (n) < dim Q2™ — n) dim V(2™ 1)
and
dim Q(n) < dim W (2™ —n)dim V(2™H)

Proof. By the definition, R(2™*! —n)H(n) C U(2™*+1). Therefore, if ¢ € H(n) and
Q2™+ —n)e CU(2™H), then H(2™H —n)e C U(2™*1) and ¢ € S(n).

Let vy, ...,vq € Q(2™ 1 —n) be a basis of Q(2™ ! —n) over K and let c1,...,c, € W(n)
be a basis of W(n). Suppose that

p = dim(W(n)) > dim Q2™ —n)dim V(2"") = ddim V (2™1).
Define a K-linear function
f:W(n) = (H2™H/U@2m )= v (@mth)d
by setting
fe) = ((vic+ U@™™), (vac + U2™FY), ..., (vac + U(2™T)))

for each ¢ € W(n).

Observe that dim(Im f) < dim(H (2™*!)/U(2m+1))? = ddim V(2™*+1), and that since
dim W (n) = p > ddim V(2™ *1), there must exist some non-zero ¢ € ker f. However, if
(vic + U(2m*T1)) = 0 for each v;, then Q(2™+! —n)c € U(2™*H!) and ¢ € S(n). Hence,
c € S(n)NW(n) = {0}: a contradiction. Thus,

dim W (n) = p < dim Q2™ — n) dim V(2™ ™),

as required.
The second inequality can be proven by a similar argument. (Il

Theorem 8.2. Let j be a natural number. Write j in binary form as
j:2p0 +2P1 +._._~_2pn

with 0 < po < p1 < -+ < pp. Recalling the sets {S; }icz from § 4, suppose that there is an
m € Z with pg,...,pn € Sm. Then dim Q(5) < 2v/j|logj| and dim W (5) < 2+/j|logj].
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Proof. This proof will be divided into three cases.

Case 1 (.] < 22"""—'_10ng—1). SU.ppOSQ that ] < 22m_|_10gmj—1- Then Pn < om _
|log(m)| — 1. Notice that j > 22" ~lleem]=m apq

Villogj| = 22" ~leeml/2=m/2(gm _|160.m| — m)

> 22m_17[10g mJ/27m/22m71 > 22””_1

Hence, by using Theorem 7.3, we obtain

m—2

dimQ(j) <dim [Jv(2r) < [T 2% <2 < Vjllogsl,

1=0 i=0

as required.
A similar argument, using Theorem 7.1, gives dim W (j) < +/7|logj].

Case 2 (j = 22" ~llee™]—1) Quppose that j = 22" ~l1°e™]=1 Then, by definition,
U(j) € R(5)NS(j), and so dim Q(j), dim W (j) < dim V(22" ~llegm] =1y — 92" ™" by The-
orem 4.1 (ii). Consequently, dim Q(j), dim W (j) < v/7|logj].

Case 3 (j > 227 —lleeml—1) Quppose that j > 22" ~lleml=1 Then p, = 2™ —
|logm| — 1 and 2Pn 1 — j < 22" ~lleem]=1 Qe k.= 2PnF1 — j and note that k < j and
that case 1 applies to k. Thus, an application of case 1 gives

dim Q(k), dim W (k) < Vk[logk| < \/j|logj].
Now, apply Theorem 8.1 to see that
dim Q(j) < dim W (2P 1 — 5)dim V (2P 1) = 2dim W (k) < 2Vk|log k] < 21/j|log ],

as required.
A similar argument shows that dim W (j) < 2v/7|logj| in this case.
This finishes the three cases and thus also the proof. O

Now, for each m € Z, define T,,, C N to be the set bounded above by S,, and below
by Sy, where m’ is the next lowest value in Z (or by 0, if m is the lowest value of
Z). More formally, if m’,m € Z with m’ < m and (m/,m)NZ = 0, then set T, =
27" — |logm’],2™ —m — [logm] — 1]. If m is the minimal value of Z, then set T}, =
[1,2" —m — |logm| — 1]. The subsets {S,,, Ty, }mez provide a partition of N.

Theorem 8.3. Let j be a natural number. Write j in binary form as
j:2po+2pl+,,,+2pn

with 0 < pg < p1 < -+- < pn. If there exists an m € Z such that pg,...,pn € T),, then
dim Q(j), dim W (j) < 2.
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Proof. Note that
dim Q(j) < dim <HN(21”)> =1,
i=0
by Theorem 7.3, because pg,...,p, ¢ S.

For the W (j) case, note that 2P» < j < 2P»T! and let 29 + ... + 29 be the binary
form of 2P»T1 — j. As pg = qo < -+ < ¢ < pp, it follows that qq,...,q, € Ty, and so
qo,---,qn ¢ S. Applying Theorem 7.3 in this case gives dim Q(2P»*! — j) < 1, and then
applying Theorem 8.1 gives

W(j) < Q" — v (2T <2,
as required. 0

We can now establish the main estimate of this section.

Theorem 8.4. For each n > 1,
dim Q(n), dim W (n) < 8y/n(logn)?.

Proof. Let n = 2P0 4 2P1 + ... be the binary decomposition of n. For each m € Z,
let j,, be the sum of all the 2P¢ that occur in the binary form of n with p; € S, and let
k., be the sum of each 2P¢ with p; € T,,,. Then

n= Jm+ > km,

mez meZ
Fm#0 km#0
as {Sm, Tn tmez forms a partition of N.
Therefore,
dimQ(n) < [ dimQ(jm) [] dimQ(km),

meZ meZ
Jm7#0 km #0

by Theorem 7.4.

We estimate the two terms on the right-hand side separately.

Firstly, suppose that m < r are consecutive members of Z with k. # 0. Then
22" —logm] < k. < n,as T, = [2™ — |logm],2" —r — |logr| — 1]. Tt follows that
m < loglog(n) +1 in this case. Therefore, the number of m € Z with k,, # 0 is less than
or equal to loglog(n) 4 2. Note that dim Q(k,,) < 2, for each such k,,, by Theorem 8.3,

so that
|log log(n)+2]

H dim Q(km,) < H 2 < 2loglog(n)+2 4logn.
lg}nG#ZO i=1
Secondly, observe that if j, # 0, then 22" —m—logml < ;< n and j, < 22",
because S, = [2™ —m — [logm],2™ — |logm| — 1]. Also, observe that dim Q(j,,) <
2v/3m|10g 4m | < jm, by Theorem 8.2.
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Suppose that ¢ < r are consecutive members of Z such that r is the largest member of
Z and such that j, # 0. Note that 22 <y by Lemma 3.1; therefore 22" < logr < logn.
Consider any m € Z with m <t and j,,, # 0. Any p; involved in the sum j,, satisfies

pi <2 — |logm]| — 1< 2™ < 2%

As each p; can be involved in at most one such sum j,,, the number of m € Z with
Jm # 0 is less than or equal to 2¢. For any such m,

dim Q(jm) < jm < 2% <27
Thus,

H dim Q (k) < (22t)2t =22 < logr < logn.

meZ
km #0

m<r

Hence,

H dimQ(km) < (IOg n)(2\/ Jr 1Ogjr) < Qﬁ(logn)z,
meZ
Fo 0

and so

dim Q(n H dim Q(jm) H dim Q(k
meZ meZ
Jm#0 Em #0
< (4log n)(2v/m(logn)?)
= 8y/n(logn)?,

as required.
To show that W(n) < 8y/n(logn)?® we use an analogous argument. O

Now we are ready to obtain the main result of the paper.

Theorem 8.5. The algebra E/A is a finitely generated infinite-dimensional nil algebra
with Gelfand—Kirillov dimension at most 3.

Proof. The algebra E/A is a finitely generated infinite-dimensional nil algebra, by
Theorem 5.1.
By combining Theorem 8.4 with Theorem 6.1, we obtain

dlmH Zdlm — k) dim(Q(k))

< Z 641/ (n — k)k(log(n — k) log k)3
k=0

< 64n?(logn)S.
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Hence,
Y H (i)
im | —= ) < 64n°*(logn)®.
Zdlm(E(i)) 64n”(logn)
=1
Therefore,
_ /1 n Qim H (i) /E(i
GKdim(A/E) = Tim (Og(Zz_l dim H (i)/ (z)))
n—00 logn
< Tm (6+3(logn)+6(1oglogn)>
n— oo logn
:3,
as required. O

9. Concluding remarks and some questions

We have constructed a finitely generated infinite-dimensional nil algebra with Gelfand-
Kirillov dimension at most 3. Equivalently, we have a finitely generated infinite-
dimensional nil-but-not-nilpotent algebra with Gelfand—Kirillov dimension at most 3.

In contrast, nil does imply nilpotent for algebras of Gelfand-Kirillov dimension at
most 1, by [6]. Combining this with Bergman’s Gap Theorem [4, Theorem 2.5], we see
that a nil-but-not-nilpotent example must have Gelfand—Kirillov dimension at least 2. It
would be very interesting to find the precise dividing line in terms of growth. A starting
point might be to consider nil algebras with quadratically bounded growth and attempt
to show that these algebras must be finite dimensional. Given a positive result in this
direction, one might then speculate whether there exists a finitely generated nil-but-not-
nilpotent algebra with Gelfand—Kirillov dimension 2 (but, of course, not having quadratic
growth).

Many of the constructions of weird algebras that we know involve starting with a
free algebra and introducing infinitely many relations, so the corresponding questions
for finitely presented algebras remain unresolved. In particular, we ask: is every finitely
presented nil algebra nilpotent?

It seems unlikely that by using the methods employed in this work we can hope to
construct a nil-but-not-nilpotent algebra with Gelfand-Kirillov dimension 2. Our algebras
are graded, and this raises the question of whether a finitely generated nil algebra that
is graded and has Gelfand—Kirillov dimension at most 2 (or quadratic growth) must in
fact be finite dimensional.

The methods employed here depend crucially on the countability hypothesis. It would
be interesting to see if it is possible to construct a finitely generated infinite-dimensional
nil algebra with finite Gelfand—Kirillov dimension over an uncountable field.

There are many problems of a similar type in [10].
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