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ON A WEAK* DROP PROPERTY

WARREN B. MOORS

Rolewicz said that the norm of a Banach space {X, \\-\\) has the drop property if for
every closed set C disjoint from the closed unit ball B(X), there exists an x £ C
such that co(x, B(X)) D C — {x}. He then showed that if the norm of a Banach
space (X, ||-||) has the drop property then it is reflexive. Later, in 1990 Giles,
Sims and Yorke showed that the norm of a Banach space {X, ||-||) has the drop
property if and only if the duality mapping / —• D{f) from the dual sphere S{X* )
into subsets of the second dual sphere S(X") is norm upper semi-continuous and
norm compact-valued on S(X').

In this paper we investigate a geometric condition similar to the drop property
which is characterised by the duality mapping x —» D(x) from S(X) into subsets
of S(X') being norm upper semi-continuous and norm compact-valued.

1. INTRODUCTION

Given a Banach space (X, \\-\\) over the real numbers, with dual X*, we denote
the closed unit ball of X by B{X) = {x E X: \\x\\ ^ 1} and the unit sphere of X by
S(X) = {x £ X: \\x\\ = 1}. By a drop induced by a point x (£ B(X) we mean the
closed set D(x, B(X)); which is the convex hull of x and B(X).

Given / G S(X*) and 6 > 0, the slice of B(X) defined by / and 6 is the subset:
S(B(X), f, S) = {xE B{X) : f(x) >1-S}. For each x G S(X) we denote by D(x)

the set of {/ G S(X*) : f(x) = 1}. The set-valued mapping x -• D(x) from S(X) into
subsets of S(X*) is called the duality mapping on S(X).

In 1972 Danes [2] proved the following seminal result; which has since become
known as the drop theorem.

THEOREM 1 . 1 . Let C be a closed subset of a Banach space such that

inf{| |x| | : x G C} > 1 . Then there is a point xEC such that D(x, B(X)) D C = {x}.

Later in 1987, Danes' drop theorem motivated Rolewicz [7] to consider the following
geometrical condition. He said that the norm ||-|| on a Banach space has the drop
property if for every closed set C disjoint from the closed unit ball B(X), there exists
an x G C such that D(x, B{X)) DC = {x}.
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In that paper Rolewicz established a connection between the drop property and

Kuratowski's index of non-compactness, which he then used to show that every Banach

space which admits an equivalent norm with the drop property is reflexive.

For the reader's convenience, we recall the definition and elementary properties

sataisfied by Kuratowski's index of non-compactness, [1, p.4].

For a bounded set E in a metric space (X, d) the Kuratowski index of non-

compactness of E is:

ct(E) = inf{r > 0: is covered by a finite family of sets of diameter less than r} .

The following elementary propositions are stated without proof.

PROPOSITION 1 . 2 . For a Banach space (X, HID, Kuratowski's index of non-
compactness satisfies the following properties for bounded sets on X.

1. ct(E) ^ 0 for EC X.

2. a(E) <diam.E for E Q X.

3. a{E) ^ a{F) if E C F C X.

4. a{E) = a(E) for E C X where E is the closure of E in X.

5. a( U Ej) = max{a(JBi): j 6 {1, 2, . . . , n}}, for Ej C X for ail j e

{ l , 2 , . . . , n } .
6. cc{E D F) < min{a(.E), a(F)} for E, F C X.
7. oc(E) = 0 if and only if E is a totally bounded subset of X.
8. a{E + F)^ ct(E) + ct(F) for E, F C X.

9. ct{kE) = |fc| a(E) for E C X and k £ R.
10. a(coE) — ct(E) for E C X, where coE denotes the convex hull of E in

X.

PROPOSITION 1 . 3 . Let (X,d) be a metric space, and E a. non-empty subset

of X.

1. If E contains a sequence {xn}^=1 such that d(xn, xm) ^ e > 0 whenever
m / n, then ct(E) > e.

2. If ct(E) > 2e > 0 tiien there exists a sequence {xn}%Li contained in E

such that d(xn, xm) > e whenever m ^ n .

Now, since the pioneering work of Rolewicz many people have contributed to the
development of the drop property and several variations upon Rolewicz's original defi-
nition have been considered. However of particular interest to us is the recent work of
Giles and Moors [4]. The above authors introduced a new continuity condition related
to Kuratowski's index of non-compactness. They said that a set-valued mapping $ from
a topological space A into subsets of a metric space is a upper semi-continuous at t in
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A if given e > 0 there exists an open neighbourhood U of t such that a ($(J / ) ) < £.
Using this definition they showed that the duality mapping from the unit sphere of a
Banach space X is a upper semi-continuous at a point x if and only if the duality
mapping is norm upper semi-continuous and norm compact valued at x G S(X). This
result, along with the fact that a Banach space X has the drop property if and only
if the duality mapping x -* D(x) from S(X*) into subsets of S(X**) is norm upper
semi-continuous and norm compact valued on S(X*), [3, Corollary 4], enabled Giles
and Moors to deduce the following theorem, [4, Corollary 3.3].

THEOREM 1.4. A Banach space (X, ||||) has the drop property if and only if
the duality mapping f —» D(f) from S(X*) into subsets of S(X**) is a upper semi-
continuous on S(X*).

In this paper we consider a geometric property possessed by the dual of a Banach
space, called the weak* drop property, and we show that this property is characterised
by the duality mapping from the sphere in X into subsets of S(X*), being a upper
semi-continuous on S(X), or equivalently, by the duality mapping being norm upper
semi-continuous and norm compact valued on S(X).

Finally, we establish the relationship between the drop property and the weak*
drop property, and obtain a new result about spaces which possess the drop property.

We end this section with the following definitions.
For a continuous convex function <f> on an open convex subset A of a Banach space

X, a subgradient of <f> at x £ A is a continuous linear functional / on X such that
f(y — x) ^ <f>{y) — 4>{x) for all y in A. The subdifferential of <f> at x, denoted by d<j>(x),
is the set of all subgradients of <f> at x, and is non-empty for each x £ A.

2. CHARACTERISATIONS OF THE WEAK* DROP PROPERTY

We begin this section with the following consequence [6, Proposition 4.1] of the
Br0ndsted-Rockafellar Theorem.

PROPOSITION 2 . 1 . Consider a weak* compact convexset E with 0 £ E inthe
dual of a Banach space X. Define the functional p on X by p(x) = oiax{/(z): / £ E}.
Then p is a continuous subhnear functional, and for every x G X \ {0} and 8 > 0,
S{E, x, S2) C dp{B(x, 6)) + 6B(X').

The unit ball B(X) on a Banach space X has property a for / £ S(X*) if for
each e > 0 there exists a 6 > 0 such that a(S(B(X), f, 6)) < e. Furthermore, we
say that the dual ball B(X*) has weak* property a if B(X*) has property a for each

PROPOSITION 2 . 2 . Consider the Banach space (X, \\-\\). The duality mapping

> D(x) from S(X) into subsets of S(X*) is a upper semi-continuous at x € S(X)
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if and only if B(X*) has property a for x £ S(X).

PROOF: Firstly, we note that D = (d\\-\\) |S(x) [4, Theorem 3.5] and that the
duality mapping x —> D(x) is a upper semi-continuous at x £ S(X), if and only if d \\-\\

is a upper semi-continuous at x £ S{X). Suppose 0||-|| is a upper semi-continuous
at x £ S(X), and e > 0 is given. Now since 9||-|| is a upper semi-continuous at
x there exists a 0 < S < e/4 such that a(d\\B(x, 6)\\) < e/2. By Proposition 2.1
we have that S(B(X*), x, S2) C B\\B(x, S)\\ + SB{X*) and so a(S(B(X*),x, 62)) ^

a{8 \\B(x, S)\\ + SB(X*)) < a(d \\B(x, 6)\\) + Sa(B(X*)) < e/2 + e/2 = e.

Conversely, if B(X*) has property a for x £ S\X) > then given e > 0, there exists

a 6 > 0 such that a(S(B(X*), x, 6)) < e. Now, 0||z|| C S(B(X*), x, 6) so by the
weak* upper semi-continuity of d \\-\\ there exists an open neighbourhood U of x such

that d\\U\\ C S{B{X'), x, S). So clearly a(9||£A||) < e. D

COROLLARY 2 . 3 . For a. Banach space (X, | | | | ) , the duaJ ball B{X*) has weak*

property a if and only if the duality mapping x —* D(x) from S{X) into subsets of

S(X*) is a upper semi-continuous on S(X).

For a Banach space (X, \\-\\) we say that the dual norm has the weak* drop property
if for each closed set C in X* for which there exists some x £ S(X) such that /(z) > 1
for all / i n C, we have that there exists an element g £ C such that D(g, B(X*))nC =

We call a sequence {xn}^L1 a stream if for each n £ N, zn+i £ D(xn, B(X)) \

B(X).

THEOREM 2 . 4 . Let (X, \\-\\) be a Banach space. The dual norm | | | | has the

weak* drop property if and only if each stream {/n}JJLi in X* where there exists some

x £ S(X) such that fn{
x) > 1 for all n € N, contains a convergent subsequence.

PROOF: For the purpose of obtaining a contradiction, assume that the dual norm
does not have the weak* drop property. This means that there is a non-empty closed
set C in X* and an x £ S(X) with f(x) > 1 for all / £ C, such that for each g £ C

(1) inf{||/|| : / G C n i > ( f l l *(*•))} = 1.

Indeed, if (1) does not hold, that is, if r = inf{||/|| : / £ C f) D(g, B(X*))} > 1 then
using Danes' classical drop theorem we deduce that there is some go £ C(~\D(g, B(X*))

such that

{<7o} = D(g0, B{X*)) Cl (C D D(g, B(X*))) = D(g0, B(X')) D C.

So by (1) we can choose a stream {/n}£Li >n C s u c ^ that lim | | /n | | = 1 and /n(z) > 1

for all n £ N. So by the hypothesis, the stream {/n}?Li contains a convergent
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subsequence {fnk}TLi which converges to /o say, and ||/o|| =
*—oo

/ »

1. Hence /o £ B(X*). On the other hand, the set C is closed and so is /o € C. This
is a contradiction since B(X*~) O C = 0.

Conversely, suppose that there is a stream {/n}S!Li m X* f°r which there is
an a; £ S(X) such that fn{x) > 1 for all n £ N, which contains no convergent
subsequences. This means that the set C = {/„: n £ N} is closed. But clearly for each
n £ N, /n+i £ D(fn, B(X*)) D C, so the dual norm does not have the weak* drop
property. D

THEOREM 2 . 5 . Let (X, \\-\\) be aBanach space. Suppose that there is an x £

S(X) such that the Kuratowski index of non-compactness of the set Ge = { / : / £

B(X*), f(x) ^ 1 - e} does not tend to zero as e -» 0, that is, lim a(Gt) > 0. Tien

the dual norm does not have the weak* drop property.

PROOF: It is easy to observe that for each e > 0 and each finite dimensional
subspace M of X*

(1) r = sup ( inf | | / - g\\) > \a(Ge) > \ inf a{Ge) > 0
/GG« \»eM / 2 2 *><>

since Ge C M n ( l + r ) 5 ( r ) + r B ( r ) , and so a(Gc) ^ a{M n {1 + r)B(X'))+
ra(B(X*)) ^ 2r. Let £ be an arbitrary positive number smaller than 1/2 inf Ge • Now

we shall construct by induction a sequence {/o, / i , . . . , /„ , . . .} such that

(2a) /„(«) > 1

and

(3n) inf{||/n -g\\ : g £ sp{fQ, / „ / „ . . . . / » - i » > ^ .

Suppose that the elements {/o, / i , . . . , /„} satisfying (2t) and (3i) for i £ {1, 2, . . . , n}
have been constructed. Take 0 < £ < /n(*) — 11 and let / n + 1 be an arbitrary element
of Ge such that inf{||/n+i — g\\ : g £ sp{f0, fa, ..., /„}} > 8. Such an element exists
by (1), and by the definition of 6. Let fn+1 = ( l /2) / n + ( l /2)7n + 1 . Then by the choice

of e

/n+l(x) = \Ux) + i/n+1(x) ^ \fn{x) + 1(1 - £) > 1.

Moreover,

inf{ | | /»+i -g\\:gG *p{fo,fu- • • , / n } }

-i-^ll :56ap{/0,/i,...,/„}} > -
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by the choice of 6. Let C = {/o, / i , . . . , fn, • • •}, then C is closed and fn(x) > 1 for
each n G N. Further, by the construction / n + 1 G D(fn, B(X*)) D C, and hence the
dual norm does not have the weak* drop property. So, we conclude that if the dual
norm has the weak* drop property then B(X*) has the weak* property a. D

In the following theorem we prove the converse of this.

THEOREM 2 . 6 . Let (X, | | | |) be a Banach space. If the dual ball B(X') has the

weai* property a then the dual norm has the weak* drop property.

PROOF: Let {/n}^Li be an eventually non-constant stream in X* with fn{x) > 1
for all n G N, for some fixed x G S(X). Suppose first that r = inf{||/n| | : n 6 N} > 1.
If {/n}^=i does not have a convergent subsequence then {/„: n 6 N} is a closed set
at a positive distance from B(X*). By Danes' classical Drop Theorem, there exists
a point / G {/„: n G N} such that £»(/, B(X*)) fl {/„: n G N} = {/}, which is
impossible for such a stream. Thus, {/n}^Lj has a convergent subsequence. On the
other hand, if inf{| |/n | | : n G N} = 1 then the sequence {||/n||}£Li converges to 1
since | | / n + i | | ^ | | / n | | for all n G N. Let f0 be a weak* cluster point of {fn}%=i-

Now, since the dual norm is weak* lower semi-continuous ||/o|| ^ 1, but /o G {/ G
X* : f(x) ^ 1}, so fo(x) = H/oll = 1. We note that f0 is also a weak* cluster point
of the sequence {/„/ H/nlD^Lj. Now, for each * 6 N choose gnk G {/„/ ||/«|| : n G N}
such that gnk G S(B(X*), x, 1/k) and gnk $ {gni, gnj, ..., gn,,^}- We see then that
a({9nk • k G N}) = 0, and therefore the set {^nt: n G N} is compact. Thus {gnh}"kLi

contains a convergent subsequence {gnk }^i which converges to ho say, and ||/»o|| =
h(x) = 1. Hence,

lim /„ = Urn /„ .(/„ = lim ||/B. I . lim gn. = h0.

I—»oo t I—too II « II I l—>oo II * II /—»oo *

So the dual norm has the weak* drop property. D

THEOREM 2 . 7 . For a Ba.na.ch space (X, | |- | |), the following are equivalent:

1. Tie duality mapping x —» D(x) is a norm cusco on S(X).

2. The duality mapping x —» D(x) is a upper semi-continuous on S(X).

3. The dual ball B(X*) has weak' property a.

4. Every stream {fn}^Li in X* such that fn{x) > 1 for all n G N, for some

fixed x G S(X), contains a convergent subsequence.

5. The dual norm has the weak* drop property.

We see then that every Banach space X whose dual norm has the drop property
has the weak* drop property. However it is known, see [4], that the duality mapping
x —» D(x) on 5(co(F)) is a upper semi-continuous on 5(co(F)). Hence ti(T) with
its usual norm has the weak* drop property, but not the drop property, when F is an
infinite set, as ^i(F) is not reflexive in this case.
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Now in [5, Theorem 3] Montesinos showed that if the closed unit ball B(X) has
property a for each / £ S(X*) then the norm on X has the drop property. So it
follows from Theorem 2.7 Part 3 that a reflexive space whose dual norm has the weak*
drop property has the drop property.

We shall now show that the norm ||-|| on a reflexive Banach space X has the drop
property if and only if every separable quotient norm has the drop property. We shall
proceed by showing that the duality mapping / —» D(f) from S(X*) into subsets of
S(X**) is a upper semi-continuous on S(X*) if and only if each separable quotient
norm has the drop property.

THEOREM 2 . 8 . Let E be a non-empty subset of an open convex subset A oi a.
Bajiach space X. Consider <f> a continuous convex function on A. Then d<f> is a upper
semi-continuous on E if and only if d(</> \Y) is ct upper semi-continuous on EnY for
every closed separable subspace Y of X such that E(~\Y ^ 0.

PROOF: Clearly if Of is a upper semi-continuous on E then d{tj> \y) is a upper
semi-continuous on Ef\Y for every separable subspace Y of X. Since d{<f> |y) = t*d<jn,

where i is the inclusion map from Y into X and t* is its conjugate map from X* into
Y*.

Conversely suppose that df is not a upper semi-continuous on E. Then there is
some x £ E and r > 0 such that ct(d(f>(B(z, 1/n) D E)) > IT for every n 6 N. For a
fixed n G N, we can choose two sequences {/£}£Li C X" and {x^}^=1 C B(x, l/n)r\E

such that U {/* } Q d<KB(x, 1/n) ("1 E) and | | # - /,n| | > r if r jt a with / f G d<f>{x?)
Jb=i

for all A: £ N, (see Proposition 1.3 Part 2). Now, for a fixed k £ N we can choose another
sequence {y?k}]t1 contained in S(X) such that (/£ - ff)(yjk) > r,\t j ^ k. Let
Y = sp{yjk, 3fc, x: n, k, j € N}. Clearly Y is separable and EDY ^ 0. We shall now
show that d{4> |y) is not a upper semi-continuous at x £ E C\Y. For n £ N,

but | | t*(/?) - i*(/.n)|| > UT - f?)btT) >r\ir^a. So from Proposition 1.3 Part 1,
a(d(<j> \Y)(B(X, 1/n) H E)f)Y) "^ r. Hence d(<j> |y) is not a upper semi-continuous on
E. U

COROLLARY 2 . 9 . Let (X, \\-\\) be a reflexive Banach space. Then the norm on

X has the drop property if and only if the norm on every separable quotient of X has

the drop property.
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PROOF: Suppose that every separable quotient norm has the drop property. We
shall now proceed by showing that the duality mapping / —> D(f) on S(X*) is a
upper semi-continuous on S(X*). Let F be a closed separable subspace of X*, then
F is reflexive. Furthermore, F* is isometrically isomorphic to (X/F1-) where F1- =
{x G X: f(x) = 0 for all / in F}. Therefore, the duality mapping / -> D(f) from
S(F) into subsets of S(F*) is a upper semi-continuous on S(F). Hence by Theorem
2.8, the duality mapping is a upper semi-continuous on S(Xm), and so the norm X
has the drop property.

The converse follows from the facts that the dual of (X/F) is isometrically iso-

morphic to F x , where Fx = {f £ X*: f(x) = 0 for all x in F}, and that the duality

mapping / —* D(f) from S^F-1-) into subsets of S( (-F1"1") J is a upper semi-continuous

on 5 (F X ) , (see Theorem 2.8). D
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