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NOTE ON U-CLOSED SEMIGROUP RINGS

RYUK1 MATSUDA

Let D be an integral domain with quotient field K. f c®> —a € Dand 0® —a? €
D imply a € D for all elements a of K, then D is called a u-closed domain. A
submonoid S of a torsion-free Abelian group is called a grading monoid. We consider
the semigroup ring D{S] of a grading monoid S over a domain D. The main aim
of this note is to determine conditions for D[S] to be u-closed. We shall show the
following Theorem: D[S] is u-closed if and only if D is u-closed.

Let D be a domain with quotient field K. (The quotient field is denoted by q( ).)
Let n be a natural number. If o® € D implies @ € D for all @ € K, then D is called
n-root closed. If D is n-root closed for every natural number n, then D is called root
closed. If a® € D and o® € D imply « € D for all « € K, then D is called seminormal.
Ifa?—a € D and o® — o®? € D imply a € D for all & € K, then D is called u-closed. If
o?—ac€ Dand o® —aa® € Dimplya € D foralla € D and o € K, then D is called
t-closed.

A submonoid S of a torsion-free Abelian (additive) group is called a grading monoid
(or a g-monoid). We consider the semigroup ring D[S] of S over D. D.F. Anderson
determined both conditions for D{S] to be n-root closed and conditions for D[S] to be
root closed [1]. D.D. Anderson and D.F. Anderson determined conditions for D[S] to
be seminormal [2]. Throughout the paper, S denotes a g-monoid. The main aim of this
note is to determine conditions for D[S] to be u-closed.

Let G be the quotient group of S, that is, G = {s1 — s2 | 51, s2 € S}. (The quotient
group is denoted by q( ).) Let n be a natural number. If na € S implies & € S for all
a € G, then S is called n-root closed. If S is n-root closed for every n, then S is called
integrally closed. Let T be a g-monoid with submonoid S. For a € T, if na € S for some
natural number n, then « is called integral over S. The set of integral elements of T over
S is called the integral closure of S in T. The integral closure S of S in q(S) is called
the integral closure of S. S is integrally closed if and only if S = S.

THEOREM 1. [1]

(1) DIS] is n-root closed if and only if D is n-root closed and S is n-root closed.
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(2) DIS) is root closed if and only if D is root closed and S is integrally closed.

If 20 € S and 3 € S imply & € S for all @ € q(S), then S is called seminormal.

THEOREM 2. [2] D[S] is seminormal if and only if D is seminormal and S is
seminormal.

LEMMA 1.

(1) If D[S] is t-closed, then D is t-closed.
(2) If D[S] is u-closed, then D is u-closed.

The proof of Lemma 1 is straightforward.

PROPOSITION 1. (See [5]).

(1) IfDist-closed, then D[ Xy, X{',..., Xn, X7!] is t-closed, where X\, ..., X,
are indeterminates.
(2) If D is u-closed, then DX, X{!,..., X, X7 is u-closed.

PROPOSITION 2. Let G be a torsion-free Abelian group. Then D|G) is t-closed
if and only if D is t-closed.

PROOF: The necessity follows from Lemma 1.

The sufficiency: Assume that F? — fF € D[G] and F? — fF? € D[G] for elements
feD[Gland F € q(D[G]). There exists a finitely generated subgroup H of G such that
f e DIH), F € o(D[H]), F? - fF € D[H] and F* — fF? € D[H]. D|H] is isomorphic
to D[X1, X7, .., Xn, X;1] for some n. By Proposition 1, we have F' € D[H]. 0

PROPOSITION 3. Let G be a torsion-free Abelian group. Then D[G] is u-closed
if and only if D is u-closed.

The proof of Proposition 3 is similar to that of Proposition 2.

The torsion-free rank of ¢(S) is denoted by tfr (S).

LEMMA 2. Iftfr(S) < oo, then S is isomorphic to a submonoid of the g-monoid
R of real numbers.

PRrOOF: Let G =q(95), and let «,...,o, be a maximal independent subset of G.
Let Bi,- .., B be a set of real numbers which is linearly independent over Z. Let a € G.
Then we have na = 3 n,;¢; for integers n and n; with n # 0. We set o(a) = (1/n) ¥ n:6:.
Then ¢ is an isomorphism of G into R.

EXAMPLE 1. (4, Proposition 3.4] Let k be a field and S a submonoid of the rational
numbers Q. If k[S] is seminormal, then k[S] is integrally closed.

LEMMA 3. For a domain D and a g-monoid S, the following conditions are equiv-
alent:

(1) D[9] is t-closed.
(2) For every finitely generated submonoid Sy of S and the integral closure T
of Sy in S, D(T] is t-closed.
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PROOF: (1) = (2): For elements F € q(D[T]) and f € D[T], assume that F? —
fF € D[T) and F? — fF? € D[T). By the assumption, we have F € D[S]. The integral
closure of D[T] is D[T), where D is the integral closure of D and T is the integral closure
of T [3, Corollary 12.11]. It follows that F' € D[T).

(2) = (1): Assume that F? — fF € D[S] and F? — fF? ¢ D[S] for elements
f € D[S]and F € q(D[S]). There exists a finitely generated submonoid Sy of S such
that f € D[So], F € q(D[Sp]), F? - fF € D[So) and F® — fF? € D[S,]. By the
assumption, we have F € DT for the integral closure T of Sp in S. 0

Lemmas 2, 3 and Proposition 2 imply that conditions for D{S] to be t-closed reduce
to the case where D is a field, S is a submonoid of R with S G q(S) and tfr (S) < .

LEMMA 4. For a domain D and a g-monoid S, the following conditions are equiv-
alent: )

(1) DIS] is u-closed.
(2) For every finitely generated submonoid Sy of S and the integral closure T
of Sp in S, D[T) is u-closed.

The proof of Lemma 4 is similar to that of Lemma 3.

Lemma 4 and Proposition 3 reduce conditions for D[S] to be u-closed to the case
where S is a submonoid of R with S g q(S) and tfr (S) < oo.

EXAMPLE 2. Assume that tfr (S) = 1. Then D[S] is t-closed if and only if D is t-closed
and S is isomorphic to an integrally closed submonoid of Q.

PROOF: By Lemma 2, we may assume that S is a submonoid of Q.

The necessity: We see that K[S] is t-closed, and hence seminormal, where K =q(D).
By Example 1, K[S] is integrally closed. Hence S is integrally closed.

The sufficiency: Then K9] is integrally closed. Assume that F2 — fF € D[S] and
F3— fF? € D[S) for elements f € D[S] and F € q(D[S]). Then we have F € K[S]. On
the other hand, by Proposition 2, we have F € D[G] for G =q(S). Hence F € D[S]. [

An element of D[S] is denoted by 3" j;ni. @ X* for elements a, € D and s € S with
X a symbol.

LEMMA 5. Assume that D is u-closed with characteristic p > 0, and S a submonoid
of R. Then D[S} is u-closed.

PROOF: Assume that F? — F € D[S] and F3 — F? € D[S] for some element F €
q(D[S]). We must show that F € D[S]. We may assume that F' # 0. By Proposition 3,
we have F € D[G], where G =q(S). Put F = a; X*" + --- 4 ;. X, where each g; is
non-zero and a; < --- < @;. Suppose that a, ¢ S for some k. For every natural number
n larger than 1, we have F™ — F € D|S]. Specifically, we have F?' — F € D[S] for every
natural number 7. Since o ¢ S, the coefficient of X** in FP' — F is zero. It follows
that ax = p'ay) for some number I(i). There exist natural numbers i < j such that
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o) = oy(j)- Then we have (P - pi)a,(,-) =0, and hence ay(;y = 0. It follows that o =0,
and hence o, € S, a contradiction. 0

LEMMA 6. Assume that D is of characteristic 0, p a prime number and X, ..., X,
indeterminates. Let M be a monomial appearing in (X, + ---+ X|)’. Then M is either
of the form X? for some ¢ or ch(‘l) .. .Xf(',',), where n > 1, each e; is a natural number, ¢
is a multiple of p and l(3) # I(j) fori # j.

The proof of Lemma 6 is elementary. The case of | = 2: we have (X, + Xo)F = ¥,
LCiXPTP X3, And, if 1 < i < p, then ,C; is a multiple of p.

LEMMA 7. Assume that D is u-closed with characteristic 0. Then D|S] is u-closed.

PROOF: Assume that F? — F € D[S] and F? — F? € D[S] for some element F €
q(D[S]). We must show that F € D[S]. We may assume that F # 0. By Proposition
3, we have F € D|G], where G =q(S). Put FF = ;X + --- + ¢ X™, where each q; is
non-zero and a; # «;j for i # j. Suppose that ay € S for some k. Suppose that there
exists an infinite number of prime numbers p such that oy = pay(,) for some number I(p).
Then there are prime numbers p < ¢ such that [(p) = I(g). It follows that a; = 0, and
hence a4 € S, a contradiction.

We may assume that D D> Z. We may assume that aq;,...,a,, is a transcendence
basis of the field Q(a,. .., a;) over Q. There exists an element 8 € Q(ay, . ..,q;) which
is integral over Z[ay, . .., an] such that Q(ay,..., @) = (Q(al, . .,am))(G). Let n be the

degree of 8 over Q(ay, ...,am). Then, there exists a non-zero element f of Z{a,,...,am)
so that each a; is of the form
fio  fa fin—1 gt
e U T
f o f f
where every f;; is an element of Z[ay, .. .,an]. Therefore each element of Z[ay,...,a/] is
of the form
fO fl fn—l —1
F+F0+"'+ ?gn
with f; € Z[a,, ..., an) and a natural number d. There exists a number M so that if p is

a prime number larger than M, then ay # pa; for each i and f & pZfa,,...,an]. Let p
be a prime number larger than M. By Lemma 6, the coefficient of X** in F? is of the
form pa for some element a € Zla,,...,a;]. Since F? — F € D[S], we have pa = ax.

Let p, < pa < - - - be the prime numbers larger than M. We show that there exists an
element b(n) € Zfa,, ..., a] such that pyp; ... pab(n) = ax for every n. For the proof, we
rely on induction on n. Thus suppose that there exists an element b(n) of Z[ay,...,a]
such that pips...pnb(n) = ax. There exist integers !, and l; such that L;pips...p, +
lypns1 = 1. Then we have liax + Lpa41b(n) = Lipips - . . Pab(n) + lapniab(n) = b(n). Since
Pnp10’ = ai for some element a’ of Z[a,,...,a, it follows that p,,.,,l(lla’ + lgb(n)) =
Lpns1@ + laPas1b(n) = b(n).
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Therefore p1ps . . . Pns1 (lla’ + lgb(n)) = a;.
We have an increasing chain of principal ideals of Z[a,,...,qa]: (b(l)) C (b(2)) C
--. Since Z[ay,...,a] is a Noetherian ring, we have (b(h)) = (b(h+ 1)) for some h.

Then it follows that

1
— € Z[al, e ,a[].
Pr+1

Hence we have

1 fo | S o1
— == 4.+ "
Py f4 O f¢ fé
with f; € Z[a,, ..., 6] and a natural number d. It follows that f € py1Z[ay,...,an], 2

contradiction.

THEOREM 3. D[S] is u-closed if and only if D is u-closed.

ProoF: The necessity follows from Lemma 1.

The sufficiency: We may assume that S is a submonoid of R. If D is of charatcteristic
p > 0, Lemma 5 implies that D[S] is u-closed. If D is of characteristic 0, Lemma 7 implies
that D[S] is u-closed. 0

QUESTION [4] What are conditions for D[S] to be t-closed?
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