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It is well known that a doubly transitive group © has an irreducible

character ft such that XX(R) =<*(/?)-1 for any element R of ® and a quad-

ruply transitive group has irreducible characters X2 and Z3 such that 7AK) =

~a{R)(cc( R)~ 3) + β(R) and &(/?) = γ(a(R) - l)(α(/?) - 2 ) - β(R) where

and #(/?) are respectively the numbers of one cycles and two cycles con-

tained in R. G. Frobenius was led to this fact in the connection with characters

of the symmetric groups and he proved the following interesting theorem15: if

a permutation group © of degree n is f-ply transitive, then any irreducible

character of the symmetric group of degree n with dimension at most equal to

-s- is an irreducible character of ©.

In this paper, we shall prove some theorems of a similar type to the above

theorem by G. Frobenius which assert multiple transitivity of permutation groups

in connection with characters of the symmetric groups. In § 1 we shall sketch

some results on the characters of the symmetric groups by G. Frobenius and

I. Schur needed in this paper, and in § 2 we prove our theorems. Further, we

treat some special cases in § 3.

The auther expresses his gratitudes to Professor T. Nakayama and Pro-

fessor N. Ito for encouragement and valuable comments.

We use following terminologies and notations. ©M designates the symmet-

ric groups of degree n (on n letters 1, 2, . . . , n). &" is the subgroup of S w

fixing suitable one letter, say 1, and frequently we identify this group with (Bn~ι.

ecu U2> - - . > <xn are rational integer valued class functions of ©n such that, for

an element R of ®Λ, ca(R) is the number of cycles of length i contained in R,

and we say that the type of the element R is (i) t t l ( i ? ) (2)a*lR) (nYn{E).

Characters are always ordinary characters and irreducible characters are abso-

ι> See [4], §3.
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94 TOSIRO TSUZUkU

lutely irreducible characters. For a group (S and its subgroup £>, $X is the rest-

riction to § of a character X of ® and ®X is a character of (S induced by a

character X of £>. I ©I is the order of a group (S.

§ 1. Frobenius' formula and Schur's recurrence formula2)

If

is an equation in non negative integers λu h, . . . , λn such that 0^Ai^A2^ *

^AΛ, then the ordered set of non negative integers (λlt λ*, . . . , λn) (frequently

we shall simply write (A)) is called a partition of n. We may define the order

of partitions of n such that Ui, . . . , λ^)<{μiy . . . , μn) when λn-βn> λn-i-

μn-u . . . » ,̂+1 = 1̂+1 and A, > #, for some 1 ^ ί*̂  n. Since two elements of ©M

are conjugate if and only if they contain the same numbers of cycles of the

same lengths, the number of congugate classes of the symmetric group ® n is

equal to the number of partitions of n\ a partition (p) = (pu » Pn) of n cor-

responds to a conjugate class &<p) consisting of elements of type (pχ)((h) *

{μn). So also the number of irreducible characters of S n is equal to the number

of partitions of n. All irreducible representations, particularly their characters,

are obtained in the rational field. G. Frobenius gave a one to one correspon-

dence between irreducible characters of ©r t and partitions of n. If we denote

by Tλ) the character of <Sn corresponding to the partition U) of n> then, for

any element R of a class 6 ( p ) = £( P l , . . . , Pπ) in @n,

X{λ\R){ = O = the coefficient of xf1 xn

Kn in F ( P ) ,

where /c, = λi + i - 1 and where

x Δ(xu . . , Xn) where J(ΛΓb . . . , xn) = Π(ΛΓ»— #;),

with n variables Λ:I, . . . , ΛΓM. This formula is called Frobenius' formula for the

characters of @n. Evidently F(p) is rewritten

(1) ( * 1 + + * i ) *(*>(*}+ +χ2

n)^β)

U ? + +XnnY*{RiΔ(xlf . . . , * » ) , '

for any element /? in 5 ( P ) . We may define the order of irreducible characters

2) See [2], [5] or [6].
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of ©* such that Xa) >Zίμ) when (λ)>(μ). The number n - λn = λi + + Λ«-i

is called the dimension of Xa\ For instance, there exists exactly one irreducible

character of dimension 0, i.e. the character X{n\ (n) meaning (0, . . . , 0, n) I

provided n>2 there exists exactly one irreducible character of dimension 1,

χ(hn-D. p rayed #2:4 there are two irreducible characters of dimension 2,

χ{2'n~2) and yj1'1'71'^; and provided n > 6 there are three irreducible characters

of dimension 3, Z(I Λ Λ χ{1'2'n~Z) and χί1. *•*.«-». Here X[n) is the unit character

2) ^ α 2 a n d

as we readily compute by Frobenius formula.

For the actual calculations of the characters of the symmetric groups we

use frequently Schur's well known reccurence formula on the decomposition of

an irreducible character of @n into those of ©"( = β"" 1 )^. Namely any irreduci-

ble character X{λ) of ©M is decomposed in @Γ as follows; if, for a partition U)

= Ui, . . . , λn) of 72, (μ ( 1 )), . . . , (μ{r)) are all the partitions of n - 1 appearing

in the ordered sets U i - 1, λi9 . . . , A«), (^, A2 - 1 , As, . . , An), - . . , (^i, . . . »

An-i, Λn-"1), then we have

§2. Main theorems

By Frobenius' formula it is easy to see that Xa) is a polynomial of αi, . . . ,

an with rational coefficients. From now on we consider au > ocn as variables

of weights 1, . . . , n and we define the weight of a monomial oc[ι ar

n

n as
n

Σ M Ϊ and the weight of a polynomial X of #i, . . . , α» as the maximum of

weights of monomials of αi, . . . , ccn appearing in X with non zero coefficients.

Firstly we have

3> See [5] or [6].
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96 TOSIRO TSUZUKU

LEMMA 1. If the dimension of a character X{λ) is r, then the weight of Z ( λ )

is at most equal to r.4)

Proof. 7{λ) is the coefficient of #ί ι - xκn in (1) where « !<•••<««,* ,- =

λi + i-1 and Λi + + }n-i*=r = the dimension of 7a\ T h e monomial X{X)x\ι

• xκnn in (1) is obtained as the sum of products of monomials Aμi...μnx^ -

*S» in (*i + +xn)
aί(xl+ ' Λ xlY* •••(*? + -fAΓn)01" and monomials

x"n in J ( # i xn) such t h a t μ, -f i/i = <ct for t = 1, . . . , n. Since κ n

n-l

52tf - r ~ 1 and pn^n- 1, we have μn^n-r, or, Σ/*; ̂ r . Namely Z(λ) = a
ln - l

sum of ±Aμ ι...μn where Σ / ^ S r . But it is easy to see that
*-2

2 *'?« U-j for J = l , 2, ••• , n— 1

ί = l J

n

2 ) β ' * ' = α$ for t » l , 2, •••, w

where (?) = 0 if 5 < 0 or β > a. Therefore Aμi... μn with Σ /ί/S r is a polynomial

of weight ^ r in αx, . . . , α», with rational coefficients. This proves lemma 1.

4> Professor N. Itό kindly pointed out the following meaning of this lemma; Let ©
be the subgroup <£j,2, ,.., A =® n~ r) of S n fixing the r letters 1, 2,... , r and let ©j=<Sβi

n

x . . . x ©•** x ©n~ r be a subgroup of the normalisor 9?(Gδ) of © in 8 n where Σ Sί = ̂  and

0 ̂  si ̂  S2 5̂  . . . ^ ŝ . Then, by Littlcwood-Richardson's formula, (which is a generalized
formula of Schur's one; See D. E. Littlewood [5]) we have

(p)<(su ... βr, n-r)

where β/s are non negative integers. Hence, by inductive consideration it is easy to see
that lemma 1 is equivalent to that the weight of @ n ( @ 1 l ) is at most equal to r. In the
set D of elements (lh) . . . (r, ir) of S n we define an equivalence relation = such that

(Hi) . (rtr) = (Iji) . . . (fjr).

w h e n ( ί i , . . . , _ίβi} = {jι, ..., jSl}, {tSl+i,... ,_iβi+β2} = Us^i, - . . ,/βi+s 2 }, . . . . T h e n i t i s e a s y

to see that the number of equivalence classes of D is n ( n ~~ V' *,' ίn^^tl} (and this is
S l ί S 2 I . . . S r ί

equal to (8 W ; ©i)) and a full representative system ci, β2, . . . , β<e», oh) of equivalent
classes of D is always a full representative system of the S n by (Sh. For any element i?
of ©n, we have easily

( @ n U i l )}(#)= the number of «/ such that aiRar^ e ©I

where (*) = 0 if « < 0 , jS<C0 or a<β. This shows that the weight of ^"(^1) is equal to
1̂ + 52 + . . . + Sr = K
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ON MULTIPLE TRANSITIVITY OF PERMUTATION GROUPS 97

LEMMA 2. Let (§ be a permutation group of degree n and let

be an ordered set of non negative integers.

i) We have always

(0Ci(R)\ . . . (an(R) \ = Sl®l(0Ci(R)\ . . . (

\ n / \ rn

with a non negative integer s.

ii) © is t-ply transitive if and only if

(*άR)\ . . . /*„(*)\ [βj
'f\ T! / \ rn / l r y _ ! 2 Γ f r 2 ! 7 ί r " r Λ ! '

/or αm> ordered set of non negative integers rίf . . . , rn such that Σ in ^ t, and,

ί/ ί/ίis is ί/zβ cΛ5β, /or α«^ ordered set of non negative integers ru . . . , rn such
n

that Σ ίVi = ί + 1 M̂^ /ίfl̂ ^

/0ΓΛ(/?)\ 5r, rj®|

V rn ^rWl^nl77.fiί"rny

with a non negative integer sri...rn not exceeding the number sQ of transitive

constituents of U_+_l> t +_2, . . . , n) by the subgroup ©j_, ..,t_of ® fixing t letters

1, . . . , t. More precisely

iii) ® is t-ply transitive if and only if

t

If © is exactly t-ply transitive, then

sol® I

Proofs of i) and the "o«/y t/" parts of ii), iii) were given in [2], § 1. We

assume Σ (*ι[R)) = --~'> i.e. Σ ^ ( / ? ) ( ^ ( / ? ) - 1) (αi(Λ) - * + 1) « l® | .

Let © be a permutation group on n letters {1, 2, . . . , n). It is easy to see

that Σ Λ I ( / ? ) ( O : I ( / ? ) - 1) (ccΛR) - f + 1 ) is equal to the number of all pairs

(R, Ct) such that Ct is an ordered set with t letters consisting of letters fixed

by an element R of ®. On the other hand, let C be an ordered subset with t

letters of U, . . . , n), say C = (1, . . . , t\ and let CE be the ordered set (1*,

. . . , ^R) and let ξ> be the subgroup of (S fixing t letters ! , . . . , * . Then, for
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98 TOSIRO TSUZUKU

a left coset decomposition © = φai 4- &a2 4- 4- ξ>as of © by ξ>, the set

{(aϊιRai, Caί)\RtΞ ξ>, i =a 1, . . . , s) contains si©I = !©i pairs, and evidently

they are distinct each other, and so any pair exists in this set. Particularly,

for any ordered set (ii, . , it), we have (1, (ti, . . . , £ ) ) - {aJ1Rai. Cai) for

some aι and /?, namely*

( 1 % . . . ,_f ) = (*,, . . . , ά).

Hence © is jf-ply transitive. In this case, the number of conjugate classes of all

ordered subsets with t 4- 1 letters of {1, . . . , n) by the group © is evidently

equal to so. Let Ci> . , Cs0 be a representative system of these conjugate

classes and let ©, be the subgroup of © fixing t 4- 1 letters in C/. Then, for a

left coset decomposition © = ξ>ia[i] 4- ξ>/α|ι) + + φiaΐ of © by ©', the set

£>(I> = {(a}iΓlRa?\ cV{i)\R^ ©i, y = 1, 2, . . . , M> contains « |$, | = I®I pairs,

and evidently they are distinct each other. It is easy to see that D(ι) Π D{J) = $

for ί ^ j and any pair (/?, C) such that C is an ordered set with t + 1 letters

consisting of letters fixed by an element R of © is contained in some Dι). This

proves (4). In similar manner we may prove (3) we omit details.

Now, if © is the symmetric group ©n, then, for any integer t such that

0 <;\t ύ n, we have always the relation Σ cti(R)(aχ^R) — 1) (ai(R) - t + 1)

= w!, because ©w is w-ply transitive. For t = 1, we have Σ αi(i?) = n\ and,

for ί = 2, Σnα:5(#) = Σnαri(i?)(«ri(i?) - 1) 4- Σ n*i(/?) « 2 w!. In similar

manner we can define inductively an arithmetic function τ(t) such that Σ oc[(R)

= τ(ί)w! for any positive integer ί. However, for a permutation group ©, if

Σ αi(/?)(αi(£) - 1) (αnί/?) - 14-1) = I ©I for all integers ί such that 0 ^

t^m then we have also similar relations Σ «{(/?) = τ( ί) |©| for all integers t

such that 0 ̂  ί ^ m, and, conversely, if relations Σ oc[(R) =» τ(ί) |® I hold for all

integers ί such that 0 ^ t^ m, then we have easily the relation^Σ±ai(R)(aι(R) — 1)

• (aAR) — ί4-l) =s |@|. Hence, by lemma 2, we have

LEMMA 3. i) © is t ply transitive if and only if

for every integer r such that O^r^t.

ii) © is exactly t-ply transitive if and only if
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ON MULTIPLE TRANSITIVITY OF PERMUTATION GROUPS 99

for every integers r such that and

where So is the integer in lemma 2, ii).

Similarly, we can define the arithmetic function τ(tu

sets of n non negative integers th . . . , tn such that

in) on all ordered

Σ

and we have

LEMMA 3'. (S is t-ply transitive if and only if

/or £^o> ordered set (th . . . , frt)

transitive, then we have

Σ # ι ^f, and further if ® is exactly
t = l

Σ r(ίi

/or every ordered set (th . . . , f?*) swc/z that ^^t,, (of lemma

2, M) ) ̂  0.

αi(i?) is a character of ®n, since aΛR) — 1 is a character, and so, for any
n

non negative integer r, a\{R) is a character of ©M. Class functions Π «{"'(/?),
t = l

for r, >0, are not always characters, but we have

LEMMA 4. Λ class function Π ocY of ©n o/ « weight r^~ (i.e. Σ w = ry

.α/SO) is a linear combination of irreducible characters of dimensions ύr with

rational coefficients.

Proof. For r = 1, this is obious. We assume that for any integer s ^ r — 1

our assertion is correct. Let X:> . . . , %p{r) be all irreducible characters of

dimension r. By the difinition of the dimension, p(r) is equal to the number

of partitions of r. On the other hand, the number of monomials of αi, . . . , ccn

of aweight r is also equal to the number of partitions of r and we denote these

ρ{r) monomials by Λfi, Λf2, . . . , MH(, ). By Lemma 1,
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Z2 = fiί2, 1M1+ +Λ2, p(r)Mp(r)+/2

>fp(r) = tfp(r), i A ί i + * * * ~b a?(r)y P(r)MP(r) +/p(r),

where fufu . . > /P(n are polynomials of ah . . . , α:« of weights < r with

rational integral coefficients and, by the inductive assumption, they are linear

combinations of irreducible characters of dimension ^ r — 1 with rational coe-

fficients. Since lu • , £P(n are of dimension r, Xi-fi, / = 1 , . . . , p(r), are

independent class functions of ©M. Hence simultaneous equations

ϊi-fi~au 1M1+ - +Λ, , P(r)Mp(f), # = 1, . . . , <o(r)

have unique solutions Mi, ί = l , . . . , p(r), and they are linear combinations of

irreducible characters qf dimensions ^ r with rational coefficients.

LEMMA 5. Let © be a permutation group of degree n and let r be a positive

integer such that r<γ- If for at least one character Z ίλ) with dimension r of

®" the character ©Z(λ) of © is irreducible, then © is transitive.

Proof. If we assume that © is intransitive, then © is contained in a sub-

group @Wlx®W2 of Sn for some positive integers nlf n2 such that # = 7*1+7*2,

where SMl is the symmetric subgroup of ©n on ni letters 1, 2, . . . , nx fixing

the other n - n\ letters fij + 1, . . . , n and ©Mz is the symmetric subgroup of

•&n on niΛ^l, . . . , n_ fixing _1 wi. Hence, to prove our lemma, it is

sufficient to show that @«ix@«2Z
(λ) is reducible. If g*iχ@M2Z(λ) is irreducible, then

this is a Kronecker product of irreducible characters of ©Λl and <S"2, and so

each of &</,a) and @n2/f(λJ is a multiple of one irreducible character, of SMl and

S?h respectively. But this is impossible by our assumption 0<r<-^- and Schur's
Li

recurrence formula. In fact if ni^*rk, then n<ι is greater than the dimension of

Y:l) and so we have ©«iZα> » X{fh) + χa'fh~v + . . . by Schur's recurrence formula.

LEMMA 6. Let © be a subgroup of @w α/ιc? / ί̂ r be a positive integer such

that r<^- If every character ©Zίλ) of © such that the dimension of X{λ) is r

is irreducible, then every character ©,2(μ> of ©1 = © Π ®f swr^ f/z«ί ί/ze dimension

of χ{μ) is r—1 {we regard ©1 <ss « subgroup of SM~ ι identified with S? β^J χ(μ>

fs αw irreducible character of S w l ) «s irreducible.

Proof. By lemma 5, @ is a transitive group. Hence a full representative
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system of the left coset decomposition of © by ©! is also a full representative

system of that of ©n by ©?. So, by the definition of induced characters,

for any character X of ©?. By Schur's recurrence formula, for an irreducible

character X{λ) of &n ®f/a) is the sum of distinct irreducible characters χ{μ) of

@f and if the dimension of X(λ) is r, then the dimension of χ(μ) is either r or

r — 1 for any irreducible character # ( μ ) appearing in ©f/(λ).

Now we assume that, for some irreducible character χ0 of SΓ of dimension

* -1» ©Jo is reducible, namely

®iZθ =̂  Zθ, 1 + Zθ, 2 + * ' " Zo, 5>

where s ^ 2 and Z<u, ί = l, . . . , s, are irreducible characters of ®i. Let Zi be

any irreducible character of ©Λ of dimension r appearing in ^ n ^ 0 . Then

where X is a character of ©?, and by the reciprocity theorem on group

characters and by the irreduciblity of ®Zi we have

(5) @ ( ^ o ) = @ ( Z o , i + Zo,2+ ••• +Zo, s )=sx©'/ i+ ••-,

where s ^ 2 .

On the other hand, for any irreducible character % of Sί1 of dimension

r - l w e have

where yfi, . . - , Z* are irreducible characters of S" of dimension r and Xtw is

an irreducible character of SM of dimension r — 1, and so we have

where ©Z, is an irreducible character of © for ι = l, . . . , t. @Z*+i may be a

reducible character, but at least one character %Xι does not appear as an irredu-

cible component of @ft+i. To see this, it is sufficient to show that the degree

of %(®nXo) is larger than twice of the degree of @fo+i. Let Zo = Z(λ) where Q)

=s (Ai, . . . , λn-i) is a partition of # - 1 and so Zm = Z(μ>) where (^) =; (0, Ai, λ2,

. . . , Λr*-2, Λ*-i + l) is a partition of n. By Frobenius's formula.
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(n - 1)! J(λlf λ* + 1, . . . , λn-i+ n-2)
the degree of ®(® χ0) = n x

the degree of Z,+1 = ^ I ^ ^ ^ ± ^ : - ^ ^ ^ A ^ ± ^ 1 2 ,

and so we have

the degree of
2 x the degree of //+ί~* J(λ1} λ24-1, . . . , ΛM-2TΛ-3,

2

2 w - r - l w - 2n-2 , -. v

Π (i Λ ,),
' = 1 X λn-i- λi + n-i'2

and, since f<-s- and Λn-î Λ/, this is

3_
cy n n-2 /

> V Π ( i - -
Namely, we have proved that, for any irreducible character % of dimension

r - 1 of ©?, there is always an irreducible character 7Λ of dimension r of ©w

such that %1\ appears exactly once in ®(®nXo) =®(©i?o). If we assume that

©jjfo is reducible for some irreducible character % of dimension r- 1 of ©Γ, this

fact contradicts with (5).

Now we can prove our theorems:

THEOREM 1. (G. Frobenius [2]) Let % be a permutation group. If © is

2 r-ply transitive, then for any irreducible character Z of dimension ^r of &n

t

the character %/. of © is irreducible.

Proof. By lemma 1, we can write '/ = *ΣaiMi where M/'s are monomials of

ocu - . , ocn with weights £ r. Hence we have Σ ®~/2(R) = Σ «i<

and, since weights of MiMj^2r, by lemma 3'

where τ(MiMj) =r(/i, . . . , fΛ) when Λί/Af̂ ^αrί1 an. So we have

Σ ©Z2(tf) - (Σβwr(Ai Λ^)) I®I = l®|.
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Hence %/. is irreducible.

THEOREM 2. Let © be a permutation group of degree n and let r< ** - If

for every character '/ of dimension r of ®n the character $'/ of © is irreducible,

then © is 2r-ply transitive.

Proof. For r = 1, there is only one character XQ of dimension 1 Zo = oc\ — 1.

If %L is irreducible, then Σ (*i(Λ) - 1) = 0 and Σ (αi(/?) - I) 2 = 1 ©!, hence we
ivε=© @

have

l®l and

On the other hand, since, by the definition of the function r, r( l) = I, and r(2)

= 2, © is doubly transitive by lemma 3. We shall proceed by induction on r.

Let ©i be the subgroup of © fixing one letter. Then, by lemma 6 and inductive

assumption, ©i is (2 r-2)-ply transitive and so © is (2r~l)-ply transitive.

Hence, by Theorem 1 and our assumption, every character of dimension S t is

irreducible when restricted to ©. On the other hand, since cc\ = Σ &(£%
dimension of χ/Ξ?r

by lemma 4, we have

From the relation Σ aT(R) = τ{2r)n\ we have Σ ^ = r(2r) and so

Hence © is 2r-ply transitive by lemma 3.

§3. Special cases

By Theorem 1 and 2 we know that the irreducibility of the restriction of

the (unique) character of the dimension 1 is equivalent to the double transitivity

of the group and the irreducibility of the restrictions of two (i.e. all) characters

of dimension 2 is equivalent to the quadruple transitivity of the group. In this

section we study what we can say by the irreducibility of the restriction of one

of the characters of dimensions 2 and 3.

THEOREM 3. Let © be a permutation group of degree n^5. If either

@χ(2,«-2) Qr ^(i.i,«-2» i$ irreducibιey then © is triply transitive.

Proof Case I. Let ^ ( 2 f Λ " 2 ) be irreducible. If %X{1Λ n~2) is irreducible, it
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is correct by Theorem 2 and so we can assume that ©Z(1'lfM~2) is reducible. ©

is transitive by lemma 5.

i) © is doubly transitive. Let us assume the contrary i.e. that © is not

doubly transitive. Since %/}2'n~2) is irreducible, we have

and so, by lemma 3, i)

(6)

Since © is not doubly transitive, Σ α i ( / ? ) > 2 | ® | by lemma 3, ii). Therefore,

by (6), we have Σ α ί ( / ? ) = 3 | ® | and Σ α r 2 ( # ) = 0 i.e. «α2 = 0 and so I©! and
i?ε=® J?e© ^

n are odd numbers and since I ©I is divisible by ~-^A (the degree of 2(2'n~υ),

n s l mod 4. Hence

On the other hand, for &n~\ =* SΓ C ®") and its subgroup ®3 = © Π S""1, we

have similarly

By the reciprocity law, we have

@"(®Z(2 Λ"2))=«Z(1 1 Λ"2 )H-Z ί 2 'n"2 ) + a sum of irreducible characters of

S n whose dimensions >2.

s n - i ( δ V 2 ' " " 2 ) ) ) = 2 x Z ( 1 | " " 2 ! + a sum of irreducible characters of

S""1 whose dimensions ^ 2 .

Therefore ©1Z
(1'M"2) is a sum of exactly two irreducible characters, by the reci-

procity law, and, since ©1 is not transitive, @:Z
(1'W~2) contains the unit character

by lemma 3, ii). Hence there is an irredacible character χ of ©1 such that the

degree of X is n - 3 and so |@ii must be divisible by n - 3 . This is impossible,

because n\%x\ is odd.

ii) © is triply transitive. Assume that © is not triply transitive. Since
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ON MULTIPLE TRANSITIVITY OF PERMUTATION GROUPS 105

© is doubly transitive, ®£Un~l) is irreducible. If %'/}hn~2) is irreducible then %x

is doubly transitive and so © is triply transitive. Therefore %Xι'n~2) is reducible

and, consequently, <5»-i(^"(©Zί2'Λ~~2))) contains '/J1>n~2) at least twice, by recipro-

city law. On the other hand, since %/}2'n~2) is irreducible, '^n(%X[2'n~2)) contains

χi2,n-2) e χ a c t j y o n c e Therefore s"(<s# ι2 fW~2)) contains Z ( l ί I '*~ 2 ) and so we have

and, since the degree of Z ( M > n~2 ) = the degree of Z(2'w~2) + 1, the degree of the

character ( l - 2 # 2 ) is 1 and so the character (1-20:2) is irreducible. Hence,

since %({1'n~l) is irreducible and is not equal to (1-20:2) nor to %/J2'n~2\ we

have

_ 1 ) = 0

Σ
-2)

and so we have Σ α i 3 ( / ? ) = 5 ί S | = r ( 3 ) | ® | , Hence © is triply transitive by
•Re©

lemma 3, i).

C<zs£ II. Let ®Z(1'1>Λ!~2) be irreducible. In this case, by Theorem 2, it is

sufficient to show that ®XΛ'n~2) is irreducible. We assume that <$XUn~2) is

reducible. Since 3 Λ - 1 Z ί l 1 n"S Ϊ = Z ( I ' 7 I " 2 ) + Z(1'1 Λ"3 1 and ^ 1 ' 1 ' ; 2 ~ 2 ) is irreducible,

®(($h/ί(1'n~2)) contains @Z(1'J>?*~2) at least twice. On the other hand, since the

degree of tlΛ'n~2) is greater than the degrees of Z(1 w " l ) and Z ( 2 ' ^ 2 \ %φny}ltfί'%))

contains %({1'ι'n~2) only once. By lemma 5, © is a transitive group and so we

have ®(®ιZ
(1 n- 2 J) =:®(®7 ( 1 'w"2 >). This is a contradiction.

THEOREM 4, Let % be α permutation group of degree n ^ 6. If the character

^yu,2,«-3) z s irreducjbje} fjιen (§ /s 5-/>/y transitive, If the characters ®Z ( 1 'M 'W~ 3 )

β/2(i ®Z(1'"~3' αr£? irreducibley then ® z's quadriiply transitive, and moreover, if

n>:8 and © contains an element R such that aΛR) > 2 and CCΆ(R) > 1 , ί&ra ©

ί's 5-̂ >/y transitive.

Proof Case I. We assume that ©*/a'2'w~3) is irreducible. Since, by G.

Frobenius formula, the degree of Z ( 1 ' 2 ' n " C ϊ > the degrees of j ^ 1 ' 1 ' 1 ' " " 3 * , ^ « - 3 ) f

Z ( 2 'w" 2 ), Z ( 1 ' l 3 "" 2 ) and Z ί l ;'-3',wehave"®II(©Vίl 2 M " 3 J ) = Z ( 1 ' 2 ' Λ " 3 l + a sum of irredu-

cible characters whose dimensions are at least 4, and so
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(&n( y(l»2, «-3)\\ _ y(2, M-3) , yd, 1, n-3) , y(l,2,W-4)

-f a sum of irreducible characters whose

dimensions are at least 3.

On the other hand, since © is transitive by Lemma 5, this is equal to

where ®i is the subgroup © Π ©Γ of SΓ( = S""1) and χ<2>»-*\ jr«.'•»-»>, . . . are

irreducible characters of β"" 1 . Hence @ιZ
(2fΛ"8> and ©iZ ί l f l > Λ"8 ) are irreducible.

From theorem 2 ®i is quadruply transitive, and so © is 5-ply transitive.

Case II. We assume that ®X{3'n~3) and ©Jf(lflflfΛ"3) are irreducible. If

^χn,2,n-3) s j r r e ( i u c i 5 i e j o u r assertion is contained in Theorem 2, and so we may

assume that ®X{1'2'n~Z) is reducible.

i) Proof of quadruple transitivity of ®. Since the degree of χ(1»2»Λ"3) >

the degree of χ{ι>ι>ι>n-Z) by Frobenius formula we have either

(7) e (®Z{1>1'1'*~3)) sχ0*1 '1 '*1"3 ' -I

(8) or =,χ(i.i.i.»-3) + Z(i.2.»-3) )

-f a sum of irreducible cKaracters whose

dimensions are at least 4.

and so either

(10; or = A ' +£/,*' + / ' ' ' +Z ' '

-fa sum of irreducible characters whose

dimensions are at least 3.

On the other hand, from the transitivity of © we have

(11)

If (7) is the case, it is easy to see, from (9), (11) and Theorem 3, that ©i is

triply transitive, and so © is quadruply transitive. Hence we assume that (8)

is the case and in the similar way we may assume

(12) S»(αχl*»-«) = ;£(*»-«+ χU.*.-»>

+ a sum of irreducible characters whose

dimensions are at least 4.
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From (8) and (12) we have

(13) ©r 1 ' 2 ' *-^ = QX"'1-1-"-* + ®zι8 n " 8 ) + A,

where Zo = 1 — 3 #3 by Frobenius' formula. By the comparison of the degrees of

is the identity character and acz{R) = 0 for all elements R of © and particularly

(14) 3+ I® I.

From (10) and (11) @Z(1'1>M~3) is either irreducible or a sum of exactly two

irreducible characters Zi and X2 of ®. From the transitivity of © we have

% 1 Z 1 1 Λ " 8 ) ) = ( 8 ( @ 7 ( 1 1 Λ-8 )) and by (10), (13) % Λ ) 4 - % ^ ) = ®Z(1''*n-2) + 2

^α,i,i,«- 3 J + ^(3,«-3) + 1 > H e n c e a n i r r e d u c i b l e component of © r % l f Λ " 3 ) , say Zo,

is the identity character, and so degree Zi = degree χa>hn~2) — 1 = ^

- 1 = ?-Γ_|^.±_4. Therefore I © I must be divisible by ? — | ^ - t i . This con-

tradicts with (14).

ii) /V00/ 0/ 5-ĵ te transitivity of ®. Since © is quadruply transitive, (^Z(1'Ij n~2)

and ®Z(2'w"2ϊ are irreducible by Theorem 2 and so, from n ^ 8 , ®Zί2'?ι~2>, ©Z(1>1'""2),

@χ(3,«-3) a n d @χ{i,i,i,«-3) a r e distinct irreducible characters. Thus we have

0 = Σ(®t1'1'1'n-*\R)+®Z{*'n~*\R))(®7:1'1^

Σ

where F(au <xz) is a class function whose weight is 4. Since Σ (βl5 i0) and

Σ r f ^ K " 3 ^ ) are non zero, we have Σ cc\{R) = (r(5) + «0)l® I and Σ a\(R)ccz(R)

= (r(2,0,1) + Mi) |©i where u0 and MI are non negative rational numbers from

Lemma 3, ii) and 3'. Hence we have l l ^ + J ' o + 2 r ( 2 , 0 , l ) +2wi-f Λ0 = 0 where

Λo is the rational number determined by F(aίy 0:3). On the other hand from

the similar retation Σ (Z ( 1 ' 1 ' 1 ' n " a ' («) + Z ( 3 'n" 3 )(i?))(Zα ' 1 'w- 2 )(/?) + 7 ( 2 ' n ^( i?) ) - 0
w

we have \ + 2r(2,0,1) + Λ 0 = 0. Hence s0 = 1 i.e. Σ «δ(/?) = r(5). This proves

the 5-ple transitivity of © by Lemma 3, i).

§4. Remarks

Theorem 3 in the last section is best possible in the sense that the irredu-
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cibility of one (and not two) of characters ® ( l ϊ l 'w~2 J and %{2'n~2) of (S does not

entail the quadruple transitivity of ©. We can see this as follows:

i) The case of 7{2>n~2): The alternating group 9ί5 of degree 5 is exactly

triply transitive, and it is well known that the character s ^ ( 2 ' 3 ) is irreducible.δ)

ii) The case of 7(1>I>"~2;: The Mathieu group 2B22 of degree 22 whose order

g is 22 21 20 48 = 443520 is an example such that the irreducibility of ©7{1'1' n~2)

does not imply the quadruple transitivity of ©. 9J?22 is defined as followsGJ: Let

LF(3,4) be the special projective group consisting of all special projective trans-

formations on 2-dimensional projective space JP over GF(4). Then we can

easily see that LF(3, 4) is a doubly transitive group on all (i.e. 21) points (x,y,

z) of J* and the order of £F(3, 4) is 21 20-48. Then 3K22 is the permutation

group on 22 letters, {(xfy, z) e JP) and a new symbol I, generated by LF(3f 4)

and a permutation S = (xty, 2-» x" -fyz, y2, z2) (1,0, Oil). Evidently 93122 is exactly

f/10*\ )
triply transitive. The subgroup © ~ \\ Or & a, ft r e GF(4) and r^0> of 9Jί22

(VooΓVί )
ί / l O α Λ

c o n s i s t s of p e r m u t a t i o n s w h i c h fix ( 0 , 1 , 0 ) , ( 1 , 0 , 0 ) a n d I, a n d 91 = <\ 0 1 / 9

( \ o o i
) ί / i o o \ | )

α, /5 e GF(4) > and 11 = < 0 r 0 h e GF(4) and r =̂ 0> are respectively 2- and
) (\0 0r~7 }

3- Sylow subgroups of £>, and they fix respectively 6 and 4 letters {(0,1,0),

(1,0, 0), I, (1,1,0), (2,1,0), (3,1,0)} and {(0,1, 0), (1,0,0), I, (0,0,1)} and

types of elements in 91 and 11 are (2)8 and (3)6. Let ϋf, be the subset of elements

of 9}122 fixing exactly i letters and 9ft22 = Ko + K\ + -f UΓ22 and Ki Γ\Kj~φ

for i*rj, and let gi be the number of elements in Ki. Then from the structure

of WI22 it is easy to see that, except Ko> Ku K2f K.u Kζ and iΓ22, Ki's are empty,

and there exist elements of types (II) 2 , (6)2, (3)3, (2)2 or (8)2

5 (4), (2) in ϋC0,

type (7)3 in Ku types (5)4 or (4)1(2)2 in K2, Type (3)6 in K4, type (2)8 in K6

and type (I) 2 2 in K22 Further the order of the normalizer 91 ($7) of'a 7-Sylow

group φ< of 93I22 (e.g. the cyclic subgroup generated by an element of type (7)3

in Kι) is equal to the order of normalizer of a 7-Sylow group of LF(3, 4), i.e.
5> See [2], [5] or [6].
6J See [7].
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equal to 7 3,7; and so, by the Sylow theorem, gx =* -ψ~~ x 6 =* 126720. Since 9Jf22

is triply transitive, we have (by Lemma 3, i))

g = £l + 2^2 + 4#4 + 6^6 + 22 #22

5# = #i + Sg2 + 64#4 + 216#6 -i-10648#22

Here g = 443520, #1 = 126720 and #22 = 1, and so we have go = 173040, g2 = 130284,

# 4 = 12320 and g5 = 1155 from the above equations. Now we can culculate

Σ W " ' 1 - 2 0 ^ ) } using 7 (1 1 Λ ) = ^ 1 — ^ - - - ^ - - α , and the above results,

thus

Σ {^^^'^(/eίl^Σ Σ W ( 2 20)(/?)}2

where Ri^Ki and Λ < 130284 and £ < 173040, and so

< 2102 +1155 x 22 + 12320 x 32 + 130284 x 22 +173040 x I 2 = 853776 < 2 g.

Therefore Σ mJa'ltn~2)(R) = # This means that the character is irreducible.
jRes fi22
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