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THERMAL EXPANSION OF SALINE ICE

By Gorbpon F. N. Cox

(U.S. Army Cold Regions Research and Engineering Laboratory, Hanover,
New Hampshire 03755, U.S.A.)

ABSTRACT. The coefficient of thermal expansion of NaCl ice and natural sea ice is theoretically shown to be
equal to the coefficient of thermal expansion of pure ice.

REsuME. Dilatation thermique de la glace salée. On montre théoriquement que le coefficient de dilatation
thermique de la glace salée (NaCl) et de la glace de mer est égal au coefficient de dilatation thermique de la glace
pure.

ZUSAMMENFASSUNG. Wirmeausdehnung  salzhaltigen  Eises. Theoretisch wird gezeigt, dass der
Wirmeausdehnungskoeffizient von NaCl-Eis und natiirlichem Meereis dem Ausdehnungskoeffizienten von reinem
Eis gleich ist.

INTRODUCTION

A knowledge of the thermal expansion coefficient of sea ice is needed to solve a variety of
ice-engineering problems. These include: estimating thermal ice pressures on offshore Arctic
structures; studying thermal cracking and weakening of sea-ice sheets; and examining the effects
of differential thermal expansion between frozen-in ice stress sensors and the surrounding ice.

The only information on the coefficient of thermal expansion of sea ice is summarized by
Anderson (1960). Anderson reviews the experimental results of Pettersson (given originally in
Malmgren, 1927) and also calculates the thermal expansion coefficient of sea ice from theoretical
sea-ice density values. His calculations indicate that the thermal expansion coefficient of sea ice
can vary over several orders of magnitude and be either positive or negative depending on the ice
salinity and temperature. For example, for an ice salinity of about 5%o, the ice first expands as it
is cooled and then at about —10°C it begins to contract. His results also suggest marked
discontinuities in the expansion coefficient at the NaCl- 2H, O eutectic temperature, —22.9°C.In
general, Anderson’s calculated coefficients are in good agreement with those obtained by
Pettersson who examined the coefficient of thermal expansion of sea ice in a closed system. Most
solids, including pure ice, have a positive expansion coefficient and show relatively very little
variation at ambient temperatures.

Anderson calculated the volume expansion coefficient of air-free sea ice from theoretical
values of ice density based on Assur’s (1958) phase equilibrium tables for sea ice. While the
calculated densities for air-free sea ice are believed to be correct (Cox and Weeks, 1983), the
calculated expansion coefficients are in error. For a fixed ice salinity, the density of air-free sea
ice first decreases with decreasing temperature. Anderson and others have, therefore, assumed
that sea ice first expands with cooling since its density decreases, that is

p=——— (1)
where £ is the volume expansion coefficient for sea ice, p is the sea-ice density and T is the ice

temperature. However, as the temperature of sea ice changes, both the volume and the mass of
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the ice change (Cox and Weeks, 1975) and Equation (1) does not apply. Sea ice is not a closed
system. As air-free sea ice is cooled, brine is expelled, and as air-free sea ice is warmed, its air or
gas volume increases.

In the present paper, equations are first derived for the volume coefficient of thermal
expansion of NaCl ice. The density of NaCl ice varies in the same manner as that of sea ice
(Weeks, 1962); however, in considering NaCl ice at temperatures above —21.1 °C we do not
have to deal with the presence of precipitated solid salts. Equations are then derived for the
volume coefficient of thermal expansion of natural sea ice. Since the linear coefficient of thermal
expansion of pure ice does not appear to be direction dependent (Hobbs, 1974; Yen, 1981), the
volume expansion coefficient is used in this paper for convenience.

DERIVATION OF EQUATIONS FOR NaCl IcE

A sample of NaCl ice above the NaCl - 2H, O eutectic temperature (—21.1 °C) is composed
of pure ice, brine, and air. In the following equations, m;, pis Vi, and f; are the mass, density,
volume, and volume coefficient of thermal expansion of component / and the subscripts a, b, s,
and i denote the component air, brine, salt, and pure ice, respectively. M is the bulk mass, V is
the bulk volume, p is the bulk density, and f is the bulk volume coefficient of thermal expansion
of the ice. The term m? denotes the mass of salt in the brine and my, and V§ are used to specify
the mass and volume of expelled brine, respectively.

The salinity of the ice S; is defined as

The salinity of the brine S, is defined as

Sy = (3)
ny,
The total volume of the ice V is
V=V, +V, + 1, @)
and the bulk volume coefficient of thermal expansion £ is
1 dv 1 (dV, dV, d¥V,
ﬁ:— —_— +—h il (5)
Fdlr ¥\ dr dF 47

The problem at hand is to determine how the volume of each component varies with
temperature.

WARMING OF NaCl ice

To simplify the problem, warming of the ice is first considered. During warming, the brine in
the ice is diluted by the melting of ice around the brine cavities to maintain phase equilibrium. No
brine is expelled; however, due to the phase change and the difference in density between pure ice
and brine, the air or gas volume in the ice increases.
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Since no brine is expelled during warming, the mass of salt in the brine remains constant and

dm: _ d(mbsb) —o.

(6)
dT dar
Solving for the change of mass of the brine we obtain
dm, I My ds, ’ )
dT S, dT
and
d¥, ds
B ny, b Vi o (8)
dT Sy dT
for the change in brine volume where
1 dpy
= 9
By o AT (9

The bulk mass of the ice also remains essentially constant during warming since the mass of air
is negligible. Thus,

dM dmb dmi

dT _ dr | dT a0
and so
dm; d
i: _ﬂ_ (11)
dT dTr
Expanding Equation (11) and solving for the change in pure-ice volume we obtain
dv; ds
e N (12)
where
1 dp,
= —— —. 13
A 5 aT (13)

Obtaining a relationship for the change in air or gas volume with temperature is less
straightforward. Cox and Weeks (1983) give an equation for the air volume of sea ice as a
function of the ice salinity, bulk density, and temperature. For NaCl ice, their equation simplifies
to

VE=V—g+Vh(pb_pi). (14)

This equation cannot be used, as the bulk volume appears explicitly on the right-hand side.
By considering various hypothetical porous materials, the following equation was finally
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obtained for the change in air volume with temperature:

dVa—_ p_. | My dSh
Po piSy dT

dr
The first term on the right-hand side of Equation (15)

(P: l) my, dS,

—Vobo + Vol + Vabi. (15)

Po pSy dT
accounts for the increase in air volume due to the phase change of ice to brine. The second term
— Voo

reflects the decrease in air volume due to expansion of the brine with increasing temperature. The
third and fourth terms

Vsl + Va5

describe the increase in air volume as the ice matrix expands.
If the ice did not contain any brine, we would have

dv,
= = 16
b="ar (16)
i =V;B (17)
dT S 1M1

and

av,
T b (18)

Substituting these values into Equation (5), we obtain the relation

B=p (19)
for bubbly pure ice.
If the ice contained an inert, constant-density brine and air, we would have no phase change,
dV,
=i 20
T (20)
o Vip (21)
dT — 1M
and
dv,
5 — V .+ Va o 22
T Y B (22)

Again, as expected, we obtain by substitution
B=pi (23)

for the bulk thermal expansion coefficient.
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If the density of the inert brine were allowed to vary with temperature

s S (24)
dT S bﬂbs
dv;
s R 2
= =Vib 25)
and
dr,
ar =—=Volby + VB + Vo5, (26)
resulting in
B=5. (27

Finally, for NaCl ice during warming where there is a phase change of pure ice to brine we find
that by substituting Equations (8), (12), and (15) into Equation (5)

_(Va e Vb = Vl)

7 B =B (28)

The coefficient of thermal expansion of NaCl ice during warming is the same as that of pure ice.

CooOLING OF AIR-FREE NaCl ICE

The brine in saline ice is in phase equilibrium with the surrounding ice. As the temperature of
the ice decreases, the salinity of the brine increases to maintain phase equilibrium. This is
accomplished by freezing water in the brine on the cavity walls. Associated with this phase
change is a volume increase of approximately 10% which produces pressure in the cavity and
results in the expulsion of brine out of the ice (Bennington, 1963).

In cold sea ice, where the brine cavities may not be connected, freezing pressures are
sufficient to create cracks and perforations in the ice and permit brine expulsion (Knight, 1962;
Bennington, 1963). Initially, this cracking may cause the ice to dilate; however, once the cracks
are formed, brine expulsion is unimpeded (Cox and Weeks, 1975).

For air-free NaCl ice the change in mass of salt with cooling is equal to

dm? _d(myS,) _ domS,)

(29)
dT dT dr
where my, is the mass of the expelled brine. Since my, is initially zero we then have
dm; dm m, dS
b_ b My b - (30)
dr dr §, dT
The change in the bulk mass of the ice is also equal to the mass of the expelled brine and
dM  dm, dm dmy,
= = (31)

—— +— ;
dr dT dT dT
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Substituting Equation (30) into Equation (3 1) we obtain

dmi oy ny, dSb
dr 8§ AT

(32)

for the change in mass of pure ice. It is interesting to note that the same equation is obtained
during warming when no brine is expelled. Solving for the change in pure ice volume we obtain
dVi My dSh

e S I/I. i 33
ar s, ar A (33)

The change in brine volume of the ice is found from Equation (31)

dVb mb dSb dV;
V, =
vbo ——

dT S, 4T |

(34)

where V¢ is the volume of expelled brine and is initially equal to zero. The last term in Equation
(34) is analogous to the change in air volume of air-free ice during warming, such that
davi 4y,
aF AT

(35)

The amount of expelled brine and increase in air volume are determined by the same processes.
We thus have

Po

The first term on the right-hand side of Equation (36) accounts for the amount of brine expelled
as a result of the phase change of brine to ice. The second term covers contraction of the brine
during cooling and the third term gives the amount of brine expelled as a result of contraction of
the pure ice matrix. Substituting Equation (36) into Equation (34) gives
dV, my  dSy
= — + V5 37
i as, dar T ok el
for the change in brine volume in the ice during cooling.
The bulk coefficient of thermal expansion is found by substituting Equations (33) and (37)
into Equation (5) and noting that

e — LA~ T (36)

dV: B P 1 hty, dSb
pS, dT

dv,
V,=—=
dTr

0. (38)

The volume coefficient of thermal expansion of air-free NaCl ice during cooling is found to be
equal to that of pure ice:

B=

(Vi"‘Vb

7 )ﬁi =pi- (39)

DERIVATION OF EQUATIONS FOR NATURAL SEA ICE
Natural sea ice behaves in the same manner as NaCl ice; however, the situation is
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complicated by the presence of solid salts. In the following equations mi,, Vi, ps, and B, denote
the mass, volume, density, and volume coefficient of thermal expansion of the solid salts in the
ice. Using the same line of reasoning for the derivation of the equations for NaCl ice, we obtain
for warming of natural sea ice

dV; I dm,
+ Vil 40
ar 5 ar VA (40)
dV; 1 dmy 1 dmg
P e SN (41)
dTr pp dT  p, dT
dVs 1 dmg
= i +Vssﬁsso (42)
dT  p, dT

and

d¥. P 1 dm Pss 1 dmg
= —=1]| ——=-¥, ——1 — VB + Vo B + V& + Vo5, (43
Fa (.Ob ) 5 dT oo + ( o ) A T B + Vi B + Vau M- (43)

Thermal strains between the solid salts and pure ice are neglected. Substituting these equations
into Equation (5) we obtain

B=5:. (44)
For the cooling of air-free natural sea ice we have
dV; I dm, V.j 45)
ar i dT L
dv, 1 dmy 1 dmg dvy
ok AN L SR s (46)
dT p dT  p, dT dTr
and
dVSS l d S8
SRR - + Vssﬂss (47)
dT p, dT
where

) dT

1 d
dT L (I_BE)— P e VL -Vl )

P | pss  dT

Substituting these equations into Equation (5) again gives

B=5. (49)

DiscussIOoN

The thermal expansion coefficients of NaCl ice during warming and air-free NaCl ice during
cooling are shown to be equal to that of pure ice. When thermal strains between the solid salts
and pure ice are neglected, the same results are obtained for natural sea ice. This is a reasonable
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assumption, in that recent work by Cox and Weeks (1983) has demonstrated that neglecting the
presence of solid salts in sea ice has little effect on mass and volume calculations.

In saline ice, the matrix of pure ice expands and contracts without regard to the localized
phase changes in the brine cavities. For saline ice containing air, the same result would be found
during cooling, only less brine would be expelled from the ice. To derive the appropriate
equations, assumptions would have to be made about the distribution of air in the ice.

The observed behaviour is analogous to a pure ice cup filled with liquid brine. Changes in
temperature cause the cup to expand and contract as pure ice, while the associated phase
changes inside the cup govern the amounts of brine and air present at each temperature.

It is also interesting to point out that Equation (48) can be used to estimate brine loss from
sea-ice samples obtained in the field during shipping and storage. It is common practice to pack
ice samples in dry ice for shipping and then store the ice at a temperature below the
NaCl - 2H, O eutectic (—22.9 °C). Cooling the samples results in brine expulsion and a lowering
of the salinity of the sample.

CONCLUSION

The coefficient of thermal expansion of NaCl ice and natural sea ice is the same as that of
pure ice.
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