
SOME REMARKS ON EXTREME DERIVATES 

A. M. Bruckner ' 1 ' 

( r ece ived N o v e m b e r 13, 1967) 

In 1957 Hajek [1] p roved that the e x t r e m e b i l a t e r a l d é r i v â t e s of 
an a r b i t r a r y finite r e a l va lued function of a r e a l v a r i a b l e , a r e B o r e l 
m e a s u r a b l e of c l a s s ^ 2. It was l a t e r shown by S t an i s zewska [3] 
that Hâjek1 s r e s u l t i s the be s t poss ib le (even among the c l a s s of 
functions sa t i s fy ing a L ipsch i t z condi t ion) . S t an i s zewska exhibi ted a 
E ipsch i t z function whose e x t r e m e b i l a t e r a l d é r i v â t e s a r e not in B o r e l 
c l a s s 1. S t an i s zewska 1 s proof m a k e s use of a r e s u l t of Z a h o r s k i ' s 
[4] conce rn ing k e r n e l funct ions . The pu rpose of th is note is two-fold: 
f i r s t to p rov ide a s i m p l e r example of a L ipsch i t z function whose 
e x t r e m e d é r i v â t e s a r e in c l a s s 2; and, second , to modify our example 
to ind ica te a c e r t a i n type of behav ior poss ib l e of e x t r e m e d é r i v â t e s . 

Let E be a m e a s u r a b l e subse t of [ 0 , 1 ] such that both E and 
i ts c o m p l e m e n t have pos i t ive Lebesgue m e a s u r e in e v e r y s u b i n t e r v a l 
of [0, 1]. Such a set can be cons t ruc t ed by using nowhere dense 
p e r f e c t se t s of pos i t ive m e a s u r e (see the l e m m a below) . Let f be 
the c h a r a c t e r i s t i c function of E . Define a function F by 

x 
F(x) = f f(t)dt, 0 < x | l . 

0 

Then F 1 (x) = f(x) a. e . In p a r t i c u l a r , both the se t { x: F ! (x) = 0} 
and the se t { x: F 1 (x) = 1} have pos i t ive m e a s u r e in e v e r y i n t e r v a l . 
Now, on the se t w h e r e F- e x i s t s , the two e x t r e m e b i l a t e r a l 
d é r i v â t e s of F (as wel l a s the four Dini d é r i v â t e s ) a l l a r e equa l to 
F1 . It follows that each of t hese d é r i v â t e s i s e v e r y w h e r e d i scon t inuous . 
T h e r e f o r e , none of t he se d é r i v â t e s is in B o r e l c l a s s 1. 

By modifying our e x a m p l e , we can exhibit c e r t a i n behav io r 
p o s s i b i l i t i e s of e x t r e m e d é r i v â t e s of abso lu te ly cont inuous funct ions . 
We f i r s t s ta te a l e m m a . 

* The au thor was suppor ted in p a r t by N S F Grant GP 5974. 
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LEMMA. The i n t e r v a l [0 , 1] can be e x p r e s s e d a s a d is jo in t 
oo 

union of m e a s u r a b l e s e t s , [ 0 , 1 ] = (J B , each of which has pos i t ive 

m e a s u r e in e v e r y s u b i n t e r v a l of [ 0 , 1 ] . 

Proof . We sha l l use the t e r m " th i ck Can to r s e t " to m e a n a 
nowhere dense p e r f e c t se t of pos i t ive m e a s u r e . 

Let A be a t h i ck Can to r set conta ined in [0, 11. Le t 
1 

0 1 i 
A = A (J A w h e r e , for i = 0 , 1 , A i s a th ick Cantor set 

i i+1 
conta ined in ( —, ——- ) and such that A f) A_ = 0 We p r o c e e d 

2 2 1 2 
induct ive ly obtaining a sequence of s e t s { A } such that for e a c h k, 

(i) A1 H (A M A M • • • U A ) = 0 
k 1 2 k - 1 

0 l k - 1 
and (ii) A is a union of t h i c k Can to r s e t s , A = A I) A |j • • • y A 

k k k k k 
i i i+1 

with , for e a c h i = 0, 1, • • • , k- 1, An c ( —•, - — ) . 
k k k 

That such a sequence can be defined is an i m m e d i a t e consequence 
: fact tha t for e v e r 

nowhere dense in [0, 1] . 

of the fact that for e v e r y k, the se t A U A^ U • • • U A i s 
1 2 k-1 

Now let A = -̂  U A . Define a sequence of s e t s { B } by 
0 k=l k k 

B = A M U A 
1 0 U

n ^ 0 2n+l 

B = U A for k ^ l . 
k + 1 n=0 2 * ( 2 n + l ) 

It follows f r o m (i) that the sequence { A } and t h e r e f o r e the 
k oo 

sequence { B } i s a d is jo in t sequence of s e t s . C l e a r l y [ 0 , 1 ] = U. B . 
K. K.— x K. 

We now show tha t for e a c h k, the se t B has pos i t ive m e a s u r e in 

e v e r y i n t e r v a l conta ined in [0, 1]. Let I be such an i n t e r v a l and let 
III denote i ts length . Choose n so that 2 / n < I I I . F o r e a c h I I & Q ' 0 ' ' 

n ^ n . t h e r e e x i s t s a nonnegat ive i n t e g e r i < n such that the i n t e r v a l 
0 6 n 
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- 1 - 1 
(n i , n (i + 1 ) ) is conta ined in I. It follows that the set A H I 

n n n 
has pos i t ive m e a s u r e for eve ry n > n . Since for e a c h k, the set 

B con ta ins infinitely many of the s e t s A , we infer that the se t 
k n 

B fl I has pos i t ive m e a s u r e , 
k 

R e m a r k . We o b s e r v e that by sui tably r e s t r i c t i n g the m e a s u r e s 
of the se t s A , we can gua ran t ee that for k > l , the s e t s B have 

k k 
m e a s u r e a s s m a l l a s we p l e a s e . 

THEOREM. Let A = { a , a , • • • } be any sequence of r e a l 

n u m b e r s . T h e r e e x i s t s an abso lu te ly cont inuous function F such 
tha t for e v e r y i n t e r v a l I C [0, 1], 

(i) the se t { x : DF(x) = a } H [ h a s pos i t ive m e a s u r e for 

e v e r y k = 1,2, • • • , w h e r e DF deno tes any of the s ix e x t r e m e 
d é r i v â t e s of F , and 

(ii) the set { x : DF(x) = X} fl I is nondenumerab le for e v e r y 
\ sa t isfying inf{ y: y € A} < \ < s u p { y : y € A} and for any Dini 
d e r i v a t e D F . 

Proof . Let { B } be a sequence of s e t s sa t i s fy ing the conc lus ion 

of the l e m m a . Le t \x denote Lebesgue m e a s u r e . By taking into 
account the r e m a r k following the l e m m a , we m a y a s s u m e that 

i i - 2 

I a ||JL(B ) < K for each k > 1. It follows that the function f 

defined by f(x) = a if x € B is Lebesgue s u m m a b l e , s ince 

1 oo 
/ | f (x ) |dx =1 |a M B ) + S — < oo, 

0 k = 2 k 

x 
Le t F be defined by F(x) = j f(t)dt. Then F i s abso lu te ly 

0 
cont inuous and F ' (x) = f(x) a. e. In p a r t i c u l a r for each k, F ! , 
and t h e r e f o r e a l l s ix e x t r e m e d é r i v â t e s of F , t akes on the va lue 
a at a l m o s t a l l poin ts of B . This p r o v e s (i). 
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Condition (ii) for the upper right Dini derivate D F follows 
immediately from a theorem of Morse [2]. This theorem states that 

if F is continuous, -oo < X < oo, and D F ^ X on a dense set 

while D F(x ) < X for some point x , then the se t { x: D F(x) = \ } 
o o 

has the power of the c o n t i n u u m . Condi t ion (ii) for the o the r Dini 
d é r i v â t e s follows f rom the ana logous v e r s i o n s o f - M o r s e ' s T h e o r e m . 

We o b s e r v e that we can obtain c e r t a i n s p e c i a l e x a m p l e s by 
v a r y i n g the set A. T h u s , if A deno tes the r a t i o n a l n u m b e r s , then 
F is an abso lu te ly cont inuous function whose Dini d é r i v â t e s take on 
e v e r y r e a l va lue a n o n d e n u m e r a b l e n u m b e r of t i m e s in e v e r y s u b i n t e r v a l 
of [0, 1]. The Dini d é r i v â t e s of th is function a r e in B o r e l c l a s s 2, of 
c o u r s e . 
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