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Infra-solvmanifolds of dimension four
ROBIN J. COBB

In dimension four it has been shown that the task of classifying compact 4-manifolds
up to diffeomorphism is not recursive [2]. Nevertheless much effort has been expended
into the classification of certain classes of compact 4-manifolds yielding good insight
into their nature. In particular, in light of the fact that geometric structures in the
sense of Thurston (see [7, 6]) have led to a classification of manifolds in dimensions
1 and 2, and possibly 3, there has been much interest in the geometric manifolds of
dimension four.

There are nineteen different geometries of dimension four, one of which is an infi-
nite family. Our interest is with the six infra-solvmanifold geometries, which includes
the infinite family. Loosely speaking our concern is with those compact 4-manifolds
that are the quotient of some simply connected solvable Lie group 5 by an isometric
action of a group F (see [1, 5]). When 5 is Abelian and F is discrete the result-
ing manifolds are flat, and there are only finitely many diffeomorphism types in each
dimension. Moreover the diffeomorphism class of a flat manifold is completely deter-
mined by the isomorphism class of its fundamental group (Bieberbach Groups). When
the Lie group 5 is nilpotent and F is discrete, the associated manifolds are referred
to as infra-nilmanifolds. Although this class of manifolds is much larger than that of
the flat manifolds (in the sense that there are infinitely many infra-nilmanifolds in each
dimension) they are similarly classified up to diffeomorphism by the isomorphism class
of their fundamental groups. Moreover these groups (Almost-Bieberbach Groups, see
[4]) are algebraically determined by analogous criteria to those for flat manifold groups.

When 5 is solvable it has been shown that the isomorphism class of the funda-
mental group of such a manifold determines the diffeomorphism class in all dimensions
with the possible exception of dimension four [5]. In Chapter 2 of the thesis this result
is extended to include all 4-dimensional compact infra-solvmanifolds with the possible
exception of one anomalous class. This (possibly empty) exceptional class of compact
infra-solvmanifolds consists of those 4-manifolds with virtually nilpotent fundamental
groups that do not admit any discrete presentations.
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The fundamental groups of those compact infra-solvmanifolds with a 4-dimensional
model have been essentially classified with the exception of two models (one of which
belongs to the infinite family). In Chapter 3 of the thesis the first effort towards the
classification of the fundamental groups of infra-solvmanifolds admitting one of the
remaining two models is made.

Central to the theory and methods presented here are various bundle-structures
and foliations (Seifert Fibrations) associatd with the manifolds M in question. These
structures permit us to algebraically construct IIi(M) as group extensions of geomet-
ric manifold-groups of lower dimensions. Moreover a bundle-structure on a manifold
with geometric base and fibre can endow the total space with a geometric structure of
its own. Chapter 4 of the thesis completes the work initiated by Ue [8]: in classify-
ing those total spaces of surface-bundles over surfaces with flat base and fibre (up to
bundle-diffeomorphism) and thence showing that each such manifold admits an infra-
solvmanifold geometry.

In addition, during his Ph.D. candidature the author in collaboration with his Ph.D.
supervisor has produced the publication [3]. Here it is shown that those 4-manifolds
that arise as total spaces of S2 -bundles over closed, connected aspherical surfaces are
geometric of type S2 x E2 or S2 xM2. Conversely, it is shown that any 4-manifold M
admitting one of the above two geometries is the total space of such a sphere-bundle
precisely when its fundamental group IIi(M) is torsion free. Analogous results are also
obtained for total spaces of RP2 -bundles over aspherical surfaces.
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