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Abstract

We study Gibbs measures with log-correlated base Gaussian fields on the d-dimensional torus. In the defocusing
case, the construction of such Gibbs measures follows from Nelson’s argument. In this paper, we consider the
focusing case with a quartic interaction. Using the variational formulation, we prove nonnormalizability of the Gibbs
measure. When d = 2, our argument provides an alternative proof of the nonnormalizability result for the focusing
d)‘z‘—measure by Brydges and Slade (1996). Furthermore, we provide a precise rate of divergence, where the constant
is characterized by the optimal constant for a certain Bernstein’s inequality on R9. We also go over the construction
of the focusing Gibbs measure with a cubic interaction. In the appendices, we present (a) nonnormalizability of
the Gibbs measure for the two-dimensional Zakharov system and (b) the construction of focusing quartic Gibbs
measures with smoother base Gaussian measures, showing a critical nature of the log-correlated Gibbs measure
with a focusing quartic interaction.
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1. Introduction
1.1. Log-correlated Gibbs measures

In this paper, we study the Gibbs measure p on the d-dimensional torus on T¢ = (R/27Z)¢, formally
written as!

dp(u) = 77! exp(%/ ukdx)du(u), (1.1)
Td

where k > 3 is an integer and the coupling constant 1 € R \ {0} denotes the strength of interaction,
which is repulsive (i.e., defocusing) when 4 < 0 and k is even, and is attractive (i.e., focusing) when
A > 0 or k is odd.2 Here, u is the log-correlated Gaussian free field on T¢, formally given by

du =2z e W Wan gy = 771 [T e P aim), (1.2)

nezd

where (-) = (1+] - |2)% and u(n) denotes the Fourier coeflicient of u. When d = 2, u corresponds to
the massive Gaussian free field on T2. Recall that this Gaussian measure y is nothing but the induced
probability measure under the map:>

gn(w) e

weQ+— u(w) = -
nezd (l’l>7

ns (1.3)

where e, = ¢/ and {g,, },cz« is a sequence of mutually independent standard complex-valued Gaussian
random variables on a probability space (Q, F, P) conditioned that g_,, = g,,.* See Remark 1.1. It is well
known that a typical function « in the support of y is merely a distribution and thus a renormalization
on the potential energy % [er u dx is required for the construction of the Gibbs measure p.

Our main goal in this paper is to study the Gibbs measure p in (1.1) in the focusing case. In particular,
we prove the nonnormalizability of the focusing Gibbs measure p with the quartic interaction (4 > 0 and
k = 4). See Theorem 1.4. We also present a brief discussion on the construction of the Gibbs measure
with the cubic interaction. See Theorem 1.9.

Before proceeding further, let us first go over the defocusing case: 4 < 0 and £k > 4 is an even
integer. When d = 2, the defocusing Gibbs measure p in (1.1) corresponds to the well-studied d)lz‘ -
measure whose construction follows from the hypercontractivity of the Ornstein—Uhlenbeck semigroup
(see Lemma 2.3) and Nelson’s estimate [39]. See [60, 26, 21, 47]. For a general dimension d > 1, the
same argument allows us to construct the defocusing Gibbs measure p in (1.1) for any 4 < 0 and any
even integer k > 4. Let us briefly go over the procedure.

Given N € N, we define the frequency projector® my by

anf= ) fmen. (1.4)

|n|<N

In this introduction, we keep our discussion at a formal level and do not worry about renormalizations. While we keep the
following discussion only to the real-valued setting, our results also hold in the complex-valued setting, where k > 4 is an even
integer and u* in (1.1) is replaced by |u|*. See Footnote 6.

Hereafter, we use Z, Zp, etc. to denote various normalization constants whose values may change line by line.
2In this paper, by ‘focusing’, we mean ‘nondefocusing’. Namely, 2 > 0 or & is odd in (1.1).
3By convention, we endow T4 with the normalized Lebesgue measure dxpq = (27)~?dx so that we do not need to worry

about the factor 27 in various places. For simplicity of notation, we use dx to denote the standard Lebesgue measure R and the
normalized Lebesgue measure on T¢ in the following.

4In particular, g is a standard real-valued Gaussian random variable. When n € N, Re g, and Im g, are real-valued Gaussian
random variables with mean 0 and variance %

SWe may also proceed with regularization via mollification.
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For uasin (1.3), setuy = myu. Then, for each fixedx € T, un (x) is a mean-zero real-valued Gaussian
random variable with variance

1
on =E[u} (0] =||Z W~10gN—>00, (1.5)
n|<N

as N — co. Note that oy is independent of x € T¢ in the current translation invariant setting. We then
define the renormalized power (= Wick power) :ufv : by setting

K, (0 Hy (uy (x); 0w), (1.6)

where Hy (x; o) is the Hermite polynomial of degree k with a variance parameter o~ defined through the
following generating function:®

Fltxio) € 270 = ) o H(xio). (17
k=0 "

For readers’ convenience, we write out the first few Hermite polynomials:
Ho(x;o) =1, Hi(x;o)=x, Hy(x;0)=x*>—0, Hs(x;0)=x>-30x.

See, for example, [32], for further properties of the Hermite polynomials. We then define the following
renormalized truncated potential energy:

pl
RN(u):Z‘/Td :u]]‘\,:dx, (1.8)

where the coupling constant 4 < 0 denotes the strength of repulsive interaction. A standard computation
allows us to show that { Ry } n en forms a Cauchy sequence in L? (u) for any finite p > 1, thus converging
to some random variable R(u):

Jim Ry (u) = R(u) (1.9)

in LP (u) and almost surely See, for example, Proposition 1.1 in [47].7
Define the renormalized truncated Gibbs measure pn by

don (1) = Z;,l RN gy (u).

Then, a standard application of Nelson’s estimate?® yields the following uniform exponential integrability
of the density; given any finite p > 1, there exists C,, 4 > 0 such that

|eRN(u>

sup
NeN

<C . 1.10
Loy S PA (1.10)

See, for example, Proposition 1.2 in [47]. Then, the uniform bound (1.10) together with softer conver-
gence in measure (as a consequence of (1.9)) implies the following L?-convergence of the density:

6In the complex-valued setting (with even k), we use the Laguerre polynomial cx Ly (lun |>; o) to define the Wick
2

renormalization. See [47].

7The claimed almost sure convergence follows form the L? (€2)-convergence in [47, Proposition 1.1] together with the Borel—
Cantelli lemma.

80ne may also prove the uniform exponential integrability bound (1.10) via the variational approach as in [3], using the Boué-
Dupuis variational formula (Lemma 3.1). When £ is large, however, the combinatorial complexity for the variational approach
may be cumbersome, while there is no such combinatorial issue in the approach of [21, 47].
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lim eRfnv ) = R in LP (u).

N —o

See, for example, Remark 3.8 in [66]. This allows us to construct the defocusing Gibbs measure:
dp(u) = Z7 R du(u)

as a limit of the truncated defocusing Gibbs measure py .

As mentioned above, our main goal is to study the Gibbs measure p with the log-correlated Gaussian
field u in the focusing case (1 > 0). Before doing so, we present a brief discussion on dynamical problems
associated with these Gibbs measures in Subsection 1.2. We then present the nonnormalizability of the
focusing log-correlated Gibbs measure with the quartic interaction (Theorem 1.4) and the construction
of the focusing log-correlated Gibbs measure with the cubic interaction (Theorem 1.9).

Remark 1.1. Recall from [2, (4,2)] that the Green’s function Gya for (1 — A)% on R? satisfies
Gra(x) = —cqlog x|+ o(1) (1.11)

as x — 0 for some c; > 0. Here, in view of the translation invariance, we view G as a function of
one variable through G (x) = G(x,0). It is a smooth function on R¢ \ {0} and decays exponentially as
|x| — oo; see [28, Proposition 1.2.5].

Now, let G be the Green’s function for (1 — A)% on T<. Then, we have

def _d . 1
GE (1-A) 25°‘Zd<>d"=NLmZ T (1.12)
nez In|<N
Recall the Poisson summation formula ([27, Theorem 3.2.8]):
Z Fra(f)(n)en(x) = Z f(x+2mm), xeR?, (1.13)

nezd meZd

for any function f on R such that | f (x)| < (x)~¢~% for some § > 0 and 3, cza | Fra (f)(n)| < co. The
Poisson summation formula (1.13) is a typical tool to pass information from R to a periodic torus T¢;
see [4, 50, 5] for example. Here, Fra (f)(n) denotes the Fourier transform of f on R¢ given by

Fra(f)(n) =

2 )d/ f(x)e—n(x)dx, (1.14)

where dx = dxpa is the standard Lebesgue measure on R?. Then, by applying (1.13) (with a frequency
truncation m and taking N — oo) together with the asymptotics (1.11), we conclude that there exists
a smooth function R such that

G(x) = —cqlog|x| + R(x) (1.15)

for any x € T \ {0}. See [44, Section 2] for a related discussion. Finally, from (1.3), (1.12) and (1.15),
we obtain

Ep[u()u(y)] = G(x —y) = ~cqlog|x — y| + R(x — y)
for any x,y € T4 with x # y.

1.2. Dynamical problems associated with the log-correlated Gibbs measures

From the viewpoint of mathematical physics such as Euclidean quantum field theory, the construction
of the Gibbs measures p in (1.1) is of interest in its own right. In this subsection, we briefly discuss some
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examples of dynamical problems associated with these log-correlated Gibbs measures. These examples
show the importance of studying the log-correlated Gibbs measure p in (1.1) from the (stochastic)
partial differential equation (PDE) point of view.

The associated energy functional® for the Gibbs measure p in (1.1) is given by

1
E(u)z—/ |(1—A)%u|2dx—4/ ukdx. (1.16)
2 Td k Td

The study of the Gibbs measures for Hamiltonian PDEs, initiated by [25, 33, 8, 38, 11], has been an
active field of research over the last decade. We first list examples of the Hamiltonian PDEs generated
by this energy functional E (u) in (1.16) along with the references.

(i) fractional nonlinear Schrodinger equation (for complex-valued u):
i0pu+ (1= A)%u — Aul2u = 0. (1.17)

Equation (1.17) corresponds to the nonlinear half-wave equation (also known as the semirelativistic
nonlinear Schrodinger equation (NLS)) when d = 1, to the well-studied cubic NLS when d = 2
([11, 47, 23]), and to the biharmonic NLS when d = 4.

In Appendix A, we also provide a brief discussion on the Gibbs measure for the Zakharov
system when d = 2.

(ii) fractional nonlinear wave equation (NLW):1°

Pu+(1-A)Tu— Ak =0. (1.18)

Equation (1.18) corresponds to the NLW equation (or the nonlinear Klein—-Gordon equation) when
d =2 ([48]), and to the nonlinear beam equation when d = 4.

(iii) generalized Benjamin—Ono equation (with d = 1):!!
O+ HA u — 20, (u*") = 0, (1.19)

where H denotes the Hilbert transform defined by 7’-[\]"(;1) = —isgn(n)f(n) with the understanding
that H f(0) = 0. Equation (1.19) is known as the Benjamin—Ono equation when k = 3 ([67, 22])
and the modified Benjamin—Ono equation when k = 4.

Next, we list stochastic PDEs associated with the Gibbs measure p in (1.1).

(iv) parabolic stochastic quantization equation [52]:
S+ (1= A)Tu— Ak = Va2e. (1.20)

Here, £ denotes the space-time white noise on T9%xR,.Whend =2and A < 0, (1.20) corresponds
to the standard parabolic <I>]2‘—m0del ([20, 56, 65]).

(v) canonical stochastic quantization equation [57]:

OPu+0u+(1-A)Tu— k" =V2e. (1.21)

2Once again, we do not worry about renormalizations in this formal discussion.

10For (1.18), we need to add % I (8;u)%dx to the energy functional E (1) in (1.16).

UFor (1.19), the coeflicient of the potential energy in (1.16) is slightly different. Thanks to the conservation of the spatial mean
ﬁr udx under the generalized Benjamin—Ono (1.19), we can work on the mean-zero functions. In this case, we consider the Gibbs

1 1
measure associated with the massless log-correlated Gaussian field by replacing (1 — 82) 4 in (1.16) with (—82)4.

https://doi.org/10.1017/fms.2024.28 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.28

6 T. Oh, K. Seong and L. Tolomeo

Equation (1.21) corresponds to the stochastic damped NLW when d = 2 ([29, 30, 63]), and to
the stochastic damped nonlinear beam equation when d = 4.

When d = 2, the conservative stochastic Cahn—Hilliard equation is known to (formally) preserve the
Gibbs measure p in (1.1) ([55]).

For the equations listed above, once we establish local well-posedness almost surely with respect to
the Gibbs measure initial data, Bourgain’s invariant measure argument [8, 11] allows us to construct
almost sure global dynamics and to prove invariance of the Gibbs measure. However, since functions on
the support of the log-correlated Gibbs measure p in (1.1) almost surely belong to the L”-based Sobolev
spaces WP (T4) \ LP(T¢) only for s < 0 with any 1 < p < oo, there are only a handful of the well-
posedness results [11, 22, 48, 29, 23] for the Hamiltonian PDEs mentioned above (including (1.21)).

Remark 1.2. We point out that as long as we can construct the Gibbs measure, a compactness argument
with invariance of the truncated Gibbs measures and Skorokhod’s theorem allows us to construct
(nonunique) global-in-time dynamics along with invariance of the Gibbs measure in some mild sense.
See [1, 19, 14, 47, 43]. In our current setting, this almost sure global existence result holds for (i) the
defocusing case (1 < 0 and even k > 4; see the discussion in Subsection 1.1) and (ii) the quadratic
nonlinearity (i.e., k = 3). See Theorem 1.9 for the latter case.

Remark 1.3. Given ¢ > 0, consider the intermediate long wave equation (ILW) on T:
A — Gsd2u — 8, (u?) =0, (1.22)

where the dispersion operator G is given by

Gof(n) = —i(coth(én) - (%)f(n), nez (1.23)

Equation (1.22) models the internal wave propagation of the interface in a stratified fluid of finite depth
6 > 0, providing a natural connection between the Benjamin—Ono regime (6 = oo) and the Korteweg—de
Vries (KdV) regime (6 = 0). Indeed, there are results establishing convergence of ILW to the Benjamin—
Ono equation (and the KdV equation) as § — oo (and § — 0, respectively); see [34, 15, 16] and the
references therein. While it is not obvious from the rather complicated dispersive symbol in (1.23), the
Gibbs measure associated to ILW is indeed log-correlated, and the results in this paper apply to the
Gibbs measure associated to the generalized ILW (where the nonlinearity d, (%) in (1.22) is replaced
by A9, («*~1)). Furthermore, as § — oo (and § — 0), the Gibbs measure for the (generalized) ILW
converges to that for the (generalized) Benjamin—Ono equation (and the (generalized) KdV equation,
respectively) in an appropriate sense. See a recent work [35] for a further discussion. See also [17] for the
construction and convergence of invariant measures for ILW associated with higher order conservation
laws.

1.3. Nonnormalizability of the focusing Gibbs measure

We now turn our attention to the focusing case. In this subsection, we study the Gibbs measure p in
(1.1) with the focusing quartic interaction (4 > 0 and k = 4). In this case, we prove the following
nonnormalizability of the (renormalized) focusing Gibbs measure p.

Theorem 1.4. Let A > 0 and k = 4. Then, given any K > 0, we have

sup Z = sup E, (1 2l d e™N = 090, (1.24)
NepN N NepN H {lfqrd' nidx| <K}

where Ry is the renormalized potential energy defined in (1.8) with k = 4. Moreover, the divergence
rate of Zx N is given by
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C
log Zx N :ATBNda}\,(l +0(1)) ~ N%(log N)2, (1.25)
as N — oo. Here, Cp is the optimal constant in Bernstein’s inequality:

IPFI s, —ax ) < CollFlF2 ga _as s (1.26)
" (

27)d > 2m)d

where P is the sharp Fourier projection onto the unit ball:

PF(&) = 1)<, [ (&),

and o is defined in (1.5). Moreover, we have
def R(u) | _
Zx = B, 1{|de i dx| <K }€ = oo, (1.27)

where R(u) is the limit of Ry (1) defined in (1.9). In particular, the focusing Gibbs measure (even with
a Wick-ordered L?-cutoff) cannot be defined as a probability measure.

When d = 2, Theorem 1.4 provides an alternative proof of the nonnormalizability result for of the
focusing Qg-measure due to Brydges and Slade [13] whose proof is based on analysis of a model
closely related to the Berlin—Kac spherical model. Furthermore, Theorem 1.4 provides a precise rate
(1.25) of divergence of the partition function Zg n . Our strategy for proving the divergence rate (1.25)
is straightforward and thus is expected to be applicable to a wide range of models.

Our proof of Theorem 1.4 is based on the variational approach due to Barashkov and Gubinelli [3].
More precisely, we will rely on the Boué—Dupuis variational formula [7, 68]; see Lemma 3.1. Our main
task is to construct a drift term which achieves the desired divergence (1.24). Our argument is inspired
by recent works by the third author with Weber [64] and by the first and third authors with Okamoto
[41, 42]. In particular, our presentation closely follows but refines that in [41], where an analogous
nonnormalizability is shown for focusing Gibbs measures on T> with a quartic interaction of Hartree-
type. We point out that the argument in [41] shows nonnormalizability only for large K > 1 and thus
we need to refine the argument to prove the divergence (1.24) for any K > 0. The main new ingredient
(as compared to [41]) is the construction a drift term which approximates a blowup profile, such that
the Wick-ordered L?-cutoff does not exclude this blowup profile for any cutoff size K > 0. See, in
particular, Lemma 3.4 and the proof of (3.42). We also mention related works [33, 13, 53, 12, 46, 54]
on the nonnormalizability (and other issues) for focusing Gibbs measures.

Remark 1.5. As a direct consequence of (1.24), we have

RN(M)] > [ RN(u)]
sup Ey [e = SUp By L fyadrav <k )€

2 [f]l’é%E/l [1{|de :u,zv:dxl SK}eRN(u)] = ©o.
Remark 1.6. In the one-dimensional setting studied in [33, 46], the sharp Gagliardo—Nirenberg inequal-
ity on R plays an important role in determining (non-)normalizability of the focusing Gibbs measure
with a sextic interaction. In our current problem with a quartic interaction, Bernstein’s inequality (1.26)
on R?, which is essentially a frequency-localized version of Sobolev’s inequality, plays a crucial role
in determining the precise divergence rate (1.25). We point out that this particular form of Bernstein’s
inequality appears due to the form of the regularization we use for our problem (namely, the sharp
frequency truncation onto the frequencies {|n| < N}). In the current singular setting where a renormal-
ization is required, we need to start with a regularized problem. However, there are different ways to
regularize a problem, and different regularizations lead to different divergence rates. For example, if we
instead use a smooth frequency truncation, we would obtain a divergence rate with a different constant
(while the essential rate N d(log N)? in (1.25) remains the same).
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Remark 1.7. (i) An analogous nonnormalizability result holds for a focusing Gibbs measure with the
quartic interaction even if we endow it with taming by the Wick-ordered L>-norm. See Remark 1.12.

(ii) By controlling combinatorial complexity, we can extend the nonnormalizability result in
Theorem 1.4 to the higher-order interactions k > 5 in the focusing case (i.e., either k is odd or 4 > 0
when k is even).

(iii) In terms of dynamical problems, Theorem 1.4 states that Gibbs measures associated with the
equations listed in Subsection 1.2 do not exist for (i) 4 > 0 and k > 4 or (ii) odd k > 5. This list in
particular includes

o the focusing L>-(super)critical fractional NLS (1.17) (including the focusing (super)cubic NLS on T?),

o the focusing L2-(super)critical fractional NLW (1.18) (including the focusing (super)cubic NLW on
T? and the focusing (super)cubic nonlinear beam equation on T4),

o the focusing modified Benjamin—Ono equation (1.19) (and the focusing generalized Benjamin—Ono
equation with k > 5).

See also Appendix A for a brief discussion on the two-dimensional Zakharov system.

Remark 1.8. In a recent work [46], the first and third authors with Okamoto studied the construction
of the (I)g—measure on T? (i.e., (1.1) with d = 3 and k = 3) and established the following phase
transition: normalizability in the weakly nonlinear regime (J]1| < 1) and nonnormalizability in the
strongly nonlinear regime (|]4| > 1), where the latter result was obtained based on the strategy in
the current paper. In particular, in view of the nonnormalizability of the @g—measure in the strongly
nonlinear regime, we expect that the same approach would yield nonnormalizability of the focusing
d>’3< -measure for k > 4 (namely, (i) for even k > 4 with 4 > 0 or (ii) for odd k£ > 5 with 4 # 0).

1.4. Gibbs measure with the cubic interaction

Let us first go over the focusing Gibbs measure construction in the two-dimensional setting. In [10],
Bourgain reported Jaffe’s construction of a (D;—measure endowed with a Wick-ordered L2-cutoff:

dp(u) = Z7 01 g ey e (). (1.28)

Note that the measure in (1.28) is not suitable to generate any NLS / NLW / heat dynamics since (i) the
renormalized cubic power : > : makes sense only in the real-valued setting and hence is not suitable
for the Schrodinger equation and (ii) NLW and the heat equation do not preserve the L>-norm of a
solution and thus are incompatible with the Wick-ordered L>-cutoff. In [10], Bourgain instead proposed
to consider the Gibbs measure of the form:'2.

2
dp(u) = Z—leszzu3:dx—A(A2:L¢2:dx) du(u) (1.29)
(for sufficiently large A > 0) in studying NLW dynamics on T2.'3

We now extend the construction of the Gibbs measures in (1.28) and (1.29) to a general dimension
d > 1.Given N € N, let

2
R;,(u)zgfw :u?vzdx—A(de :ui,:dx) : (1.30)

2The choice of the exponent y = 2 in A(sz :u?: dx)” (with A > 1) is optimal. See Remark 4.2

13For the NLW dynamics, we need to couple p on the u-component with the white noise measure p on the d;u-component
(which is independent from p). More precisely, the Gibbs measure is of the form g = p ® ug, where the ®;—measure pin (1.29)
is on the u-component and the white noise measure g is on the d;u-component.
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where the coupling constant 2 € R\ {0} denotes the strength of cubic interaction, and define the
truncated renormalized Gibbs measure pp by

don (1) = Z;,leR?V(”)du(u). (1.31)

Then, we have the following result for the focusing Gibbs measure with a cubic interaction.

Theorem 1.9. Let A € R\ {0}. Given any finite p > 1, there exists sufficiently large A = A(4,p) > 0
such that Ry, in (1.30) converges to some limit R® in LP (). Moreover, there exists C, 4. o > 0 such that

Ry (u)
su )e N <C < oo, (1.32)
NEFR)T I
In particular, we have
lim RN = Ry P (). (1.33)

As a consequence, the truncated renormalized Gibbs measure pn in (1.31) converges, in the sense of
(1.33), to the focusing Gibbs measure p given by

dp(u) = Z7'e® ™ du(u).

Furthermore, the resulting Gibbs measure p is equivalent to the log-correlated Gaussian field p.

As for the convergence of RY,, we omit details since the argument is standard. See, for example, [47,
Proposition 1.1], [49, Proposition 3.1], [31, Lemma 4.1] and [41, Lemma 5.1] for related details. As
mentioned in Subsection 1.1, the main task is to prove the uniform integrability bound (1.32). Once this
is done, the rest follows from a standard argument. In Section 4, we establish the bound (1.32) by using
the variational formulation.

Remark 1.10. Note that
1. <k} (x) < exp (— Alx|”) exp(AK?Y) (1.34)
for any K, A,y > 0. Then, the following uniform bound for the focusing cubic interaction:

sup
N eN

<C d.K <
L~ 00

R
10 i zrey e

for any K > 0 follows as a direct consequence of the uniform bound (1.32) and (1.34) with y = 2,
where Ry is asin (1.8) with A € R\ {0} and k = 3. This allows us to construct the log-correlated Gibbs
measure with the cubic interaction (with a Wick-ordered L2-cutoff):

- 4 w3idx
dp(u) = Z70 e anyerye 0 ()

as a limit of its truncated version (for any 4 € R\ {0} and K > 0).

Remark 1.11. In [67], Tzvetkov constructed the Gibbs measure (with a Wick-ordered L2-cutoff) for the
Benjamin—Ono equation (1.19) with k = 3. Theorem 1.9 and Remark 1.10 provide an alternative proof
of the construction of the Gibbs measure for the Benjamin—Ono equation.

Remark 1.12. (i) It follows from Theorem 1.4 and (1.34) that an analogue of Theorem 1.9 fails for the
quartic interaction (k = 4). More precisely, we have
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A 4 2 b
exp(Z/Td:uN:dx—A|Ad:uN:dx| )
forany 4, A,y > 0.

(ii) If we consider a smoother base Gaussian measure u,, then we can prove the following uniform
exponential integrability bound; given any A > 0, a > % and finite p > 1, there exists sufficiently large
A=A(4,a,p) > 0and y = y(a) > 0 such that

=
LP ()

sup
N eN

A Y
sup exp(—/ updx — A (/ u%\,dx) ) < Cp,d,a < 00. (1.35)
NeN 4 Jya Td LP (1)
Here, i, denotes the Gaussian measure with a formal density
ditg = 7 e 2 llha gy, (1.36)

See Appendix B for the proof of (1.35). The bound (1.35) allows us to construct the focusing Gibbs
measure with a focusing quartic interaction of the form:

dpo = 77\ e frawde-a(fawax) g, (1.37)
Moreover, in view of (1.34), we can also construct the following focusing Gibbs measure with an L2
cutoff:
dpa = Z_ll{fjrd IulzdxsK}e%de ‘u|4dxd/”t“ (1.38)
for any K > 0.

In [61, 62], Sun and Tzvetkov recently studied the following fractional NLS on T:
iOu+ (1 =02 % — Aul*u =0 (1.39)

in the defocusing case (1 < 0). They proved almost sure local well-posedness of (1.39) with respect

to the Gaussian measure u, in (1.36) for @ > %2373 ~ 0.562 (> %),‘4 which in turn yielded almost
sure global well-posedness with respect to the defocusing Gibbs measure (namely, p, in (1.38) without
an L%-cutoff) and invariance of the defocusing Gibbs measure. Since their local result also holds in
the focusing case (4 > 0), our construction of the focusing Gibbs measure p,, in (1.38) implies almost
sure global well-posedness of (1.39) with respect to the focusing Gibbs measure p, in (1.38) and its
invariance under the dynamics of (1.39) for the same range of a.

(iii) Theorem 1.4 and Part (ii) of this remark show that in the case of the focusing quartic interaction,
there is no phase transition, depending on the value of 4 > 0. Compare this with the situation in [41, 42],
where such a phase transition (as described in Remark 1.8) was established in the critical case. It may
be of interest to pursue the issue of a possible phase transition for a higher-order focusing interaction,

in the nonsingular regime a > %l.

2. Preliminary lemmas

In this section, we recall basic definitions and lemmas used in this paper.
Lets € Rand I < p < co. We define the L?-based Sobolev space H*(T¢) by the norm:

1f s = 1Kn)* F )z

14See also a recent preprint [36], where the authors covered the range @ > %
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We also define the LP-based Sobolev space W**? (T¢) by the norm:
fllwsr = 7" [n)* F(m)]]

When p = 2, we have H*(T¢) = W5-2(T9).

Lp*

2.1. Deterministic estimates

We first recall the following interpolation and fractional Leibniz rule. As for the second estimate (2.1),
see [29, Lemma 3.4].

Lemma 2.1. The following estimates hold.
(i) (interpolation) For 0 < s1 < s2, we have

S| sp=8]

Nullgzs < Nl g, lluell 2%

(ii) (fractional Leibniz rule) Let 0 < s < 1. Suppose that 1 < pj,q;,r < oo, pij + qij =L j=12
Then, we have >
||<V>S(fg)||Lr(Td) s (”f”LPl (Td)”(V)SgHqu (Td) * |I<V>Sf||LP2(’]I‘d)”g”qu(Td))’ 2.1

where (V) = V1 — A.
The next lemma states almost optimal Bernstein’s inequality on T¢.

Lemma 2.2. Given N € N, let mn be the frequency projector as in (1.4). Then, we have
”7er”24(]~¢1) < CBNd(l +0(1))||f”22(']rd)

as N — oo, where Cg is the optimal constant for Bernstein’s inequality (1.26) on RY.

Proof. Given N € N, let Cp_ y be the optimal constant for the following inequality on T¢:
175 f 1l szay < CoNNNAN FlI72 7y 22)
and let f be an optimizer for (2.2) with || fy || 2(1¢y = 1 and 7n fv = fn. In particular, we have
1w 174 zay = Cow N 23)

Note that such an optimizer exists since the set {fy : [[fnllp2¢ray = 1, anfv = fn} is compact.
Moreover, by Sobolev’s inequality on the torus, we have

Cp.n <1, 24

uniformly in N € N. Then, in view of (2.3), it suffices to show that

limsup NIl fi 4z < C- 2.5)

Fix small & > 0. Let y. € C2(R?; [0, 1]) be a smooth bump function which is compactly supported
on [-7, 1)? = T4 such that y, = 1 on [-7+coe, 1—coe]? for some small co = ¢ > 0 to be chosen later.
Recalling that dxpa = (27)"¢dx is the normalized Lebesgue measure on T¢, we see that || f ||

4 .
L4(T4) 1S

15We use the convention that the symbol < indicates that inessential constants are suppressed in the inequality.
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the average of | f(x)|* on T¢. Hence, by suitably translating f (that does not affect its optimality) and
choosing ¢ = ¢¢ > 0 sufficiently small (independent of small £ > 0 and N € N), we have

X2 fvllzscray = (1= &)l fn lls(a)s (2.6)

uniformly in N € N. In the following, when we view fy as a function on R¢, we simply view it as a
periodic function: f(x) = f(x + 27m), m € Z¢.
Let 6 € C2(R%; [0, 1]) be a smooth radial bump function on R¢ such that 6(¢) = 1 for |£] < 1 and

0(£) = 0 for |&] > 2. Given M > 0, set 07 (£) = 9(%) Now, we set

Xemr = Qui(xe) = Fra(Om) * Xe @2.7)

where }'ﬂg 1'is the inverse Fourier transform on R?. Namely, y . s is the frequency-localized version of

Y onto the frequencies {¢ € R? : |£] < 2M}. Then, by choosing M = M (g, N) > 0 sufficiently large,
we have

_d
xe = xemllo raynre@ay = 1(1d =Qar) x el (reynpe (ray < ENTF. (2.8)

Since y is a Schwartz function, we have M (g, N) = o(N) for each fixed € > 0.
By the definition (2.7) of y - a and choosing M = M (g, N) = o(N) possibly larger, we have

sup M4 /R el 2m = ) FL(0) (My)dy

x€[-n,m)d
< M? <« £
~ <Mm>2d+l <m>d’

Wxens (- +2mm)|| Lo (=, m)et)

(2.9)

uniformly in m € Z< \ {0}, where the penultimate step follows from supp vy € [-m, 7)¢ and the fact
that 6 is a Schwartz function. Then, from the periodicity of fy, supp xs C [-7, 7)%, (2.8) and (2.9),
we obtain

ICxe = xem)fN ||L4(Rd dx
> 2m)d)

((277)”’ Z /nﬂ) XS’M)4(X+2”m)|fN(X)|4dx)4

mezd
1

< ”fN ||L4(']I‘d) (”/\/8 —Xe,M ”ioo([_”’ﬂ)d) + Z ”Xi,M( -+ 2”m)||im([—7r,7r)‘1)
meZ4\{0}

< é&llfnllps(ra)-

As a consequence, we have

2 2
”(Xg_X‘E’M)fN”L“(Rd,(Z‘iﬁ)ﬁL%Rd )

and
<llxe _Xs,M”Loo(Rd)ﬂLHRd’(Zd);d)
X (2|l xefn ||L4(Rd, (2¢l§d) +[[(xe = Xg,M)fN ”L“(Rd,—(z‘]’;d) (2.10)

_da
< eN"#||fnllps(ray-
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Hence, from (2.6) and (2.10), we have
(1 =28)l| fwllzacray < Xz arfn I|L4(Ra,<2%) < L+ )l fnllescray (2.11)

for any small £ > 0, uniformly in N € N.
Define the function gy, gn.a : R — C by setting

1 2(x> (x) 1 5, X X
L TEAPNE] d - (_) (—) 2.12
gN(-x) N%/\/g N fN N an gN,M(x) N%XE,M N fN N ( )
Then, from (2.11) and (2.12), we have
d
N+ ||gN,M||L4(Rd,(2d7x = ||Xi,MfN||L4(Rd,(f7xd > (1 —28)||fN||L4(Td)- (2.13)

) d) )

By Holder’s inequality and (2.10) with (2.3) and (2.4), we have

2 _ 2
llgn — gN,M”LZ(]Rd,dixd = ”(Xa _XS,M)fN”LZ(Rd’ dx,
amd) amd)
< e&.
Noting that [|gn ll;2ga ax = ||X§fN||L2(Td) < 1, we then obtain
T2
||gN,M||L2(Rd,(2dﬁ < (l+e). (2.14)

Finally, recalling that the Fourier support of fy = 7n f (as a function on T¢) is contained in {n €
Z4|n| < N} and the Fourier support of y . s (as a function on R? is contained in {& € R? : |¢| < 2M}
and that M (g, N) = o(N), it follows from (2.12) that

N +2M

supp(gn.ar) C {geRd el < }c {eeRY gl < 1+o(D)} (2.15)

Therefore, from (2.13) and (the scaled version of) (1.26) with (2.15) followed by (2.14), we conclude that

Nl nay < (1=28) N g _as
’(2m)

< (1-2&)*4Cp(1 +0(]))||gN,M”22(Rd _dx_
G

n)d

)

4
< (%) Ca(1+0(1)).

Since € > 0 is arbitrary, by taking the lim sup as N — oo, we obtain (2.5). o

2.2. Tools from stochastic analysis

Next, we recall the Wiener chaos estimate (Lemma 2.3). For this purpose, we first recall basic definitions
from stochastic analysis; see [6, 59]. Let (H, B, v) be an abstract Wiener space. Namely, v is a Gaussian
measure on a separable Banach space B with H C B as its Cameron—Martin space. Given a complete
orthonormal system {e} jen C B* of H* = H, we define a polynomial chaos of order k to be an element
of the form H;"zl Hy; ({x,e;)), where x € B, k; # O for only finitely many ;’s, k = Z;":l kj, Hy; is the
Hermite polynomial of degree k; as in (1.7), and (-, ) = g{(, -)p~ denotes the B-B* duality pairing. We
then denote the closure of polynomial chaoses of order k under L?(B, v) by Hy. The elements in Hy
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are called homogeneous Wiener chaoses of order k. We also set

k
He = PH,
j=0

for k € N.

Let L = A —x - V be the Ornstein—Uhlenbeck operator.'® Then, it is known that any element in
is an eigenfunction of L with eigenvalue —k. Then, as a consequence of the hypercontractivity of the
Ornstein—-Uhlenbeck semigroup U(t) = e'F due to Nelson [39], we have the following Wiener chaos
estimate [60, Theorem 1.22].

Lemma 2.3. Let k € N. Then, we have

k
1XllLr @) < (P = D2 X2
forany p > 2 and any X € Hy.

Lemma 2.4. Let vy be the law of In def /Td :u%v (x): dx, where uis as in (1.3) and uy = nyu. Then,

for every N € N, vy is absolutely continuous with respect to the Lebesgue measure A on R. Moreover,
we have

dVN
da

s, (2.16)
L*(R)

uniformly in N € N. As a consequence, we have

u(/ ut(x): dsz) =0 2.17)
Td

Jor any K € R, where u is the log-correlated Gaussian free field defined in (1.2).
Proof. By the definition (1.6) of :u%, : with (1.3), we have

. . _ |gn|2_1
‘/Td .u%v(x). dx = Z W

0<lnl<N
Z |gn|2—1+ Z lgnl* - 1
0<[n|<l (m) 2<in<N (m
= A1 +AN

with the understanding that A> ; = 0 when N = 1. Because of independence of the Gaussians {g, }x|>2
from go and g, the random variables A; and A; y are independent. Note that the law pu; of A; (and
2. v of Ax v when N > 2, respectively) is absolutely continuous with respect to the Lebesgue measure
Aon R. Thus, we have du; = o dA for some o € L'(R) (and dus n = 0, dA for some oy € L' (R)
when N > 2, respectively).

We have
|gn|2 -1

ST (&2 -1)+2"%(lg1 2 - 1).

0<in|<1
Letting oo (and o71) be the density for g(z) —1 (and 21-% (Ig1]> = 1), respectively), we have
01 =010 *011.

16For simplicity, we write the definition of the Ornstein—-Uhlenbeck operator L when B = R9.
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Note that g(z) is a chi-square distribution of one degree of freedom and thus the density o for g(z) -1
is unbounded.” On the other hand, 2|g;|> = 2(Reg;)? + 2(Img;)? is a chi-square distribution of
two degrees of freedom and thus the density o for 21-% (lg11> = 1) is bounded. Hence, by Young’s

inequality, we have
lotll=@ = lloio * onllL=®) < llowollLiw)llo @) < o,

which proves (2.16), when N = 1. Next, we consider the case N > 2. Denoting by o7, the density for
2(n)~4(|gn|*> = 1), by Young’s inequality, we have

N
ozl ey = lom x 3 5+ oan ey < [ [ loranlli ey = 1. (2.18)
n=2

where the last equality holds since o7, is a density of a probability measure. Hence, by Young’s
inequality with (2.18), we have

_ H d Law(Al + A2,N)

= lloy * oo, N = (w)

dVN
da

L (R)

< ol @ llozn e w)

lo Iz (w)
19

A

uniformly in N > 2. This proves (2.16).
Let I, = de :u2(x) : dx. Since Iy converges to I, in law (see, for example, [47, Proposition 1.1]),
it follows from the Portmanteau theorem and (2.16) that

P(lo =K) <P(ls € (K-&,K+¢)) < 1%\1/nian(1N €(K-¢&K+e))

= lgninva((K -&K+¢))

d
< sup N ‘A((K - &,K +¢))
N eN d/l L*(R)
<eE
for any £ > 0. Since the choice of £ > 0 was arbitrary, we then conclude (2.17). O

3. Nonnormalizability of the focusing Gibbs measure with the quartic interaction

In this section, we present the proof of the nonnormalizability of the log-correlated Gibbs measure with
the focusing quartic interaction (Theorem 1.4).
3.1. Variational formulation

In order to prove (1.24) and (1.27), we use a variational formula for the partition function as in [64,
41]. Let us first introduce some notations. Fix a a probability space (Q, F,P). Let W(¢) be a cylindrical

Un particular, (2.16) is false when N = 0.
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Brownian motion in L*(T¢). Namely, we have

W)= > Ba(t)en, 3.1

nezd

where {B,},,cza is a sequence of mutually independent complex-valued’® Brownian motions such that
B, = B_,, n € Z%. Then, define a centered Gaussian process Y (¢) by

Y(r) = (V)" 2 W (). (3.2)

Note that we have Law(Y (1)) = u, where u is the log-correlated Gaussian measure in (1.2). By setting
Yn = nnY, we have Law(Yn (1)) = (). pt, that is, the pushforward of u under 7. In particular, we
have E[Yl%, ()] = o, where o is as in (1.5). Here, the expectation E is with respect to the underlying
probability measure P.

Next, let H, denote the space of drifts, which are progressively measurable!® processes belonging
to L2([0, 1]; L?>(T¢)), P-almost surely. We now state the Boué—Dupuis variational formula [7, 68]; in
particular, see Theorem 7 in [68].

Lemma 3.1. Let Y be as in (3.2). Fix N € N. Suppose that F : C*(T) — R is measurable such that
E[|F(7rNY(1))|”] < 00 andE“e_F(”NYU))W] < oo for some 1 < p,q < oo with 1% + é = 1. Then, we

have
1
_10gE[e—F(nNY(l))] = eienmflu E[F(;rNY(l) +an1(6)(1)) + % /0' ||9(l)||iidt], 3.3)
where 1(0) is defined by
t
1(6) (1) = / (VY T0(t)dt’ (3.4)
0

and the expectation E = Ep is an expectation with respect to the underlying probability measure P.

In the following, we construct a drift 6 depending on Y and the Boué-Dupuis variational formula
(Lemma 3.1) is suitable for this purpose since an expectation in (3.3) is taken with respect to the under-
lying probability measure P. Compare this with the variational formula in [31], where an expectation is
taken with respect to a shifted measure.

Before proceeding to the proof of Theorem [.4, we state a lemma on the pathwise regularity bounds
of Y(1) and 1(6)(1).

Lemma 3.2. (i) Let € > 0. Then, given any finite p > 1, we have
E[IYNn (DD + 11 YR (D) 1h e + || Y2 (D || w] < Cep < 0, (3.5)

uniformly in N € N.
(ii) For any 6 € H,, we have

1
1H@OWIE , < [ 1001 (3.6

Before proceeding to the proof of Lemma 3.2, recall the following orthogonality result [40, Lemma
1.1.1]; let f and g be jointly Gaussian random variables with mean zero and variances oy and 0. Then,

8By convention, we normalize B, such that Var(B,, (¢)) = ¢. In particular, By is a standard real-valued Brownian motion.
©Namely, the map (¢, w) € [0,1] X Q — 0(z, w) € L2(T9) is Bjo,s] ® F;-measurable, where B[ ;] denotes the Borel
sets in [0, 7] and {F; }o<r<1 denotes the filtration induced by the process Y.
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we have

E[Hi (f; 07 ) He(g:0)| = oxek ! {EL£g]}", 3.7

where Hy (x, o) denotes the Hermite polynomial of degree k with variance parameter o.

Proof. Part (i) is a direct consequence of pathwise regularities of the log-correlated Gaussian process Y
(and its Wick powers) whose law at time ¢ = 1 is given by u in (1.2). See, for example, [48, Proposition
2.3] and [29, Proposition 2.1] for related results when d = 2. For readers’ convenience, we present
details. Given & > 0 and finite p > 1, let r > p such that er > 2d. Then, from the Sobolev embedding
theorem and Minkowski’s integral inequality, we have

YR (1): —&,00 <H Y5 (1): £,
[RATCRITERS Y [ TCOEN WY
< it v 0 e, (3:8)
On the other hand, from (1.6) and (3.7) with (3.1) and (3.2), we have
k
E[:¥x(Lx) YN (1Ly): | = k{E[Yn (1,0)Yn (1, )]}
k
1
= k! Z HW9n1+w+nk(x_y)'
ni,...,ngezd j=1 J
|nj|SN
By applying the Bessel potentials (V);% and (V), % of order —% and then setting x = y, we have
g 1
E[(V)"2 :YK (Lx): ] = k! s 1, 3.9
(V)75 :vX (1,x): P] Zezﬂ<n,->d<m+---+nk>f (3.9)
ny,..., N -

uniformly in N € N. Then, (3.5) follows from (3.8), Lemma 2.3 and (3.9).
As for Part (ii), the estimate (3.6) follows from (3.4), Minkowski’s inequality and Cauchy—Schwarz’s
inequality. See the proof of Lemma 4.7 in [31] . o

3.2. Proof of Theorem 1.4

In this subsection, we present the proof of Theorem 1.4. Let us first discuss the divergence (1.27) for
any K > 0. Given K, L > O and N € N, define Zg ; n and Zg ; by

ZkLN = Eﬂ[exp (min (Ry (u), L)) - 1 1, ;ufvzdx|s1<}]
and
Zk,L = E,,[exp (min (R(u), L)) - Lir, :u2:dx|£K}]'
Then, by the monotone convergence theorem, we have

Z[( = lim Z](’L.
L—o
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Moreover, by the dominated convergence theorem together with the almost sure convergence?° of R (u)
(and /Td :u%V : dx) to R(u) (and de :u”: dx, respectively) and Lemma 2.4 (which guarantees almost
sure convergence of l{lﬁrd 2, dx|<k ) 1O 1{%‘1 -u2: dx| <K })» We obtain

ZK,L = lim ZK,L,N~
N >0

Therefore, (1.27) follows once we prove the following divergence:

lim liminf Zg ; n = oo, (3.10)

L—co N—

where Ry (u) is as in (1.8) with A > 0 and k = 4.
Noting that

Zicv 2 By [exp (min (Ry (). 1) 1 1 aajeny) |~ 1 (3.11)

the divergence (3.10) (and thus (1.24)) follows once we prove

lim 1iminfE,u[exp (min (Rn(u),L) - l{lﬁfd :uf\,:dx|g1<})] = oo, (3.12)

L—oc0 N—>oo

By the Boué—Dupuis variational formula (Lemma 3.1), we have

—logEﬂ[exp (min (Ry(u), L) - l{lde i“zzvidﬂﬁK})]

= inf E

o E| —min (Rv (Y (1) +1(6)(1)), L)

XL [ gi(an ¥ ()220 ¥ (1) (an 1(8) (1) +(an 1 (8) (1)) 2dx| <K } (3.13)

1! >
o5 [ oo

where Y (1) is as in (3.2). Here, E,, and E denote expectations with respect to the Gaussian field y in (1.2)
and the underlying probability measure P, respectively. In the following, we show that the right-hand
side of (3.13) tends to —co as N, L — oo. The main idea is to construct a drift 8 such that 7(8) looks like
‘~Y (1)+ a perturbation’, where the perturbation term is bounded in L?(T¢) but has a large L*-norm.2!

o Part 1: We first present several preliminary results. The proofs of Lemmas 3.3 and 3.4 are presented in

Subsection 3.3. We first construct a perturbation term in the next lemma. Fix a large parameter M > 1.

Let f : RY — R be a real-valued Schwartz function with || f|| L2(rd, dx_) = 1 such that its Fourier
e

transform fis supported on {& € R? : |£] < 1} with f(O) = 0. Define a function fy; on T¢ by

fu=m7t 3 F(5)en (3.14)

nezd
In|<M

where f: Fra(f) denotes the Fourier transform on R defined in (1.14). Then, a direct computation
yields the following lemma.

20See, for example, [47, Proposition 1.1] together with the Borel-Cantelli lemma.
2'While we do not make use of solitons in an explicit manner in this paper, one should think of this perturbation as something

like a soliton or a finite blowup solution (at a fixed time) with a highly concentrated profile whose L*-norm blows up while its
L?-norm remains bounded. See Lemma 3.3.
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Lemma 3.3. Let @ > 0. Then, we have

/ Fde=140(M), (3.15)
Td

fapde =M, o a  +O(M™Y) ~ MY, (3.16)
Td L (R ’(2 )

n)d

/Ti(<v>—an)2dx < C(f)M—d—2+max(d+2—2(t,0)
B M_Za, fOVCZ < % + 1, (3 17)
B M—42, for a > %+l. ’

for any M > 1 and some constant C(f) > 0.

See Lemma 5.13 in [41] for an analogous result on the construction of a perturbation term. While
Lemma 3.3 follows from a similar consideration, we present some details of the proof in Subsection 3.3.

In the next lemma, we construct an approximation {37 to Y in (3.2) by solving stochastic differential
equations. Note that, in [41], such an approximation of Y (1) was constructed essentially by (a suitable
frequency truncation of) Y(%), which was sufficient to prove a divergence analogous to (3.12) for large
K > 1. In order to prove the divergence (3.12) for any K > 0, we need to establish a more refined
approximation argument. For simplicity, we denote Y (1) and 7Y (1) by Y and Yy, respectively, in the
following.

Lemma 3.4. Given M > 1, define {y; by its Fourier coefficients as follows. For |n| < M, ZM (n,t)isa
solution of the following differential equation:

(3.18)

dZu (n.1) = ()2 M3 (¥ (n,) = Ly (n. 1))
Imli=0 =0,

and we set ZM (n,t) = 0 for |n| > M. Then, £y (t) is a centered Gaussian process in L>(T%), which is
frequency localized on {|n| < M}, satisfying

E[{y ()] = om(1+0(1)) ~logM, (3.19)
E 2/ YN{de—/ pdx| = oy (1+0(1)) ~log M, (3.20)
L Td Td
[ 2
E )/ (Yn = n)2: dx‘ < M~ log M, 3.21)
L' J1d
E (/ YNfde)2 +E (/ ngde)z <M, (3.22)
|\ JTd Td
e , )
E/O Hgg“M(s)HHélds] <M (3.23)
forany N > M > 1, where {pr = {arle=1 and
(YN = Lm)*:= (Yn —m)” - E[(Yn - Zm)?]. (3.24)

Here, (3.19) is independent of x € T¢.
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We now define a s n by

E(2 [u YN {mdx = [L4 (3pdx

adpM N = (325)
Jra fiydx

for N > M > 1. Then, from (3.15) and (3.20), we have
am N =om(l+o0(1)) ~logM (3.26)

forany N > M > 1.

e Part 2: In this part, we prove the divergence (3.12). For M > 1, we set fyr, {p and ap ny as in
(3.14), Lemma 3.4 and (3.25). For the minimization problem (3.13), we set a drift § = 6° by

d d
0°(r) = (V)2 ( - E{M(f) +ap, N fm (3.27)
such that
1
e’ =1(0"(1) = / (V)" 260(1) dt = ~Car + amrw fur (3.28)
0
We also define Q(u) by
1 4 1 4
Ou) = 7 /ﬂ‘d u”dx and QOpa(v) = W /Rd vidx, (3.29)

for u € L*(T4) and v € L*(R?), respectively.
Let us first make some preliminary computations. By Cauchy’s inequality, we have

0 1
1&m (VN fu)’] < Z(Z[Z\,,,Nf:,[ + ga‘M,N{]Z\/[f]%/[,

1) 1
Iy VN ful < 380+ Samon Gy fy (3.30)
for any 0 < 6 < 1. Then, from (3.28), (3.29) and (3.30), we have

(0% —aj; yO(fu)

3
= —/Td v (NN fu ) dx + 5 /Td (v (Vanr N fu) dx (3.31)
- /Td SN fudx +Q(Em)

> 003, Qo) = Coaney [ Gfiyds+ (1-010(w)

> =003, wQUfon) = Coare [ Gifiyds
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forany 0 < ¢ < 1. From (3.26), (3.19) in Lemma 3.4 and (3.15) in Lemma 3.3, we have

Blawy [, Gusiyas| = an [ B 017 00
~ (log M)*|l fu 7> < (log M)? (3.32)
forany N > M > 1. Therefore, it follows from (3.31), (3.32) and (3.26) with (3.29) and (3.16) that for
any measurable set E with P(E) > 0 and any L > A - a/jzw’NQ(fM), we have
B[ min (yAQ(6°), L) - 1| 2 yA(1 = 8)a}, x Q(fur)P(E) = yCi(log M)?
= yA(1 = 8)oy M Qza (f)P(E)(1+0(1)) (3.33)

forany N > M > 1. _
Recall from (3.14) that fa is supported on {|n| < M}. Then, by Lemma 3.2 (ii) with (3.28), (3.27),
(3.23) in Lemma 3.4, (3.26) and (3.15) in Lemma 3.3, we have

1
0 2 d
/0 16°() 2, r]

E[II€°* ,] <E
H?2

Lid 2
< E[ [ 5] gs| + moanemisil (3.34)
< Me log M.
Lastly, recall the following identity (see [48, (1.18)]):
k
Hi(x+yi0) = ) (';)xk“HAy; ), (3.35)
=0

which follows from a Taylor expansion with the differentiation rule [32, p. 159]: Hy(x;0) =
kHy_1(x;0). Then, from (1.8) with k = 4 and (3.35), we have

2 32
RN(Y+G)O)=Z/Td:Y;\‘,:dx+/l/Td :Yg:eodx+7/Td:Y§,:(®°)2dx

A
+A / Yy (0% dx + = / (@%)*dx, (3.36)
Td 4 Td
where we used
an0’ =@° (3.37)

for N > M > 1. We now state a lemma, controlling the second, third and fourth terms on the right-hand
side of (3.36). We present the proof of this lemma in Subsection 3.3.

Lemma 3.5. There exist small € > 0 and a constant co = co(g) > 0 such that for any 6 > 0, we have

/ Y30 @%dx| < c(O)] 1Y I3y -ee + 61O ) (3.38)

T4 H>2

' /T YR (@) dx| < (@) YR ¢ e +5(||@0||2% +10°12,), (3.39)
[ 1@ x| < col-... + (1671, +1€°I) (3.40)

uniformly in N € N.
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Fix small ¢ > 0. Then, from (3.36) and Lemma 3.5, we have

Ry (Y +0°) > (1= 60)10(6"°)
= @Al YRt s + YR [y + YN I (3.41)
- ¢50A]|8°)1% , — |RNn (V).
H?2

We are now ready to put everything together. With (3.37) in mind, suppose that for any K > 0 and
small §; > 0, there exists My = My(K, 1) > 1 such that

P(|/ a7 :+2YN®°+(®°)2)dx( < K) >1-6, (3.42)
Td

uniformly in N > M > M. Then, it follows from (3.13), (3.41), (3.33), Lemma 3.2 (3.34), (1.9)
(controlling |Ry (Y)|, uniformly in N € N), and (3.26) with (3.37) that there exist constants C;, C, > 0
such that

~log B, [ exp (min (R @), L) 17 e avgox) )]

< E[ —min (Ry (Y +©°), L)

1 ! 0 2
x1{‘_/fd(:Y1313+2YN®0+(@O)2)11X\SK}+E‘/O 16772 d1

<E

, 0
—min ((1 = 60)AQ(0%), L) - 1| 1, (.v2 42vy 00+(0))dx|<K }

+ @AYt Rymee+ ¥R Wy + 1Y 50

1 1
+c50d[1@°11% 4 + Ry (V)] + —/ 16° )12, dr
H?2 2 0 X

< —=(1=80)(1 =8)(1 = 6 Aey, y M Qra(f)(1+0(1))
+C1 (80, )M 1og M + C(80, 1)
=—(1-360)(1=6)(1 = 61)Aoy M9 Qpa (f)(1 +0(1)) (3.43)

forany N > M > My(K,8;) and L > A - alzw’NQ(fM) ~ AM4(log M)?. Therefore, we obtain

lim liminfE, | exp (min (/lRN(u),L)) . l{lfd '”zzv'dx|<K}]
fra 163y dx| <

L—oo N—oo

> exp ((1 —60)(1 = 6)(1 = 61) A2, M4 Qpa (F)(1 + 0(1))) — oo, (3.44)

as M — oo. This proves (3.12) by assuming (3.42).
It remains to prove (3.42) for any K > 0 and small 6; > 0. From (3.28), we have

2
]E“/ (:Y,Z\, c+2YN 00 4+ (@0)2)dx|
Td
=E“/ Y2 :dx—Z/ YNgde+/ g,@dme,N/ 12 dx (3.45)
T4 Td Td T4

2
+2\Jap N /Td(YN - §M)fde|

https://doi.org/10.1017/fms.2024.28 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.28

Forum of Mathematics, Sigma 23

From (3.26) and (3.22) in Lemma 3.4, we have

<M 4logM. (3.46)

E“\/m/T (Yn - §M>fde]2

On other hand, from (3.25) and (3.24), we have

/:Y,%,:dx—2/ YNgde+/ g,zwdme,N/ fidx
Td Td Td Td

= [0 =t =Bl - )?] (347)

Zf :(YN—§M)2:dx.
Td
Hence, from (3.45), (3.46) and (3.47) with (3.21) in Lemma 3.4, we obtain

2
]E“/ (:va :+2YN®°+(®°)2)dx) < M~log M.
Td

Therefore, by Chebyshev’s inequality, given any K > 0 and small §; > 0, there exists My = My (K, 61) > 1
such that

-d
M~“logM -

K2 o1

P(‘/ (Y2 +2Yy@° + (@0)2)dx| > K) <C
Td
for any M > My(K, 61). This proves (3.42).

e Part 3: In this last part, we establish the exact divergence rate (1.25) of Zg n. From (3.44) with
M = N, we already have

log Zx v = (1= 80)(1 = 6)(1 = 61)Acs N Qra (f)(1 +0(1)) (3.48)

as N — oo, for any small 8,080,601 > O and any Schwartz function f with ”f”LZ(Rd dx ) = 1,
> 2n)

supp(f) c {|¢] < 1} and f(O) = 0. Since Schwartz functions with supp(f) c {|¢] < 1} and f(O) =0
aredensein L2 (RY)N{f : supp(f) C {|£] < 1}}, there exists a sequence { f, }eir of Schwartz functions

with || /|| L2(rd, dx ) = 1 and supp(ﬁ) c {|¢| < 1} which are almost optimizers for Bernstein’s
T (2m)d

inequality (1.26) on R?, namely, we have

) C
Jim Oga(f) = =7

Therefore, by inserting f, in (3.48) and taking n — oo and 9, d¢p, 61 — 0, we obtain

log Z c
liminf ~oeN 5 g =B (3.49)
N >0 O—NNd 4
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Hence, it remains to prove the upper bound. In view of (3.13), we have

logZg v < sup ]E[RN(Y+®)

0eH,

1 2
KUy omonsey iz ~3 | 10015

< sup E[RN(Y+®)
0eL?

1
XL [ (V2 2y 0N +(@n) D dx|<K} T / 16117 dt] (3.50)

2
< sup E[RN(Y +0) - 1{|/d( Y2 42V On+(On)))dx| <K} T ”G)N”H‘f}’
Qe 2

where ® = 1(6)(1) in the first two lines and ® = 7n®. Here, the space £  denotes the space of
drifts, which are stochastic processes belongmg to L>([0, 1]; L? (Td))P-almost surely (namely, they do

not have be adapted) and the space ’H denotes the space of H 2 (Td )-valued random variables.
For any © € ”H,j ,let V =Y + ®. Then, with Vxy = nnV, we have

Oy =-Yn +Vn, (3.51)

and thus we see that

(: Yy 1 +2YNOn + O3 )dx < K is equivalent to / Vydx <K +op, (3.52)
Td Td

where oy = E[Y% ] is as in (1.5). Hence, from (3.50), a change of variables ®y = -Yn + Vy, (3.52)
and the almost optimal Bernstein inequality (Lemma 2.2), we have
logZg N < supd E[RN Y+0)- l{lde(:Yﬁ,:+2YN®N+(®N)2)dXISK}]

@eHX7

< supi E[RN V) - 1{/Td v,%,dx<K+a-N}]
VNE’HX2

+0(A0%) (3.53)

Cs ya 4
< supdE[ﬂTN (1+0(1))”VN”L2'1{/TdV,f,dxsK+rfN}
VN eH}?

< 4%1\76’(1 +o())(K +on)>+0(1c}) = A%Ndfffv(l +o(1))

as N — oo, where, in the third step, we used

A

R (V) = 2 - 300 32, 2 31,

4
2O'NVN 2 N_ZvN+ZO'N.

Therefore, combining this with (3.49), we conclude (1.25).

Remark 3.6. The perturbation (at the level of ®° in (3.28)) is given by fa; (modulo the logarithmic
factor v/aps.n). We point out that Lemma 3.3 shows that fj, looks like a highly concentrated profile
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whose L*-norm (in fact, any LP-norm for p > 2) blows up while its L>-norm is O(1) as M — co. Note
that the blowup of L*-norm (3.16) was crucially used in (3.33), which led to the desired divergence
rate M? (log M)? in (3.44). Moreover, the uniform (in M) bound (3.15) on the L>-norm fy; played an
essential role in (3.32) and (3.34) to guarantee that the terms in (3.32) and (3.34) grow at a slower rate
than M (log M)2.

3.3. Proofs of the auxiliary lemmas

In this subsection, we present the proofs of Lemmas 3.3, 3.4 and 3.5.
We first briefly discuss the proof of Lemma 3.3.

Proof of Lemma 3.3. Define a function Fj; on R by setting
Far(x) = M% f(Mx).
Then, from the Poisson summation formula (1.13) with (3.14), we have

fu()= Y Fu(x+2mm)= > Tuf(x), (3.54)

mezd mezd

where T, f (x) = M%f(M(x +27m)).
Recall our convention of the normalized Lebesgue measure on T4, Since f is a Schwartz function,
we have

MaG-D

k _
Aﬁ%ﬂn)w——agy

[t a0 £ o
ack-1
_ M(zﬂ)d / R () dx +O(M™) (3.55)

for any @ > 0. On the other hand, from (3.54), for k € N, we have

/Edfﬂl}(x)dxzf ( Z Tmf(x)) dx

mezd

=/}%ﬁw@ﬂ+ML (3.56)
Td

Here, 1.0.t. consists of the sum of the terms of the form

/[ﬁmyma,
T

where m; # 0 for at least one j. It follows from the fast decay of the Schwartz function f that, for any
k > 0, there exists C > 0 such that

T f (x)] = ME|£(M (x +27m))| < C(Mm)™*
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for any m € Z? \ {0}; see the proof of Lemma 5.13 in [41]. As a consequence, by summing over
(3.57)

26
mj € 74, j=1,...,k (not all zero), we obtain
|Lo.t.| s M™“.

Therefore, from (3.55), (3.56) and (3.57) with ”f”Lz(Rd dx_y = 1, we conclude (3.15) and (3.16).
E)
Next, we prove (3.17). Since f is a Schwartz function with f(0) = 0, it follows from the fundamental
(3.58)

17(&)] = (&) - F(0)] < Crle]

theorem of calculus that

for any & € R9. By Plancherel’s identity with (3.14) and (3.58), we have
/ (V)Y far)dx =M™ Z ’f(l)r—l
d - M (n)a

ne

|n|<M
1
2 ag—d-2
< -
<CyM gzld (n)2(a=1)
|Z|5M
< CJZf M—d—2+max(d+2—2a,0)‘
O
(3.59)

This prove (3.17).

Next, we present the proof of the approximation lemma (Lemma 3.4).
|n] < M.

Proof of Lemma 3.4. Let
X, (1) = Yn (n,1) = Zp (n, 1),
Then, from (3.2) and (3.18), we see that X,,(¢) satisfies the following stochastic differential equation:

L dB, (1)

il
(n)2

dX,, (1) = —(n)"5 M% X, (t)dt +

X,(0)=0
for |n| < M. By solving this stochastic differential equation, we have
! _d _d
X, (1) = — / e~ (M IM2=s)gp (s). (3.60)
()% Jo
(3.61)

! _d _d
/ e—(n) 2M?2 (t—s)dBn(s)
0

d

Then, from (3.59) and (3.60), we have
{m(nt) =Yy (n,1) -
(n)2

for |n| < M. Hence, from (3.61), the independence of { B}, },,cz4,>> Ito’s isometry and (3.2), we have

22Here, we are referring to the independence modulo the condition B,, = B_,, n € Z%. Similar comments apply in the

following.
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Ly tmtass)
— e\ ~Sds
<n>d/o

B[y @] = (E[|?N<n>|2] -

ln|<M

1 _d _d
. / o2 TM 2 (l—s)ds) (3.62)

(my Jo

1 1
=0Mm +0( —)

=oy(1+0(1))

for any M > 1. This proves (3.19).
By Parseval’s theorem, (3.61), (3.19) and proceeding as in (3.62), we have

E[szdY“de‘/TﬁdX]=E[2 PRAOTICEY |ZM<n>|2]

[n|<M In|<M
1 d d —
=E[ D+ ( 7 / e‘“”’”““‘S)dBn(s>)§M<n>
In|<M nl=m \(n)2 J0
1 1
=opm(l+0(1)+0 - —
" (n|ZgM (m)2 M7)

=om(1+0(1))

for any N > M > 1. This proves (3.20).
Note that Y (n) — {3 (n) is a mean-zero Gaussian random variable. Then, from (3.61) and Ito’s
isometry, we have

-~ -~ —~ —~ 2 —~ —~ 2
E[(WN (m=Eu P ~E[I70) = Su P])"| < (B[1Tw (1) = 2 (0]

_ 1 1—2<n>*%M%(1—s) ? 1 1
“ Uy ¢ W I (.63

Hg\nce, from Plimcherel’s identity, (3.24), the independence of {Bj},cz4, the independence of
{IYn(n)? —E[IYN(n)IZ]}M<|n|SN and

{I7n (1) = 2 ()P = E[1¥ () = Zar )]}y o

(3.2), and (3.63), we have

E[) [, -aur dxﬂ

= > E[(l?wnz—E[I?M")'z])z}

M<|n|<N
—~ —~ —~ —~ 2
Y E[(WN(n) = Zu ()P = B[[Tn (1) = 2 ()] ]
|n|<M
1 1 1
S —57 —— <M “logM.
: M<%;SN (ny2 ' |n§M (nyd M4 s o8

This proves (3.21).

https://doi.org/10.1017/fms.2024.28 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.28

28 T. Oh, K. Seong and L. Tolomeo

From (3.17) and (3.2), we have

E (/ YNfde)z] =]E[( Z ?N(l’l)fM(n))z] Z d|fM( )
T In[<M a1
: / (VY% far () dx < M4, (3.64)
Td

From (3.60), Ito’s isometry and (3.17), we have

5[( 3% i) | =2l 3 (g [T o)

|

In|<M infem ()2
_d I~
sMT Y — ()P (3.65)
nj<Mm \11) 2
<M.

Hence, (3.22) follows from (3.64) and (3.65) with (3.61).
Lastly, from (3.18), (3.59) and (3.60) and Ito’s isometry, we have

1 1
d 2 J 2
E[ JRFs ds] =M E[ I s o o des]
1
- MdE[/ (> |Xn(s)|2)ds]
0 =M
Md Z <n>d / / -2(n)" 2 M 2 (s—s )dslds
In|l<M
s m? :
In|<M <n>7 Mm%
s M,
yielding (3.23). This completes the proof of Lemma 3.4. O

Finally, we present the proof of Lemma 3.5.

Proof of Lemma 3.5. From the duality and Cauchy’s inequality, we have
/ Y3 0%
Td

This yields (3.38).
From the fractional Leibniz rule (Lemma 2.1 (ii)), we have

‘/ :YI%,: (0%)%dx
Td

.y3 . 0 y3 . 0
<Yyt llw-esllO7wer < [ :Yy : lw-=e O] 4

<c@O) Yy 3y -ew + 5||®0||2%. (3.66)

<Yy lwees [(8°) lly e

<Yy lwes @) g (3.67)
S YR e llwees 1671, g 10°]]Ls.

Then, the second estimate (3.39) follows from Young’s inequality.
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Lastly, we consider (3.40). From the fractional Leibniz rule (Lemma 2.1 (ii)) (with ;5 + 5 = fé() + }1 + }1
for small 6, 9 > 0), Sobolev’s inequality, and the interpolation (Lemma 2.1 (i)), we have
‘ [, T @0 ax] < W ll-e= KT O v
S YN llw-e 1O [lyy =245 1O, ||L4 (3.68)
< ¥ llw-e= 1831, 1841
for some small 8 > 0. Then, the third estimate (3.40) follows from Young’s inequality since g + 3_Tﬁ <1
for small 8 > 0. This completes the proof of Lemma 3.5. O

4. Construction of the Gibbs measure with the cubic interaction

In this section, we present the proof of Theorem 1.9. We prove the uniform exponential integrability
(1.32) via the variational formulation. Since the argument is identical for any finite p > 1, we only
present details for the case p = 1. Moreover, the precise value of 2 € R\ {0} does not play any role and
thus we set A = 3 in the following.

In view of the Boué—Dupuis formula (Lemma 3.1), it suffices to establish a lower bound on

WN(9>=E[—Rw<1>+l<a><1»+; / loIZ, dr] @1

uniformly in N e Nand 6 € H,. WesetYy =anyY =anY(1) and Oy = 1nyO =y 1(0)(1).
From (1.30) and (3.35), we have

R;V(Y+®)=/ :vazdx+3/ :Y}V:®Ndx+3/ Y @3 dx
Td Td Td

2
+/ G)?vdx—A{/ (:YI%,:+2YN®N+®§V)dx} . 4.2)
Td Td

Hence, from (4.1) and (4.2), we have

WN(H)zE[—/Td:Yi,:dx—S

L.
2
_/ G)?de+A{/ (:Y}V;+2YN®N+®§V)dx} (4.3)
Td Td
.1
/ 1012, dt]

In the following, we first state a lemma, controlling the terms appearing in (4.3). We present the proof
of this lemma at the end of this section.

1%, :Opndx -3 '/Td YN®§de

Lemma 4.1. (i) There exist small € > 0 and a constant ¢ > 0 such that

/ Y Oydx
Td
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“/ YNGNdx
3
‘./]I"d Oy dx| <

for any sufficiently large A > 0, uniformly in N € N.
(ii) Let A > 0. Given any small € > 0, there exists ¢ = c(g, A) > 0 such that

2
A{/ (:Y}V:+2YN®N+®§V)dx}
Td

2
_ - 2 c v2 .
> JIonlL - gglontt  —c{mllos [ 73ia) | @

1On 1 4 +11Ox 1), “5)

1
< el Iy + 755 (

—|ON| —|® 4.6
100|I il 4 100|| N2 (4.6)

uniformly in N € N.

Asin [3, 31, 45, 41], the main strategy is to establish a pathwise lower bound on Wy (8) in (4.3),
uniformly in N € N and 6 € H,,, by making use of the positive terms:

U (0) =E| F10n1L + / o0 48)
coming from (4.3) and (4.7). From (4.3) and (4.8) together with Lemmas 4.1 and 3.2, we obtain
1
> — — > — -
jnfinf Wy(60) = inf inf { Co+ OuN(e))} > —Cy > —co. 4.9)
Then, the uniform exponential integrability (1.32) follows from (4.9) and Lemma 3.1. This proves

Theorem 1.9.
We conclude this section by presenting the proof of Lemma 4.1.

Proof of Lemma 4.1. (i) The estimate (4.4) follows from replacing : Y ?\, 1in (3.66) by : Y I%] .
With small 6 > 0, it follows from the fractional Leibniz rule (Lemma 2.1 (ii)) and Sobolev’s inequality

as in (3.68) that
[ rv@hn] < W0 s
T

2
< YN llw-e=1ON [l

2,
S Wl e 1017, 101"

for some small 8 > 0. Then, the second estimate (4.5) follows from Young’s inequality since §+ ¥ < 1.

As for the third estimate (4.6), it follows from Sobolev’s inequality, Lemma 2.1 (i) and Cauchy’s

inequality that
e d
[ehe

< Cllonl , < Clox, ¢loxl:
Lonl? . + 2 jowll*
= 700"OM ¢ * 100 1N 2

where A > 0 is sufficiently large.
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(ii) The bound (4.7) follows from a slight modification of Lemma 5.8 in [41]. Noting that

1
(@a+b+c)? > =c?=2(a® +b?)

\9}

for any a, b, ¢ € R, we have
2
A{/ ( :YI%, t+2YN BN +®%\,)dx}
Td

A 2 2 2
> —(/ @%de) —zA{(/ :Y}‘V:dx) +(/ YN®Ndx) } (4.10)
2 Td Td Td

From Lemma 2.1 (i) and Young’s inequality, we have

2
‘/d YNOndx| < YNy -ecllONIy cr < YN[y e ON 172
T
2 -4 e
S YN Iy e 1ON, ”G)N”H% 4.11)
_2d 1 1
<cllYn &=L+ =1On 1%, + —— 10N ] 4.
< NI+ glOw I + o lOw I
Hence, (4.7) follows from (4.10) and (4.11). m]

Remark 4.2. In considering the construction of the Gibbs measure with the cubic interaction, it is
possible to consider the following renormalized potential energy with a general power y > 0 on the
Wick-ordered L?-norm:

o, 7 3 2 7
RNY(u)zngd :uN:dx—A(/Td :uN:dx) , (4.12)

where the coupling constant 2 € R \ {0} denotes the strength of cubic interaction as in (1.30). When
y =2, Ry (u) reduces to Ry, (u) in (1.30).

In the following, let us briefly discuss the optimality of the power y = 2 in Theorem 1.9. In view of
(4.5) and (4.6), we need to control the term ||®y ||4LZ’ which forces us to choose y > 2 in (4.12). When
v = 2, it is also necessary to choose A sufficiently large because of (4.5). When y < 2 or when y = 2
and A is sufficiently small, the taming by the Wick-ordered L?-norm in (4.12) is too weak to control the
terms mentioned above, and thus we expect an analogous nonnormalizability result to hold by repeating

the proof of Theorem 1.4.

A. On the Gibbs measure for the two-dimensional Zakharov system

In this appendix, we give a brief discussion on Gibbs measures for the following scalar Zakharov system
on T¢:

{i&,u+Au =uw A1)

207w — Aw = A(Ju)?).
This is a coupled system of Schrédinger and wave equations. The unknown u for the Schrodinger part
is complex-valued, while the unknown w for the wave part is real-valued. By introducing the velocity

field v:

dw =—c*V -,
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we can rewrite (A.1) as

i0iu+ Au=uw
Ow=—-c2V -y (A.2)
8,V = =Vw = V(|ul?).

Note that (A.2) is a Hamiltonian system with the Hamiltonian
o ] 2 2 1 2 ¢? =12
H(u,w,v) = = (IVul” + ul"w)dx + — [ wodx+— |V|*dx. (A.3)
2 Td 4 Td 4 Td

Moreover, the wave energy, namely, the L>-norm of the Schrodinger component:

M(u) = / |u|?dx
Td
is known to be conserved See [18].
By setting W = ‘fw and V = Vi,...,Vg) = v we can rewrite the Hamiltonian in (A.3) as

Hu,W,V) = / (IVul® + V2|u*W)dx + ~ / W2dx + - / V| dx. (A4)

Then, the Gibbs measure for the system (A.2) is formally given by

dp = Z7 e HWW . V)=3M ) gy gy qv

d
= 27124 W dyy (w)dpo (W) [ | dao V), (A5)
j=1
where the potential Q (u, W) is given by
Q(u,W) = -—— |u|2de, (A.6)

\/_

the measure y; denotes the complex-valued version of the massive Gaussian free field on T¢ with the
density formally given by

duy = z e Ml gy = 71 l_[ e_%<">zlﬁ(”)|2dﬁ(n),

nezd

and po denotes the white noise measure defined as the pushforward measure po = ((V)%)* u, with p
as in (1.2). In view of the conservation of the Hamiltonian H (u, W, \7) and the wave energy M (u), the
Gibbs measure p in (A.5) expected to be invariant under the Zakharov dynamics.

As in the case of the focusing NLS, the main issue in constructing the Gibbs measure p in (A.5)
comes from the focusing nature of the potential, that is, the potential Q (u, W) is unbounded from above.
In a seminal paper [33], Lebowitz, Rose and Speer constructed the Gibbs measure p when d = 1, by
inserting a cutoff in terms of the conserved wave energy M (u) = ||u||iz, which was then proved to be
invariant under (A.2) on T (and thus (A.1)) by Bourgain [9].

Then, a natural question is to consider the construction of the Gibbs measure p in the two-dimensional
setting.?> Before doing this, let us recall the relation between the Zakharov system and the focusing

23In a recent work [58], the second author studied the construction of the Gibbs measure for the Zakharov—Yukawa system on
T2 (i.e., A in (A.1) is replaced by —(—A)”, v < 1) and showed that the renormalized Gibbs measure is indeed normalizable when
¥ < 1. See [58] for details.
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cubic NLS. By sending the wave speed c in (A.l) to oo, the Zakharov system converges, at a formal
level, to the focusing cubic NLS. See, for example, [51, 37] for rigorous convergence results on RY,
When d = 2, Theorem 1.4 states that the (renormalized) Gibbs measure for the focusing cubic NLS
on T? is not normalizable, even with a Wick-ordered L>-cutoff. This suggests that, when d = 2, the
Gibbs measure p in (A.5) for the Zakharov system may not be constructible even with a Wick-ordered
L>-cutoff on the Schrédinger component u.

Given N € N, define the following renormalized truncated potential energy:

ON(u,W)=—— [ :lun|?*: Wdkx, (A7)

1
V2 Jre
where uy = myu as in Subsection 1.1 and : |un|?:= |un|*> — o . We then define the renormalized
truncated Gibbs measure pn on T2, endowed with a Wick-ordered L2-cutoff, by

2
dpon = Z]?]ll“ﬁﬂ;wlv |2;dx\§K}eQN(u’W)d,ul (u)dpo(W) l—l d,UO(Vj)~
j=1

By integrating in (V1, V,) and then in W, we have

2
//1{\Az:|uw arieir @ U dio W) | dao (V)
j=l1

1 =
= 1) [y iuw Pdxi<k ) / exp ( Y Z F(:lun*:)(n) W(n))d/lo(W)

nez?

1
e 28

1 5
=3 P - —F(lun]*:)(0 ) d A8
{1 fia:lun | .dle}/Rjexp( NG (:lun]7:)(0) go Nor 20 (A.8)

X n % ‘[cexp ( ~V2Re (‘7:(|MN|2)(11) g_ﬂ))e_lg“dgn,

neA

where {gn},,c7 is as in (1.3)?* and A denotes the index set given by A = (Z X Z,) U (Z+ x {0}) such
that Z2 = A U (=A) U {0}. Here, we used the fact that F(: |ux|?:)(n) = F(Jun|?)(n) for n # 0. Then,

recalling the moment generating function E[¢’X] = ez for X ~ Nz(0, o), we have
(A8) =1y £y e <k} XP Z(]:(3|“N| 1(0))

X 1_[ % /cexp ( - \/zRe(}"(luNIZ)(n)) Reg,

neA

—V2Im(F(Jun|?)(n)) Im gn)e_lg" " dg,, (A.9)

1 2|12 2
2 1) ) fun x| <k ) SXP (ZH”#0|”N| ;- —CcK )

where 7 is the projection onto nonzero frequencies.

24In particular, g¢ is a standard real-valued Gaussian random variables where Re g;,, and Img,, n € A, are independent

real-valued Gaussian random variables with mean 0 and variance %
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Let {h,}, 72 be a sequence of mutually independent standard complex-valued Gaussian random
variables. Then, we have

2 2 hnl hn2 hl’l3 ny
meolun| du; =E
./ ” Iz nl_m;;‘_mzo (n1) (n2) (n3) (na)
‘njlﬁN
np— nz¢0
2
- }; <1y }2 <>2~(ng)——+m, (A.10)
|ni|<N [n3|<N
n3#n

as N — oo. Then, from (A.10), the interpolation of the L”-spaces and Lemma 2.3, we have

IOgN ~ “”ﬂ#O'ule”Lz”LZ('ul) 2 ||||7T¢0|MN|2”L2HL1(#I)
zsoln P2,
> 2”‘~ (A.11)
||||7T#—0|MN|2”L2||L4(MI)
Also, from Lemma 2.3 and (1.5), we have
1
e ety < Mz g = b ~ oz (A1)

Hence, given sufficiently small € > 5 > 0, it follows from Lemma 3.1, Cauchy’s inequality, Sobolev’s
inequality, (A.11) and (A.12) that

—log(/exp(—77||7T¢0|MN|2||L2)dI~11(M))

= ot Blalmaolmn (1) + O] + 5 / o1, dt]

\%

il E '7(|’7T¢o|7TNY(1)|2||Lz 2l Y (Dn 1O (D2

~ I IO + 5 / I, dt]

> inf B[yl Y (P2 - ellan Y (DIE) + 5 / lo)I2, dt]

0cH,
2 n(log N).

Therefore, we obtain
[ exp (= allmsotun Pl )dis 10 < exp(-cntog )
for some constant ¢ > 0. Then, by Chebyshev’s inequality, we conclude that, for any M > 0,
,ul(||7r¢0|u1\/|2||L2 > M) >1-exp(n(M-clogN)) — 1, (A.13)
as N — oo.
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We also note that, given any K > 0, there exists a constant cx > 0 such that

,ul(|/ Clun dx| < K) > ck, (A.14)
T2
uniformly in N € N. Indeed, for L = L(K) > 0 (to be chosen later), as in (3.11), we have

L
Ep [e" - l{lsz:lulezdeSK}] 2 By [eXP (L 1{|/j-.2:|uN|2:dx|SK}):| - L (A.15)

Now, by repeating the argument in Subsection 3.2, in particular, (3.34) and (3.42) with M = My(K),
we have

—IOgEm[eXP (L'1{|A2:|MN|2:dx|§K})]
Lo
s E[ -L- 1{\[Td(:Y,@:+2YN®0+(®°)2)dx|sK} *t3 ./o 19 (t)HLidt (A.16)
1 1
< —§L+CM0d log Mo < —7L

by choosing L = L(My) = L(K) > 1 sufficiently large. From (A.15) and (A.16), we then obtain

193
-1
#1(|/ Cun|? dx| < K) > & — = cK,
T2 e
yielding (A.14).

Therefore, from (A.8), (A.9), (A.13) and (A.14), we obtain, for any K > 0,

2
L, /// L) ot Pt iy €27 ™ das ()diag W) | | do (V)

j=1
10t [ 1 ey 30 glmsatin Pl - 082
> l%lljgof (cK —exp (n(M - clogN))) exp (41—‘M2 - CKZ)
= cg exp (j—th - CKZ) —> o0

by taking M — co. This shows the nonnormalizability of the Gibbs measure for the Zakharov system
on T? even if we apply the Wick renormalization on the potential energy Q(u, W) in (A.6) and endow
the measure with a Wick-ordered L>-cutoff on the Schrodinger component.

Another way would be to apply a change of variables as in the one-dimensional case due to Bourgain
[9]. Namely, rewrite the Hamiltonian in (A.4) as in the one-dimensional case by Bourgain [9]:

-1 1 1 1 -
H(u,W,V)z—/ |Vu|2dx——/ |u|4dx+—/(W+\/§|u|2)2dx+-/ |V[%dx.
2 T2 4 I\ 2 T 2 T2
By introducing a new variable W=W+ V2|u|?, we arrive at

~ o~ o 1 1 1 ~ 1 -
A =~ | |\VuPdx -~ 4 —/ 2 —/ 2dx.
(u, W,V) 2./1r2| ul|“dx 4./]T2|u| dx+2 T2W dx+2 ']I‘2|V| dx

Then, we apply the Wick renormalization to the potential energy.
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In this formulation, we consider the renormalized truncated Gibbs measure p defined by

2
dpn = Z;/] 1{‘f1r2:|”N |2;dx\SK}€RN(u)d,U1(”)dNO(W) 1_[ dpo(V;),
j=1

where the renormalized truncated potential energy Ry is defined by

1
Ry (u) = Z/ Hun |t dx.
4
Note that, in the complex-valued setting, the Wick-ordered fourth power is given by
Hunl*i=luy* —donlun |* + 207,

See [47]. Then, by integrating in W and V and then by applying Theorem 1.4 (in the complex-valued
setting), we have

2
sup ‘///1{|/;|MN|2;dx|5K}eRN(u)d/~ll(”)d#O(W)I_ld/JO(Vj)
j=1

N eN

RN (u
= sup [ 1 s Vi) =

for any K > 0. This shows the nonnormalizability of the limiting Gibbs measure in this formulation.

Remark A.1. In the renormalization (A.7), we added the term %’ sz Wdx = Z% .[11“2 wdx. Note that

the spatial mean of w is conserved under the flow of the system (A.2). Thus, by imposing the spatial
mean-zero condition on w, we can write Qn (u, W) in (A.7) as

1 1
On(u,W) = —— :|uN|2:de=——/ lun |*Wax,
V2 Jr V2 Jr

showing that this term is self-renormalizing, and thus the renormalization (A.7) does not affect the
system (A.2).

B. Focusing quartic Gibbs measures with smoother Gaussian fields

In this appendix, we briefly discuss the construction of the focusing Gibbs measure p, in (1.37) with
a smoother base Gaussian measure y,, in (1.36). We only discuss the uniform exponential integrability
bound (1.35). Since the precise value of 1 € R\ {0} does not play any role, we set A = 4 in the following.
As before, we also assume p = 1 for simplicity.

Fix a > %’. The Gaussian measure i, in (1.37) is the induced probability measure under the map:

gn(w) e
<n>a n»

w€Q+— u(w) =

nezd

where {g,,},cza is as in (1.3). In particular, a typical function u in the support of i belongs to L= (T¢).
We define Y by

Yo (n) =(V)"*W(),
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where W is as in (3.1). Then, in view of the Boué—Dupuis formula (Lemma 3.1), it suffices to establish
a lower bound on

Wy (0) = E[ —RY () +17(6)(1)) + 5 / (I dt] (B.1)
uniformly in N € N and 6 € H,, where R;}Y(u) and 7% (0) are defined by

Y
Ry (u) =/ urdx — A (/ u%,dx) (B.2)
Td Td

for some y > 0 (to be chosen later) and

I"(G)(r):/o (VY~¢0(¢")dr’.

For simplicity of notation, we set Y3 = an Y = ayY (1) and OF, = iy O = an 17(6)(1).
From (B.1) and (B.2), we have

MﬁaﬂzE[_/'aﬁfa-4/"aﬁﬁega-é/‘wm%®x2w
']I‘ci d d

2
—4/ Y2 (©%) dx —/ (@N)4dx+A{/ (Y;,’+@;f,)2dx}
Td
. / 1011, dr]

Let us first state a lemma, analogous to Lemma 4.1.

Lemma B.1. (i) Let @ > %. Then, there exists ¢ > 0 such that

' [ rena < g + 1103 1. ®3)

‘ / (YR)*(OF)?dx| < cllY Il + 1oo”® 72> (B4)
[ racesytad < it + g ||®N||L4, ®.5)

[, @8] < 5108 e + 1o 108 1 (B.6)

for any sufficiently large A > 0, uniformly in N € N.
(ii) Let A,y > 0. Then, there exists ¢ = c(A,y) > 0 such that

A{Ad(Yﬁ+®%)2dx} > —|I® 177 = clly Iz, (B.7)
uniformly in N € N.
Set
4o —d
= . B.8
Y= 204 (B-8)
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Then, by arguing as in Section 4 with Lemma B.1,2° the almost sure L*-regularity of Y and a variant
of (3.6) for ®% = 1?(6)(1):

1
10 e < [ 1001,
we obtain the following uniform lower bound:

inf 1nf Wx(8) = —Cp > —co. (B.9)
N eN geH

Then, the uniform exponential integrability (1.35) follows from (B.9) and Lemma 3.1.
We now present the proof of Lemma B.1.

Proof of Lemma B.1. (i) The estimates (B.3), (B.4) and (B.5) follow from Hoélder’s and Young’s in-
equalities. As for the fourth estimate (B.6), it follows from Sobolev’s inequality, Lemma 2.1 (i) and

Young’s inequality that
' / (©%)*dx

d
< Clley I|4 < Clley IIHaI|® “Lz

8a-2d
< — @ o @ Za-d
< 15 10% e + o510 I,
for sufficiently large A > 0.
(ii) Note that
1
la+b+c|” > §|C|V—Cy(|a|7+|b|7) (B.10)
for any a, b, ¢ € R. Then, the bound (B.7) follows from (B.10) and
/ veeyd| < cvgIZ + — ez g
ra NN NIL lOOC
Remark B.2. Let v be as in (B.8). Then, we have y > 2. Moreover, we have y — o0 as @ — %+,
indicating an issue at @ = % even if we disregard a renormalization required for @ = %.
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