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SINGULAR INVARIANT HYPERFUNCTIONS
ON THE SQUARE MATRIX SPACE AND
THE ALTERNATING MATRIX SPACE

MASAKAZU MURO*

Abstract. Fundamental calculations on singular invariant hyperfunctions on
the n X n square matrix space and on the 2n x 2n alternating matrix space are
considered in this paper. By expanding the complex powers of the determinant
function or the Pfaffian function into the Laurent series with respect to the
complex parameter, we can construct singular invariant hyperfunctions as their
Laurent expansion coefficients. The author presents here the exact orders of the
poles of the complex powers and determines the exact supports of the Laurent
expansion coefficients. By applying these results, we prove that every quasi-
relatively invariant hyperfunction can be expressed as a linear combination
of the Laurent expansion coefficients of the complex powers and that every
singular quasi-relatively invariant hyperfunction is in fact relatively invariant
on the generic points of its support. In the last section, we give the formula of
the Fourier transforms of singular invariant tempered distributions.

§1. Introduction

Let V' := Mat, (R) be the real vector space of n x n real matrices. The
real connected algebraic group G := GL,(R)" x SL,(R) acts on Mat,(R)
algebraically by

(1) (g,2) — g -z :=giz'gs

with g := (g1,92) € G and x € V. Here, GL,(R)" := {g € Mat,(R) |
det(g) > 0} and SL,(R) := {g € Mat,(R) | det(g) = 1}. Then the
pair (G,V) is a regular prehomogeneous vector space with an irreducible
relative invariant P(x) := det(z) and V' decomposes into a finite number
of G-orbits. This is the first object of this paper. Next, let V' := Alty, (R)
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20 M. MURO

be the real vector space of 2n x 2n real alternating matrices. The real
connected algebraic group G := GLo,(R)" acts on Alto,(R) algebraically
by

(2) (9.2) — gz :=ga'g

with ¢ € G and © € V. Then the pair (G, V) is a regular prehomogeneous
vector space with an irreducible relative invariant P(z) := Pf(z) and V
decomposes into a finite number of G-orbits. Here Pf(x) stands for the
Pfaffian of the alternating matrix x which is a polynomial on Altg,(R)

given as a square root of det(x) taking the value Pf(.J,,) = (—1)""=1D/2 for

Jn = (_0}‘” (I): ) This is the second object in this paper.

These two prehomogeneous vector spaces have some common proper-
ties. Both of two have two open G-orbits, oneis V; := {x € V | P(x) > 0}
and the other is V_ := {z € V | P(z) < 0}. We define the complex power

of the relative invariant P(x) by

|P(z)]* ifxeVyg,

3 P@)l = { 0 e

for s € C. Then it is well known that the integral [ |P(z)|%f(z)dx is
absolutely convergent for all the rapidly decreasing function f(z) provided
that the real part R(s) of s € C is non-negative. In addition, |P(z)|% can
be regarded as a tempered distribution — and hence a hyperfunction —
on V with a holomorphic parameter s € C and it is extended to the whole
complex plane as a meromorphic function in s € C. The poles of P&l ()
belong to the set Z.p := {—1,—-2,...}. We define the linear combination
of [P(z)|3. by

(4) Pll(2) = ay|P(x)[ + a-| P(x)[2

for @ := (ay,a_) € C? and s € C, which is a relatively invariant hyperfunc-
tion under the action of G. Namely we have

(5) PlEsl(g . ) = x(g)* Pl%(x)

for all g € G with x(g) = det(g1) when V = Mat,(R) or with x(g) =
det(g) when V' = Altg,(R). For a fixed complex number A € C, we call a
hyperfunction f(x) x*-invariant if it satisfies

(6) flg @) =x(9)f(x)
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SINGULAR INVARIANT HYPERFUNCTIONS 21

for all g € G. If \ & Zg, then Pl@N(z) is well-defined and it is a x*-
invariant hyperfunction.

Let G :={g € G| P(g-x) = P(z)}. Then Pl%(z) is a G -invariant
hyperfunction. Namely G' = SL,(R) x SL,(R) for V' = Mat,(R) and
G'! = SLy,(R) for V = Alty,(R). If Pl%(z) has a pole at s = sq, then
hyperfunctions appearing as Laurent expansion coefficients in the principal
part of the Laurent expansion of P[5! (x) at s = s¢ are G'-invariant and
their supports are contained in the singular set S := {z € V | P(x) = 0}.
A hyperfunction is called singular if its support is contained in S. We can
prove that any singular G -invariant tempered distribution is written as a
finite linear combination of the Laurent expansion coefficients of negative
degree of Pl%sl(z) (see Propositions 4.1 and 4.2) by using the results in
Muro [9] and Muro [10].

The purpose of this paper is to investigate some properties of hyper-
functions — especially singular ones — on V' which are invariant under the
action of G via the hyperfunctions appearing as Laurent expansion coeffi-
cients of Pl%3)(x) — especially of negative degree — and give the formula of
Fourier transforms. More concretely we shall give answers to the following
problems in this paper.

PROBLEM 1.1. (Fundamental problems) We call the following problems
fundamental problems for a complex power function P1&s] ().

1. Give the exact orders of poles of P1®)(x) (Theorems 6.3 and 6.4 in
Section 6).

2. Give the exact supports of the hyperfunctions appearing in the Lau-
rent expansion coefficients of Pl (x) especially of negative degree (Theo-
rems 7.1 and 7.2 in Section 7).

3. Give a basis of singular invariant hyperfunctions by using the Lau-
rent expansion coefficients appearing in the principal parts of the Laurent
expansion coefficients at poles of P1®s)(z).

4. Give explicit formulas of the Fourier transforms of singular G-
invariant tempered distributions (Theorems 9.3, 9.4, 9.7 and 9.8 in Sec-
tion 9).

Through the precise investigation of the properties of Laurent expan-
sion coefficients of P%3](z), we have discovered some interesting facts about
singular invariant hyperfunctions as by-products. Namely every hyperfunc-
tion appearing as a Laurent expansion coefficient of Pl®s)(z) at s = \ is
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a quasi-x*-invariant hyperfunction (Proposition 3.3). For the definition of
quasi-x*-invariance, see Definition 2.1. Conversely, we see that any quasi-
xM-invariant hyperfunction is given as a linear combination of Laurent ex-
pansion coefficients at s = A, and in particular, any singular quasi-y*-
invariant hyperfunction is a linear combination of Laurent expansion coef-
ficients at s = A of negative degree (Theorem 8.1). In addition, we prove
that a singular quasi-y*

point near which the support is a non-singular variety (Theorem 8.2).

-invariant hyperfunction is in fact y*-invariant at a

Furthermore, we investigate bi-singular G'-invariant tempered distri-
butions on Mat, (R). We say that a G'-invariant tempered distribution
f(z) is bi-singular if both f(z) and its Fourier transform f(z)Y := [ f(x)
exp(—+v/—1 (z,y)) dz are singular. It is known that a G''-invariant measure
on a single singular orbit (i.e., a G-orbit in S) on Mat, (R) can be viewed
as a tempered distribution and its Fourier transform is also a G''-invariant
measure on a singular orbit provided that it is not a delta-function sup-
ported on the origin, and hence it is a bi-singular G'!-invariant tempered
distribution (see, for example, Rubenthaler [17]). As a corollary to the
formulas of the Fourier transforms, we prove that there are bi-singular G-
invariant tempered distributions on V' = Mat, (R) and we can determine
all of them in Corollary 9.5, which shows that there are many other bi-
singular G'-invariant tempered distributions on V' = Mat,(R). In partic-
ular, we see in Corollary 9.6 that every x*-invariant tempered distribution
on V. = Mat,(R) is singular if A = —2,—3,...,—n and hence it is bi-
singular if A = —2, —3,..., —n+ 2. On the other hand, it is seen that there
are no bi-singular G''-invariant tempered distributions on V' = Alta, (R) in
Corollary 9.9.

Hyperfunctions given as complex powers of polynomials are often called
“local zeta functions” or “local zeta distributions” (for example, see Sato-
Shintani [20], Shintani [21], Satake [19], Igusa [5]) and, in particular number
theorists have been studying these objects especially on non-archimedean
fields (for example, see Igusa [5], Saito [18]). Fundamental problems for zeta
functions are the computations of functional equations, the determination
of the poles and the computation of the principal part of the poles. We may
say that this paper gives solutions to the fundamental problems of the local
zeta functions on the archimedean field R for two examples studied here.

The author thinks that exact analysis of invariant hyperfunctions never
has been fully developed. Further examples will be given in the future pa-
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SINGULAR INVARIANT HYPERFUNCTIONS 23

pers. Micro-local analysis seems to be inevitable to the calculus of invariant
hyperfunctions and it enables us to give a definite answer to the fundamen-
tal problems.

Acknowledgement. The author expresses his sense of gratitude to
Professor A. Gyoja for his kindhearted advices.

§2. Quasi-relatively invariant hyperfunctions

In this section we describe some fundamental properties of the preho-
mogeneous vector spaces that we will analyze in this paper. We consider
the prehomogeneous vector space

(G, V) := (GL,(R)" x SLy(R), Mat, (R))
(l"eSp. (Gv V) = (GL2n(R)+7A1t2n(R)))'

The algebraic group G acts on V' by

(g,2) — g -z :=gqiz'ge

™ (resp. (g,2) — g -z := gz'g)

for (g,x) € G xV. The Lie algebra & of G is gl,,(R) ®sl,(R) (resp. gly,(R))
and the Lie algebra &' of G is sl,(R) @ sl,(R) (resp. sla,(R)), where
gl,(R) and sl,(R) are Lie algebras of GL,(R) and SL,(R), respectively.
The infinitesimal action of (7) is

(Az) — A2 = Ay + 2'Ag

(8) (resp. (A,x) — A -z := Az + z'A)

with A = (A1, 42) € & = g[,,(R) & sl,(R) (resp. A € & = gl,,(R)). Let
V* be the dual space of V. We define the canonical bilinear form on
(x,y) € V x V* by

(9) (w,y) =tr(a'y) (resp. (z,y) = 5 tr(zy)).

We can identify V and V* by (—, —). The contragredient representation
with respect to (—, —) is given by

(9.y) — 9"y =97 'ygy "

(10) . T
(vesp. (g,y) — g -y = 'g7yg™)
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and its infinitesimal action is

(11) (Ay) — A"y = —TA1y — yAy
(resp. (A,y) — A"y := —"Ay — yA)

The vector space V' decomposes into a finite number of G-orbits.
Among these orbits,

Vi={zeV|Plx)>0}, V_:={zreV|P(x)<0}

are open G-orbits. The set S := {z € V | P(x) = 0} is a G-invariant
subset of V' and it decomposes into

S:=]]8;
i=1
where
(12) S, :={z € V| rank(z) =n —i}

when V is a square matrix space, and

(13) S; :={z € V | rank(z) =2(n — 1)}

when V' is an alternating matrix space. It is easily seen that each S; is
a G'-orbit for i = 1,2,...,n. The open set V — S is sometimes denoted
by So.

The continuous characters of G to C* are given by

(14) X°(g) :=det(g1)® (resp. x°(g) := det(g)°)

with s € C. The infinitesimal character 0x(A) := dx(exp(tA))/dt|i=o of x
is

Ox(A) =tr(A1) (resp. dx(A) =tr(A)).

DEFINITION 2.1. (relative invariance) Let v(x) be a hyperfunction on
V and let x* be the character defined by (14) with a complex number s € C.

1. We say that v(z) is x*-invariant if it satisfies

(15) v(g - x) = x(g9)°v(z)
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SINGULAR INVARIANT HYPERFUNCTIONS 25

for all ¢ € G. A hyperfunction which is y*-invariant with some complex
number s € C is called relatively invariant and we say that the character x*
is the corresponding character. This condition is equivalent to saying that
v(z) satisfies the equations of infinitesimal equations:

(16) ((A-2,0) — s6x(A))v(x) = 0

for all A € &.

2. We say that v(x) is quasi-x*-invariant if there exists a non-negative
integer k and it satisfies

(A7) ((Ao-,0) — s0x(Ao)) -+ (A, - 2,8) — s3x(Ap))v(z) = 0

for all Ag, A1,...,Ar € &. A hyperfunction which is quasi-y®-invariant
with some complex number s € C is called quasi-relatively invariant and
x° is called the corresponding character. We call the complex number s
the relative-degree. If v(z) satisfies (17) then we say that v(z) is a quasi-
x*-invariant hyperfunction of quasi-relative-degree k. In addition, if v(x)
satisfies

((Ao - ,0) — s9(A0)) -+ ((Ag_1 - 7,0) — sox(Ag_1))o(x) £0,

for some Ag, Ai,...,Ak—1 € &, then we say that v(z) has proper quasi-
relative-degree k.

PROPOSITION 2.1. A hyperfunction v(zx) on V is quasi-x-invariant
of quasi-relative-degree k € Z>q if and only if v(x) is &' -invariant, i.e.,
(A-2,0)v(x) =0 for all A € &', and

(18) (Ao - 2,0) — Ax(A0))Fv(x) = 0

for some Ay € & with dx(Ag) # 0. In particular, v(x) has proper quasi-
relative-degree k if and only if

(19) ({(Ao - @,0) — Adx(Ao))*v(x) #0,
holds in addition to (18).

Proof. We denote by 9)(A) := ((A-z,0) — Adx(A4)). Then it is easily
checked that

[0 (A), 0x(B)] = x([A, B]) = ([A, B] - 2,9)
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for all A, B € & since 6x([A4, B]) =0 for [A, B] € &1

First we prove that v(z) is &!-invariant and satisfies (18) if v(z) is

quasi-y*-invariant of quasi-relative-degree k. Let A € &', Since ®! is a

semi-simple Lie algebra, we have &! = [&!, &!]. Then there exist a finite
number of B?,C" € &! satisfying A = >_.[B%, C?]. Then we have

9 (A) :19,\<Z B C’) Zm ([B',C")) = S_WA(B), 9A(C7)].
Therefore, we see that there exist a finite number of A{, A% € &' satisfying
Da(A) =) " 0A(A])0A(AD).

J
Repeating this operation to 9 )\(Ag) on the right hand side k times, we see
that 9,(A) is written as the form

Zm (A]) - -0\ (AT, )
by using a finite number of A{, e ’AZ:+1 € ®!. Then, for all A € &', we

have
Zm (A]) - 0\(A], )v(x) =0

if v(x) is quasi-y*-invariant of quasi-relative-degree k. This shows that v(z)

is ®l-invariant. The equation (18) is clear from the definition.
Next we prove the converse. We have only to show that

Oa(A1) - Ir(Apr1)v(z) =0

forall Ay,..., Apy1 € ® under the assumption that v(x) is &!-invariant and
(18) holds. For each A; (i = 1,...,k + 1), there exist ¢; € R and B; € &'
satisfying A; = ¢; Ap+ B;. Indeed, we have only to put ¢; := dx(4;)/Ix(Ao)
and B; := A; — ¢;Ag. Then we have

k1 k1
Ia(A1) - Oa(Aps1) = [ [ 9a(cido + Bi) = [ [ (cida(Ao) + 9a(Bi)).
i1 i=1

By expanding the right hand side and arranging it, we can write as

k+1
19>\(A1) . 19>\(Ak+1) = ( H Ci>79)\(Ao)k+1 + Z Uj(ﬁ, 3)19)\(F])

i=1
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SINGULAR INVARIANT HYPERFUNCTIONS 27

where {F}} is a basis of 1. Since v(z) is &!-invariant and (18) holds from
the assumption, we have 95 (F;)v(x) = 0 and 95(Ap)* 1v(x) = 0, and hence
we have 9y (A1) -+ Ix(Ags1)v(z) = 0.

(19) can be proved in the same way. 0

Typical relatively invariant hyperfunction is the complex power func-
tion Pl%%l(z) defined by (4). If ) is not a negative integer, then P55 (z)[,_y
= P& () is a x invariant hyperfunction. More generally, for any com-
plex number \ € C, each Laurent expansion coefficient of P%%(z) at s =
is a quasi-y*-invariant hyperfunction (see Proposition 3.3).

We define odd and even invariant hyperfunctions on V. We consider
the case of the square matrix space V. = Mat,(R) (resp. the alternating
matrix space V := Alty,(R)). We set

go = <I"1 0 > x I, € GL,(R) x GL,(R)

0 -1
(resp. go = (1276_2 (1)0(1)) € GLgn(R)).

DEFINITION 2.2. (even and odd functions) For a G'-invariant hyper-
function f(z), we say that f(x) is even if f(go-x) = f(x) and that f(x) is
odd if f(go-z) = — f(x).

Let f(x) be a Gl-invariant hyperfunction. Defining even and odd func-
tions by

fi(z) = l(f(ﬂ’f) + f(go-z)) and f_(z):=

> (£(@)~ Fg0- ),

1
2
respectively, we have

(20) f(x) = fr(x) + f-(2).

Namely we have the following proposition.

PROPOSITION 2.2.  Any G'-invariant (resp. quasi-relatively invariant)
hyperfunction is written as a sum of an odd G'-invariant (resp. quasi-
relatively invariant) hyperfunction and an even G'-invariant (resp. quasi-
relatively invariant) hyperfunction uniquely.
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83. Some properties of complex powers of the relative invariants

In this section we shall study the hyperfunction P!%s!(z), which is in-
troduced by (4) and is called complex powers of the relative invariant P(x).
By defining the two dimensional vectors

ey = <(1)> , and é€_ := ((1)> ,

PEl(a) = [P()}, and PE(@) = [P(o)),

we have

We define the two vectors

aver = G) — & 7, odd:= (_11> —e -

and the two linear combinations of complex powers

P(2)sen = P () = [P(2)]5 + [P(2)]2

even

1P(2) 340 = PP (@) = | P(2)[% — | P()]*.

Then it is easy to see that |P(x)|%,., is an even x*-invariant hyperfunction
and that |P(x)|5,, is an odd x*-invariant hyperfunction.

Remember the well-known formulas
det(d) det(z)** = (s + 1)(s +2) - -- (5 + n) det(z)*
on V = Mat,(R), and
Pf(9) Pf(x)*™ = (s + 1)(s +3)--- (s + 2n — 1) Pf(z)*

on V = Altg,(R). Here det(d) is the determinant of the n x n matrix
whose (i, j)-entry is 0/0x;j, and Pf(0) is the Pfaffian of the 2n x 2n alter-
nating matrix whose (i,j)-entry is 0/0x;;. They are proved originally as
the Capelli’s identity (see Weyl [22], Rais [15]). By using these formulas,
we have the following proposition, which is proved in a well-known way in
the theory of analytic continuation of complex powers of polynomials. See
for example Bernstein [1] or Igusa [5, Theorem 5.3.1].
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ProrosiTION 3.1. We have:

1. plas] (z) is an absolutely convergent tempered distribution with a
holomorphic parameter s € C if the real part R(s) is non-negative.

2. The poles of Pl%%(x) are located at s € Zog :== {—1,-2,...}.
3. Let
Eoath=—-k(k=1,2,...,n—1),
(21) PHOA) :=<n atA=—-k (k=n,n+1,...),

0 otherwise,

if V.= Mat,(R), and let

(22) PHO()) = atA\=—k (k=2n—-1,2n,...),

[B1] ata=—k (k=1,2,...,2n-2),
n
0 otherwise,

if V.= Alt,(R). We call PHO(X) the possible highest order of the pole of
Plasl(z) at s = X and the order of pole of Pl%l(z) at s = X is at most
PHO(\).

We define the Laurent expansion coefficients of the Laurent expansion
of Pl@s](z) with respect to the complex parameter. It is a crucial object of
this paper.

DEFINITION 3.1. (Laurent expansion coefficients) Let P@l(z) be the
hyperfunction defined by (4) with a meromorphic parameter s € C and let
A € C be a fixed point.

1. For a two dimensional non-zero complex vector @ € C?, we define
o(@,\) € Z by

(23) o(d@, ) := the order of pole of PI%l(z) at s = X,

and we define o(0, \) = —co.

2. For a fixed @ € C? and A € C, we denote by

(24) Plasl(z) = 3" P (@)(s — 2k
keZ

the Laurent expansion of Pl%%(z) at s = X and we call P,La”\] () the Lau-
rent expansion coefficient of degree k of P& (x) at s = A. In particular,
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PEE\[]Y N (x) is the lowest degree non-zero term among the Laurent expansion

coefficients of Pl@sl(z) at s = \.
Then the following proposition is easily verified and we omit the proof.

PROPOSITION 3.2. Let Pk[;&’)‘] (x) be the Laurent expansion coefficient
of degree k of Pl%s)(z) at s = X\, which is defined in (24).

1. Each P,Ea”\] (z) is a G-invariant hyperfunction.

2. Fach P,Ea”\] (x) is real analytic on V — S.

3. Forany A€ C and k € Z, P,Ea”\] (x) is linear with respect to d.

4. If P,Ed’)‘] (xg) # 0 for some point xo € V1 (resp. V_), then it is
non-zero at every point in 'V (resp. V_).

5. Supp(P,{E&’)‘](ac)) cSif k<.
6. P (2) =0 if k< —0(@,N).

Now we prove that the Laurent expansion coefficients P,La”\] () (keZ)
are quasi-relatively invariant hyperfunctions.

PROPOSITION 3.3. Let A be a complex number and let P,Ed”\] (x) be the
Laurent expansion coefficient of degree k of P! (x) at s = X\ defined by
(24). Then, for an integer ¢ =0,1,2,...,

[@,A]
—o(a,\)+gq (J})

is a non-zero quasi-y-invariant hyperfunction of proper quasi-relative-de-
gree q.

Proof. Consider the Laurent expansion

Pl (@) = 3™ P () (s — M.

kEZ

Let Ay be an element of & with dx(Ap) = 0. Then we have
((Ag - x,0) — Aox(Ag)) Pl (z) = (4¢ - 2, 0) Pl®*(2) = 0,
and hence we have

((Ap - 2, 0) = Mox(40) B (z) = 0,
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for all A4p € & with 0x(Ag) = 0 and for all k& € Z. Next, let Ay be
an element of & satisfying dx(A4g) # 0 (for example, the identity matrix
operator). Then we have

dx(Ao) (Ao -z, a> = A0x(A0)) Pl ()

= 3" 6x(A0) " (Ao - 2, 8) — Aéx(Ag) P (@) (s — M)
kEZ

= (s — A)Plasl(z)
=3 A (@)(s - M

keZ

and hence we have
(25) 5x(A0) " (Ao - 7, 8) — Aox(Ao) P () = Pl ().

This means that P,La)\] (x) #0if Pk 1 ( ) # 0.
On the other hand, we see from the definition that

Pﬁ‘“} ( ) #0 and P[aoz\] N (x) =0.

Then we have
(9x(A0) " ((Ag - 2,8) — Mox(40))) P | () = Pl (x) #0

and

(0x(A0) ™ ((Ag - ,0) — Aox(Ao))) T PO || (@) = PO

(@Al
This shows that P @) +q

tion of proper quasi-relative-degree q. 0

(x) is a non-zero quasi-y*-invariant hyperfunc-

The converse of this proposition is true and the proof will be given in
Theorem 8.1.

84. Holonomic systems characterizing relatively invariance

In this section, we introduce the holonomic system M ) whose solutions
are y*-invariant hyperfunctions on V' and describe the structure of the
characteristic variety ch(M ). We omit the proof here since they are easily
verified in the same way as the proof of the calculation of the characteristic
varieties in Muro [8] and Muro [10].
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We denote the system of linear differential equations by

(26) My ((A-z,0) — Aox(A))f(z) =0 forall A€ &.

Then M) is a holonomic system, for the characteristic variety of M is
given by

(27) ch(My) = [JAs

=0

where A; := W Here, W means the closure of the conormal bundle of
the variety S;. Each A; is an irreducible G-invariant Lagrangian subvariety
in T*V =V x V* on which the group G acts in the manner given by (7)
and (10). Each A; has the following two G-orbits Afc. When V = Mat, (R),

they are
L, ; Op—;
+ . . n—i n—i
el ) ()
where I; = I;r is the 4 x 4 identity matrix and I, := (Ii—l 71). When

V = Alta,(R), they are

(29) A= G'<<Jni 02z'> ’ (02(’”’) J'i))

2
where J; = J = (—0}1 éi) and J; := (70;., Ioii ) The subset A :=
AFUAS = A - U;z; Aj is a dense subset in AZ-Z. If |i —j| =1, then A; and
A; has an intersection of codimension one. If |i — j| > 1, then A; and A;
has an intersection of codimension > 1. The intersection A; N A; 41 has a
dense G-orbit in it, which is generated by

I_i 1 On—i _
(< Om) , < I>) when V' = Mat,(R),

Jn—i-1 O2(n—i) _
(( Ozi) , ( 7, ) when V' = Altg, (R).

The following propositions were proved in Muro [10, Theorem 5.6] and
Muro [10, Theorem 5.7], respectively.

(30)
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PROPOSITION 4.1. Let A be an arbitrary complex number. Then any
hyperfunction solution to My belongs to the vector space generated by

(31) (P9 @) |aec?).

(Here, we define PEO(;?(% 5 () := 0 since plo.s] () =0.)

PROPOSITION 4.2.  Any singular G*-invariant tempered distribution is
written as a linear combination of Laurent expansion coefficients of P1%] ()
of negative degree at s = —1,—2,....

§5. Principal symbols of the hyperfunction solutions to M

In this section we review the real principal symbol oa¢(u(s,z)) on each
Lagrangian orbit A§ — or we simply call principal symbol — of a hyperfunc-
tion u(s,z) with a meromorphic parameter s € C provided that u(s, z)|s=x
— or (s — A)*u(s,z)|s=x if u(s,z) has a pole of order k at s = A — is a
solution to the holonomic system My for each complex number A € C. We
present it by using the coefficient function c(s), which is a meromorphic
function in s € C. Then the computation of the poles and the Laurent
expansion coefficients of the coefficient function vector (¢§(s))i=0,1,....n,e==+
is equivalent to the computation of those of u(s, x). The situation is almost
the same as that of the case of invariant hyperfunctions on the real sym-
metric matrix space, which we considered in Muro [11]. We give here some
results on the relations between the hyperfunction solution u(s,z) and its
principal symbol o¢(u(s,z)) without proof since the proof is almost the
same as the one in Muro [11].

We shall give a canonical basis of the principal symbol following the
theory in Kashiwara-Miwa [7] and Muro [8]. Let A7 be the open subset
defined above and let A§ (e = %) be a connected component of A. We
define a non-zero real analytic section €25(s) (e = %) of the sheaf of half
volume element on A§ by

(32) Qi(s) := [Pag (2, y)I"V]wag (2, y)|.

Then the section €25(s) depends on s € C holomorphically. Here, we set

(33) Pye(,y) »= P(rw (z,9))/(o(z, y)lw)™ " |ac,
lmay o T (ldz]) Ado(z,y) /o
(34) Ai( 7y) T O'(:E,y)MAi /d ( 73/) Ag’
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where ¢ := o(z,y) is a function on V' x V* defined by o := (z,y)/n; mw is
the projection map from the subvariety

(35) W= {(z,y) eT*V | (Az,y) =0 forall Ac &'} CV x V*

to V, where &' := {4 € & | 6x(A) = 0}; my, and py, are the constants
such that (33) and (34) are non-zero on A, respectively. We define P(x) :=
det(z) (resp. P(z) := Pf(z)) and |dz| is a non-zero volume element on V'

defined by
’dl” = /\ dl’ij
1<i,j<
(36) =
(resp. |dx| = /\ dx;j )
1<i<j<2n
with
Tl T2 o Tip
Tol Toy o Xop
T = . eV
Tnl Tn2 - Tpn
(37)
0 Ti2 o T12n
—T12 0 e Xo9p
(resp. T = € V)
—T12n —T22n - 0

when V is the nxn square matrix space (resp. the 2nx2n alternating matrix

space). We have my =i and pp, = i

(resp. ma, =i and pp, = i(2i — 1))

in the case of square matrices (resp. alternating matrices). We call the

homogeneous degree of (32) with respect to y the order of M4 on A; and

denote it by ordery;. In our cases, we have

(38) ordery, = {_,L:S - QQ/.Q) when V7 = Matn(R)
—is —i(2¢ — 1) when V = Altg, (R).

PROPOSITION 5.1.  Let u(s,x) be a microfunction with a meromorphic
parameter s € C. We suppose that u(s,z)|s=x — or (s — NFu(s,z)|s=x if
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u(s,x) has a pole of order k at s = X\ — is a solution to the holonomic sys-
tem My for each complex number A € C. Let A be a connected component
in A;. Then we have:

1. The principal symbol o (u(s,x)) is written as a constant multiple
of the real analytic section of QS(s)/+/|dx|:

(39) o (u(s, ) = ¢§(s) - Q(s)//Idal.

Conversely, if every constant multiplication term c{(s) is given on each
A, then the corresponding microfunction solution u(s,x) satisfying (39) is
determined uniquely provided that it exists.

2. Each c(s) is a holomorphic (resp. meromorphic) function in s € C,
if and only if u(s,x) depends on s € C holomorphically (resp. meromorphi-
cally) on each AS.

Remark 5.1. The definition and some fundamental properties of hy-
perfunctions (resp. microfunctions) with a meromorphic parameter s € C
is given in Kashiwara, Kawai and Kimura [6, Chapter 3, Section 8]. In
short, it is a hyperfunction (resp. microfunction) which satisfies the Cauchy-
Riemann equation with respect to s € C after regularizing the poles. For
example, Pl5s] (x) is a typical hyperfunction with a meromorphic parameter
s eC.

Proof. The proof is the same as the proof of Muro [11, Proposition 3.3].
0

We consider hyperfunction solutions to M of the form
(40) P (z) = ay | P(@)[3 + a- | P(2)]"

introduced in (4). Since P%*l(z) is a hyperfunction with a meromor-
phic parameter s € C, the microfunction image sp(P%*l(z)), where sp
is the isomorphic map sp : By =~ w.(Cy), and its principal symbols
aAg(sp(P[‘i’S] (x))) depend on s € C meromorphically. Here, By and Cy
are the sheaves of hyperfunctions on V' and microfunctions on 7%V, re-
spectively, and 7,(Cy) is the direct image of the sheaf of microfunctions on
T*V to V. We often denote the principal symbol by o (Pl35l(z)) instead

of aAg(sp(P[‘i’S] (x))) for the simplicity.
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DEFINITION 5.1. (Coefficient functions) Let

(41) oas (P1(2)) := ¢§(a@, 5% (s)//|de]

with ¢§(d@, s) being a meromorphic function in s € C. We call c¢{(d,s) a
coefficient function or simply a coefficient of P! (x) on A§ with respect to
the canonical basis

(42) Qi(s)/v/|dx].

In particular, we see easily ¢§(d@,s) = ae (e = £). It is easily checked that
the coefficient functions ¢§(@, s) depend on @ € C"*! linearly and on s € C
meromorphically.

We give the analytic relations (43) and (44) combining the coefficient
functions of a hyperfunction solution with a meromorphic parameter s € C.

PROPOSITION 5.2. The coefficient functions on A7_; and A have the
following relation fori=1,2,...,n.

1. (the case of square matrices)

2. (the case of alternating matrices)

[H(zf )} _T(s —\f—/Q_z— 1)
c; (a 27
[exp —ZV-1(s+2i—1)) exp(+
exp(+5+v—1(s+2i — 1)) exp(—
X [ i—l(c_i’ S)} .

¢;,_1(d,s)

V=1(s +2i — 1))}
V=1I(s +2i — 1))

w|=\w|=\

Proof. Consider the intersections of codimension one among the irre-
ducible Lagrangian subvarieties in ch(Mj). Then only A;_; and A; have
an intersection of codimension one for ¢ = 1,2,...,n. From Kashiwara’s
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formula (Kashiwara-Miwa [7, Formula 3.6 in p. 142]), we have the relation
of the coefficient functions c{_, (@, s) and c{(d, s), which is given by

H

[CT( 78)] _ T(a(s)) [exp(—%\/—_l(a(S))) (+%\/_(04(8)))}
c Vor  lexp(+ 5V =1(a(s))  exp(—Fv—-1(a(s)))
1)~ T(Ai—1NAy))) 0

+
0 exp(—%ﬁ(r(A 1) T(Ai_lﬂAi))):|

where

1 s+1 when V = Mat, R,
a(s) = orderp, , —ordery, + — = .
2 $s+2i—1 when V = Alty, R
and
(46) T(A5_1) = sgnypce((A - i1, A" - yi_1)),

T(Ai1 NA;) = sgnyee((A - 20, A™ - 90)).

In this formula, sgn 4ce(—) means the signature of the quadratic form on
A € &, i.e., the difference of the number of positive eigenvalues and that
of negative eigenvalues of the symmetric matrix representing the quadratic
form; (z§_1,y5_,) € A{_; given by (28) and (29); and (z¢,yo) is the point
given by (30) in the dense G-orbit of A;_;NA;. We see easily that 7(AS_;) =

0 and 7(A;—1 N'A;) =0, then we have the formulas (43) and (44). U

Thus, we can compute all the coefficients (@, s) (0 < i <mnand e = %)
from the base coefficients cfj(@, s) = ae (¢ = %) by using the formula (43)
and (44). By computing the exact orders of poles of all the coefficient
functions in the set {cf{(d,s) | 0 < i < n, e = £}, we can determine the
exact orders of poles of Pl%%(z). Namely we have the following proposition,
which will be used in Section 6.

PROPOSITION 5.3. The following two conditions are equivalent.

1. Plsl(z) has a pole of order p at s = sq.

2. All the coefficient functions in {c{(d,s) | 0 < i < n, e = £} have
poles of order not greater than p at s = so and at least one coefficient of
them has a pole of order p at s = sg.
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Proof. The proof is carried out in the same way as Muro [11, Propo-
sition 3.7]. a

Next, we consider the Laurent expansion coefficients of the Laurent
series expansion of Pl () at s = sg. We can determine the exact support
of the Laurent expansion coefficients by computing the orders of poles of
the coefficient functions. Suppose that the complex power function P[5! ()
has a pole of order p at s = sg. We give the Laurent expansion of Pl%sl(z)
at s = sg by

(47) Plasl(g Z Plasol(z) (s — so)?.

W=-—p

Here, P[d’sd () is called the Laurent expansion coefficient of degree w of

Pl&sl(z). We can express the support of Pl SO]( ) in terms of the order of
poles of ¢§(@, s). Namely, we have the following proposition, which will be
used in Section 7.

PROPOSITION 5.4. Suppose that P1%%(z) has a pole of order p at s =
s0. Let (47) be the Laurent expansion of Pl%%(x) at s = so and let ¢(d, s)
be the coefficient function defined by (41) and ords—,(c5(d,s)) stands for
the order of pole of c(d,s) at s = so. Then, when w < 0, we have

(48) Supp (Pi"*l(x)) = | S

with L := {i € Z | ords—s,(c{(@,s)) > —w fore =+ ore=—}. When w =
0, we have

(49) Supp( aso] U Ve.
ac#0
Proof. The proof is carried out in the same way as Muro [11, Propo-

sition 3.8]. 0

§6. Exact orders of the poles of the complex powers

In this section we give the answer to the first problem in Problem 1.1
in Section 1. We begin with the definitions about some special subspaces
of C?
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DEFINITION 6.1. 1. Let g € Z. We define a vector subspace A(\, q) of
C? by

(50) A\ q) :={d e C?|o(@\ <q},
which consists of the vectors @ such that Pl%%!(z) has a pole of order at
most ¢ at s = A. Here o(@, A) has been defined by (23).
2. We define
Apqq = {6 e C? | at +a_ = 0},
Aeyen :={@ € C? | ay —a_ = 0}.

Then P%%(z) is an odd (resp. even) function if @ € Aggq (resp. @ € Aeyen)-
Then the following proposition is easily verified from the definition.

PROPOSITION 6.1. Let A(),q) be the vector subspace of C? defined by
(50). Then A(X,q) has the following properties.

1. For any q € Z, we have
AN q) € A(X g +1).

If ¢ < —1, then A(\,q) = {0}. If ¢ > PHO()\), then A(\,q) = C2.
2. We define, for each q € Z,

A()" Q) = A(A7 Q)/A(Av q— 1)

Then we have A(X,q) = {0} if ¢ > PHO(\) or ¢ <O0.

By determining the subspaces A(),q) for each A € C and ¢ € Z, we
can compute the exact order of the pole of PG (x) at s = A. Namely, the
exact order of the pole of Pl@l(z) at s = X is ¢ if and only if @ € A(\,q)
and the representative [a@] # 0 in A(), ).

If X\ & Z<o, then A(), q) is easily determined for each ¢ € Z since
Pl@5l(z) is holomorphic at s = A for all @ € C2. Namely we have the
following theorem.

THEOREM 6.2. Let V' be Mat,,(R) or Alto,(R). Suppose that A & Z .
Then we have

C* if q20,
51 AN, q) =
o - {{0} if 4 <0,
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and hence

(52) g = {CQ 7a=0,

{0} if ¢ #0,
for each q € Z.

For the square matrix space V. = Mat,,(R), we can determine A(\,q)
for each \ € Z g and ¢ € Z in the following theorem.

THEOREM 6.3. (square matrices) Let V' be the space of n X n square
matrices and let A be a negative integer.

1. We suppose that —n +1 < A < —1. When X is an even integer,

C? ifq>—%
(53) A\q) = { vaz-g,
{0} Zf qg < R
and hence
C? if q=-%,
(54) g ={s Tams
{0} if ¢#—%.
When X is an odd integer,
c? if ¢> =51 +1,
(55) A(A7Q) - Aodd ~C Zf q= %7
. “A—
{0} Zf q S Tl - 17
and hence
C S et |
(56) AN q) = { va=—5 T
{0} if ¢# =5, =5

2. We suppose that X < —n. When n is an even integer,

C* ifq>%,
57 A\ q) = 2
(57) (A q) {{0} if q< .
and hence

C* ifq=1%,
58 A0 g) = >
. ) {{0} i at g
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When n is an odd integer,

41

c? if ¢> 251 +1,
(59) A\ q) = Aeyen = C if =251 and X is even,
e Ao~ C if ¢= 251 and X is odd,
{0} if ¢ <5l -1,
and hence
C f g — ntl n—1
(60) A(A,q) = Zf q nil’ nglp
{0} if gL, 25t

Proof. According to Proposition 5.3, the order of the pole of Pl%sl(z)
at s = A is determined by the maximum of the orders of poles of coefficient
functions c{(d,s) (0 < i < n and € = £). By using the formula (43)
repeatedly, we have

(61) Cm(d, s) := [?Egg’ 3] = (2r)"™/? HUi(s)&'
mAT i=1
where
._ Ao [exp(= 5V =I(s +14)  exp(+5V—1(s +1))
(62)  Ui(s) :=T(s +1) x [exp(%—%\/—_l(s +1)) exp(—% —1(s+1))

4+
and d = (ZJ_r) = |% ﬁ’s) € C2. Then we can see easily that
o (@)

m

(2m)"/2E,, (event, s) = [ [ Ui(s)(event) = Fy(even, s)(ever)
(63) =l
(2m)™/2E,,(0dd, s) = [ Ui(s)(0dd) = Fy(0dd, ) (odd)
=1
where
(64)

when m = 2k,

L(s+i)(vV=1)k(p=2 - p?)*

3

-
Il
—

F,,(even, s) = — ) (p~! —p)

when m = 2k 4 1,

D(s +i)(—v=D)(p~?

3

@
I
-

https://doi.org/10.1017/50027763000008448 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008448

492 M. MURO

and
(65)
ﬁ [(s+i)(v=1)kp2—p>Fk when m = 2k,
i=1
Fm(Odd’ 5) = ﬁ F(s + i)(—\/—_l)kJrl(p*Q _p2)k(p—1 +p)

-
I
_

when m = 2k + 1,

with p = exp(5+v/—1s).
Then we are ready to determine the exact orders of the poles of P1%%(z)
at s=Ain A < —1.

1. We suppose that —n+1 <\ < —1.

First we assume that A is an even integer. Consider the orders of poles of
F,(even, s) and Fm((;ia), s) (m=0,1,...,n) at s = A\. Then the maximum
of the orders of F,(even,s) (m = 0,1,...,n) at s = X is —\/2, which
is taken by F_,(even,s), and the maximum of the orders of Fm((ﬁa, s)
(m=0,1,...,n) at s = X is also —\/2, which is taken by F,A,l((;ia), s),

—_— — —_—
F_(odd,s) and F_y,1(odd,s). Let @ := a - even + b - odd with a,b € C.
Then we have

em(d,s) = a- Ey(even,s) +b- E’m((;ia), s).

N
The vectors G, (even, s) and ¢, (odd, s) are linearly independent since they
are constant multiples of even and odd, respectively. Consider the maximum
of the orders of the poles of &, (d,s) (m =0,1,...,n). If @ # 0, then it is
the order of the pole of ¢_) (@, s) = a-c_x(even, s) +b-6’,)\((;ia, s), which is
—A/2 by the above calculation. Then, by Proposition 5.3, the order of the
pole of Pl@sl(z) at s = X is —\/2 if @ # 0. Therefore, we have

N2 ifd4£0,
o(a, \) :{ / 7

—o0 if d =0,

and we obtain (53) and (54).

Next we assume that A is an odd integer. Consider the order of poles of
F,,(even, s) and Fm((ﬁi, s) (m=0,1,...,n) at s = A\. Then the maximum
of the orders of F,(even,s) (m =0,1,...,n) at s = X is —(\ — 1)/2, which
is taken by F_,(even,s), and the maximum of the orders of Fm(m, s)
(m=0,1,...,n) at s = X is —(A 4+ 1)/2, which is taken by F_A_l(m, s),
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F,)\((;ia), s) and F,AH(O—d?i, s). We compute the maximum of the orders of
the poles of &, (@, s) (m =0,1,...,n). Note that @ := a-eﬁi—i—b-(ﬁi with
a,beC. Ifa#0inad = a-m—kb-m, then it is the order of the pole of
c_\(@,s) =a-c_x(even,s) +b- E’,A((E)i, s), which is —(\ —1)/2 from the
above calculation. If a =0 and b# 0in @ = a-even +b- (E)i, then it is the
order of the pole of ¢_5(@,s) =b- E,A((Ei, s), which is —(A +1)/2. Then,
by Proposition 5.3, the order of the pole of Pl%%l(z) at s = Xis —(\ — 1)/2.
Ifa#£0ind=a-even+b odd, anditis —(A\+1)/2if a =0 and b#0 in

a=a-even+b- (Ei, Therefore, we have

— AL ifa#OinEizmeven%—b-oTﬁ,
o(a,\) = —% ifazOandbyéOinc‘i:a-even—kb-(E)i,

—00 if d=0,

and we obtain (55), (56).

2. We suppose that A < —n. Then we see easily that the the maximum
of the orders of the poles of ¢,,(d@,s) (m =0,1,...,n) is taken when m = n.
In the same way as the proof of the case of —n+1 < X\ < —1, we can prove
(57) and (58) when A is an even integer and (59), (60) when A is an odd
integer. 0

Next, we consider the exact order of Pl%*](z) on the alternating matrix
space V' = Alty, (R).

THEOREM 6.4. (alternating matrices) Let V' be the space of 2n x 2n
alternating matrices and let A be a megative integer.

1. We suppose that —2n+2 < A < —1.

C? if q> | AL,
Aeyen ~C if | =3 ] —1>¢>0and X i
(66) A\ q) = Zf \-_)\2 1J =2q=0an Z-S even,
Apga=C if [Z32] ~1>¢>0 and A is odd,
and hence
C ) = —A+1 0}
(67) AN q) = Zf g= o | or
{0} of ¢#[=5—]. 0,
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where, for q in L#j —1>q9>0,

2. We suppose that A\ < —2n + 1.

C? if ¢>n,
Acpen>=C if n—1>¢g >0 and X\ is even,
(68)  A(\q) = ) )
Apgda=C if n—1>qg>0 and X is odd,
and hence
C if ¢g=mn or0,
(69) AN q) = .
{0} if ¢ # n,0,

where, for g inn—12>q >0,

Proof. We can prove this theorem in the same way as the proof of
Proposition 6.3. By using the formula (44) repeatedly, we have

(70) Cm(d,s) = [Z%g’ i;] = (2m)"™/2 HUi(S)E
mAT i=1

where

Ui(s) =T(s+2i—1))
(71) " [exp(—%\/—_l(s—FQi— 1)) exp(+5+v—1(s+2i—1))
exp(+5v—1(s +2i — 1)) exp(—5+/—1(s+2i — 1))

4o
and @ = (o' ) = [CE(;’ZH € C2. Then we can easily see that

m

(2m)™/%¢,, (even, s) = [ [ Ui(s) (@ver) = Fyu(@vert, s) (ever),
(72) =l
(2m)"/2&,(0dd, 5) = [] Ui(s)(0dd) = Fn(0dd, s)(odd).
=1
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where
(even, s) HF §4 20 — 1) x (—=1)mm+1)/2
X (exp(—%\/—_l(s - 1)) + exp(%\/—_l(s - 1)))m,
odd s) HF S+ 2 — 1) x (—1)mm+1)/2
X (exp(—g\/—_l(s - 1)) - exp(%x/—_l(s - 1)))m
We shall calculate the orders of the poles of Pl%*)(z) at s = A with A < —1.
1. We suppose that —2n + 2 < A < —1. First we assume that A is an
even integer. Consider the orders of poles of F,(even,s) and Fm(m, s)

(m =0,1,...,n) at s = A. Then all of F,,(eveni,s) (m = 0,1,...,n) is
—
holomorphic at s = A and the order of F,,(odd, s) at s = A is

m ifm< -4,
A .
-3 lfm> — 5

o — .
form=0,1,...,n. Let @ :=a-everi + b-odd with a,b € C. Then we have

O[> N[>~

—

em(d,s) = a-ép(even,s) +b- E’m(o—d?i, s).

The vectors ¢, (even,s) and 5m(OE>i, s) are linearly independent for the
same reason for the case of Mat,,(R). Consider the maximum of the orders
of the poles of ¢y, (d,s) (m = 0,1,...,n). If @ # 0 and @ &€ Aecven, then
it is the order of the pole of amﬁi,s) with m = —A/2,-A/2+1,...,n
and the value is —\/2. Then, by Proposition 5.3, the order of the pole of
Plasl(z) at s = Nis —A\/2if @# 0 and @ & Aeven- If @ # 0 and @ € Acyen,
then it is the order of the pole of ¢y(even, s) and the value is 0. Then, by
Proposition 5.3, the order of the pole of Pl&*!(z) at s = A is 0 if @ # 0 and
a € Acven. Therefore, we have

—2 ifd@#0and @ ¢ Acven,
(74) o(@,\)=<¢0 if @#0and @ € Aeven,

—o0 if @a=0,
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when A is even. .
Next we assume that A is an odd integer. Then all of F,(odd, s) (m =

0,1,...,n) is holomorphic at s = A and the order of Fj,(even,s) at s = X is
{m if m< #,
A1 —A+1
== if m > =5,
for m = 0,1,...,n. Consider the maximum of the orders of the poles of

ém(d,s) (m=0,1,...,n). If @ # 0 and @ € Ayqq, then it is the order of
the pole of &, (even,s) with m = (=X +1)/2,(=A+1)/2 +1,...,n, and
the value is (—A +1)/2. Then, by Proposition 5.3, the order of the pole
of Pl&sl(z) at s = Nis (<A +1)/2if @ # 0 and @ ¢ Aoqq. If @ # 0 and
a € Aogq, then it is the order of the pole of 50(<E1, s) and the value is 0.
Then, by Proposition 5.3, the order of the pole of Pl#sl(z) at s = X is 0 if
d# 0 and @ € Aogq. Therefore, we have

# ifc‘i;éOandc‘ingdd,
(75) o(@,\) =<0 if @#0and d € Aoga,

—00 if @d=0,

when A is odd.
From (74) and (75), we obtain (66), (67) since

L,)\HJ _ —% if X\ is even,
2 =ALif ) is odd.

2. We suppose that A < —2n 4+ 1. Then we see easily that the the

maximum of the orders of the poles of &, (d,s) (m = 0,1,...,n) is taken
when m = n. In the same way as the proof of the case of —2n+2 < A < —1,
we can prove (68), (69). 0

§7. Exact support of Laurent expansion coefficients of complex
powers

In this section we give the answer to the second problem in Problem 1.1
in Section 1, i.e., the determination of the support of the Laurent expansion
coefficients PLaq’ ]( ) for each q € Z~q, @ € C?> and A € C. For the square
matrix space, we have the following exact support theorem on the Laurent

expansion coefficients of Pl%s(z).
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THEOREM 7.1. (square matrices) Let V' be the space of n X n square
matrices and let A be a negative integer.

1. We suppose that X\ is an even integer. We put m := —\/2 € Z~y.
(a) Suppose that @ = (at,a_) & Acven. Then

0 forq=m4+1m+2,...,
(76) Supp (PN (@) = 85y 1 forg=1,...,m,
Ua€7é0 VE fm’q S 05

if m< |2 and
. 0 forq= 2] +1, [ +2,..,
(77) Supp(P M) =807 forg=1,... (2],
Ua€7£0 VG fm’(ISOa
if m> 25
(b) Suppose that @ := (ay,a_) € Aeyen, and @ # 0. Then

0 forq=m+1m+2,...,
(78) Supp(PLaq’A] (z)) =4 Sag forqg=1,...,m,

UQ#OVe:V for g <0,

if m<|[%5] and

(79)
0 forq= %] +1,[5]+2,...,
Supp (P (2)) = ¢ 5, fora=1,...,|%].
Ua€¢0V€ =V forq<o,
Fm>|nl.
2. We suppose that X\ is an odd integer. We put m := (=\+1)/2 €
Z~0.

(a) Suppose that @ := (at,a—_) & A,qq- Then

0 forg=m+1,m+2,...,
a,\ =
(80) Supp(PLl’ ](:J:)) = q S2-1 forqg=1,...,m,
Uae;éO Ve fOT’q S Oa
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if m< 2] and

0 forq:\_nTHJ—i_lv\_nT—HJ—i_Qv“-:
(81) Supp(PMN@) ={ 851 forg=1,..., [
Ua€7£0 VG fO’f’ q S 07
if m> |25
(b) Suppose that @ := (at,a_) € Asgq and @ # 0. Then
0 forq=m,m+1,...,
(82) Supp (P [a)‘]( )) =4 Sz forq=1,....,m—1,
UaE#OVGZV fOT’qS(L
if m—1<|[%] and
(83)
- 0 forq:L%J—l—l,L%J—l—Q,...,
Supp(P%Y(2)) = { 55, forq=1,...,[%],
UazoVe=V  forq<0,
if m—12> %]

Proof. First we suppose that A is a negative even integer and @ € Aeven-
Then the order of the pole of Pl&sl(z) at s = \ is

” {—% if —n+1<A<—1,

lnTHJ if A< —n,
by Theorem 6.3. Consider the Laurent expansion of Pl%sl(z) at s = A

Plasl () = > PN () (s — \) 9.

w>max{— — ";rlj}

From Proposition 5.4, when w < 0, we have

(85) Supp (P, PLaA (g U S,
1€L

with L := {i € Z | ords=s,(¢i(d,s)) > —w} and when w = 0, we have

(86) Supp (P, [a )‘] U V..
ae#0
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By using (64) and (65), only the orders of poles of ¢;(@,s) in —A—2p—1 <
i <min{—XA+2p+ 1,n} are at least ¢ = —% —p. Here p=10,1,...,—\/2.
Therefore, if ¢ > 0, then we have

Supp(PEIN (z)) = U S; = Sog-1
2¢—1<i<min{—2X\—2¢+1,n}

by applying the formula (85) since —A—2p—1=2¢—1and —A+2p+1=
—2X —2¢g+ 1. On the other hand, by the order formula of the pole (84), we
have

a . A
Supp(PLZ’A] (2)) =0 ifg> 5

when —n+1 < X < —1, and
a,\ . n
Supp(P5V(2) =0 if ¢ > [ 241

when A\ < —n. Then we have (76) and (77) from the formula (86).
Next we suppose that A is a negative even integer and @ € Acyen With
@ # 0. Then the order of the pole of Pl%%(z) at s = X is

. {_g if —n+1<A<—1,

5] if A< —n,
by Theorem 6.3. Consider the Laurent expansion of Pl%s)(z) at s = X

PEl@ = Y PEN@) s - )
w>max{ 5, —| 5|}
By computing the orders of poles in (64) and (65), only the orders of poles
of ¢i(@,s) in —A —2p <i < min{—\+2p,n} are at least ¢ = —% — p. Here
p=0,1,...,—\/2. Therefore, if ¢ > 0, then we have

Supp(PL(iq’)‘] (a:)) = U Si =S
2¢<i<min{—2X—2¢,n}

by applying the formula (85) since —A —2p = 2q and —\ + 2p = —2\ — 2q.
On the other hand, by the order formula of the pole (84), we have

a . A
Supp(PLZ’A] (2)) =0 ifg> 5
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when —n+1 <\ < —1, and
@A . "
Supp(Piq ](a:)) =0 if ¢> |2

when A < —n. Then we have (78) and (79) from the formula (86).
For the case that A is a negative odd integer, we can prove (80) and
(81), (82) and (83) in the same way. [

Next, we give the exact support theorem of the Laurent expansion
coefficients of Pl%#](z) on the alternating matrix space.

THEOREM 7.2. (alternating matrices) Let V' be the space of 2n X 2n
alternating matrices and let A be a megative integer.

1. We suppose that X\ is an even integer. We put m := —\/2 € Z~y.
(a) Suppose that @ = (ay,a_) & Acyen. Then

0 forq=m+1,m+2,...,
ax —
(88) Supp(P%Y(2)) =< 5, forq=1,...,m,
Uae;ﬁo VG fOT’ q S Oa
if m<n and
0 forq=n+1n+2...,
ax —
(89) Supp(PLq }(x)) =495, forq=1,...,n,
Ua€7£0 VG fO’F(ISO,
if m>n.
(b) Suppose that @ := (a+,a_) € Aepen and @ # 0. Then
a > 0,
(90) Supp (P2 (2)) = {(07 for q
UG#OVG =V forq<O,
2. We suppose that X\ is an odd integer. We put m := — 2“ € Z~yg.
(a) Suppose that @ = (ay,a—) & Aoda- Then
0 forq=m+1,m+2,...,
a,\ =
(91) Supp(PLl’ ](x)) =495 forq=1,...,m,

Uaezo Ve forg<0,
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if m<n and
0 forq=n+1,n+2,...,
(92) Supp(PLaq’)‘] (x)) =18, forq=1,...,n,
Uae;éO Ve fOT q S Oa
if m>n.
(b) Suppose that @ := (ay,a_) € Aygq and @ # 0. Then
a. > 07
(93) Supp (P12 (2)) = b for q
UazoVe=V  forqg<o.

Proof. First we suppose that A is a negative even integer and @ € Aeven-
Then the order of the pole of Pl%%l(z) at s = X is

A .
-5 if -2 1<A<-1
(04) 2 e
n if A < —2n,
by Theorem 6.4. (Note that | =3 | = —2 when X is even.) Consider the

Laurent expansion of Pl%l(z) at s = A

PAd@) = Y PNy s - A

meaX{%, —n}

By computing the orders of poles in (64) and (65), only the orders of poles of
G(d,s) in —%—p <4 < mnare at least ¢ = —%—p. Herep=0,1,...,—)\/2.
Therefore, if ¢ > 0, then we have

ax —
Supp(PLq ](x)) =8,
by applying the formula (48).
On the other hand, by the order formula of the pole (94), we have
a . A
Supp(PLI’M () =0 if ¢> 5
when —2n+1 < A < —1, and

Supp(PE;\] () =0 ifg>n

when A < —2n. Then we have (88) and (89) from the formula (49).

Next we suppose that A is a negative even integer and @ € Aeyen With
@ # 0. Then Pl%#](z) is holomorphic with respect to s at s = A and hence
we have (90).

For the case that A is a negative odd integer, we can prove (91), (92)
and (93) in the same way:. 0
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88. Application 1: Explicit description of quasi-relatively invari-
ant hyperfunctions

We have seen in Proposition 3.3 that a Laurent expansion coefficient
of Pl@sl(z) at s = X is a quasi-y*-invariant hyperfunction. In this section,
we prove that every quasi-y*-invariant hyperfunction can be written as a
linear combination of Laurent expansion coefficients of Pl%!(z) at s = X
(Theorem 8.1). Furthermore, we see that every singular quasi-y*-invariant
hyperfunction is in fact y*-invariant on the biggest-dimensional orbit of the
support (Theorem 8.2).

THEOREM 8.1. Let A be a fized complex number and let QI(X,q) be
the vector space of quasi--invariant hyperfunctions whose quasi-relative-
degrees are at most q. Then, the dimension of QI(),q) is 2(¢ + 1) and the

hyperfunctions
[veR, \] [veR, A [cveR, A

(95) Pfo(tﬁi,)\)( ) —o(even, )\)+1( ) 17 —o(even,\)+q (.CL‘),
dd N () plddN gy plddN
—o(odd,\) —o(odd,\)+1 —o(odd,\)+q

form a basis of QI(\,q).

Proof. We first prove that the elements in (95) are linearly indepen-
dent. We suppose that

q —
— pleven, A plodd.\] _
(96) f(z) = Z; a; P ) (@) + bZP_O(mAW(x) =0.

We shall prove that a; = 0 and b; = 0 for all ¢ =0, ..., g by induction on q.
When ¢ = 0, we have

[even, A| [odd Al
(97) P e (#) and P —o(odd, A)(x)

are linearly indip_fzndent. In fact, if A is not an negative integer, then
o(even, A) = o(odd, ) = 0, and hence (97) are linearly independent since

pleven. ] )(:):) _ P[mi)\](x) and p[Od(d Al (z) = plodd (x) from the defi-

—o(even, A ad,\)
nition. If X\ is an negative integer, then the supports of the hyperfunctions
n (97) are different (Theorems 7.1 and 7.2), and hence (97) are linearly
independent. Next, we assume that our assertion is valid when ¢ = k£ and
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suppose (96) for ¢ = k + 1. Let O := 6x(Ao) "1 ({(Ag - 7,0) — Adx(4p)) with
Ap being an element of & satisfying dx(Agp) # 0. Then we have

O f(2) = ann P () + b PUGR () =0,
by (25), and hence ajy1 = bi1 = 0. Then, from the induction hypothesis,
we have a; = b; = 0 for all ¢ = 0,...,k, and, after all, we have a; = b; =0
for all ¢ = 0,...,k+ 1. Thus our assertion is valid for ¢ = k£ + 1, and we
have completed the proof of the linear independence of the hyperfunctions
in (95) for all non-negative integer gq.

The rest of the proof is devoted to showing that any element in QI (), q)
is written as a linear combination of (95). We shall prove it by induction
on q.

First we prove it when ¢ = 0. Then we have only _to prove that
any element of QI(\,0) is written as a linear sum of PEQZ(G%]M) (z) and

[odd.
—o(odd,\)
(For the definition of A(\, q), see Proposition 6.1.)

(z). Since P ez AN q) ~ C2, the following two cases occurs.

1. There is only one integer q; satisfying A(),q1) ~ C2.

2. There are two integers qi,q2 with ¢ > g¢o satisfying A(\, q1) ~
A\ g2) = C.

In fact, the integers q1, g2 have been determined in Theorems 6.2, 6.3
and 6.4. Furthermore, it has been proved that

_ .
1. In the first case, A(\, q1) is generated by even and odd.

2. In the second case, either one of the following two cases occur:
- JEEE J—

A(), q1) is generated by even and A(A, q2) is generated by odd, or, A(X, q1)
is generated by odd and A(\, ¢2) is generated by even.

Note that any vector @ € C? is written as @ = a; - even + as - odd with
ai,as € C.

First we consider the first case. By Proposition 4.1, any x*-invariant
hyperfunction is written as a finite sum of some functions in {PE)()‘; N (z) |
@ € C?}. Since o(d@,\) = qi if @ # 0 in this case, any x*-invariant hyper-
function is given by

PEZ’I\] (x) = alPEef{’A] (z) + agPEO(id’/\] (z)

for some @ € C2. This is what we want to prove.
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Next we consider the second case. We suppose first that A(X,q1) is
generated by even and A(),q2) is generated by odd. Since o(@,\) = q if
a1 # 0 and o(@, \) = ¢ if a1 = 0,as # 0, any y*-invariant hyperfunction is
given as a linear combination of

PN @) = o, P ()

with a1 # 0, and

an odd, A
PN () = ap PLI ()

with a1 = 0,a2 # 0. This is what we want to prove. For the case when

- N -
A(X\, q1) is generated by odd and A(\,q2) is generated by even, we can
carry out the proof in the same way. After all, we have proved that any

x -invariant hyperfunction is written as a linear sum of PE’F% N (z) and
P[Od((%]i 3 (). Thus we have finished the proof for the case of ¢ = 0.
—o(odd,

Next we shall prove the case of ¢ = £+ 1 under the assumption that we

have proved the case of ¢ = k. We prove in the first case, i.e., A()\,q1) ~ C2.
From the induction assumption, we see that

(98) PET @), PSR @), PR @),
odd,\ odd,\ odd,\
P£0q1 ](.T), P£0q1+1] (.’E), FR) P£0q1+k] ($)7

generate the vector space QI(\, k). Let f(z) be a quasi-y*-invariant hy-
perfunctions of quasi-relative-degree k + 1. Then, from Definition 2.1,

g(x) == Uf(z)

is a quasi-x*-invariant hyperfunctions of quasi-relative-degree k and hence
it is given as a linear combination of the hyperfunctions in (98):

k —
&ven, A dd,x
g(@) = 3" ap PN (@) + b PO ()
7=0

with a;11,b;41 € C ( =0,...,k). Then, by putting

k —
~ &ven,\ dd,A
3@) =" ai PO (@) + b PEAYY (@),
1=0
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we have
O(f(z) —g(z)) =0

from (25). Then, since f(z) — g(x) is quasi-y*-invariant and hence G'-
invariant by Proposition 2.1, we have f(x) — g(z) € QI(),0) by Proposi-
tion 2.1. Therefore, from the proof of the case when ¢ = 0, f(z) — g(z) is
written as

f(@) = g(x) = agP TN (@) + 0o PN (),

with ag, by € C. Then we have

f(@) = agPIS N (@) + bo PN () + G(a)

and hence f(z) is written as a linear combination of

everi,\ &ver, \ &VeT,\
PEEA ), PEERA 0y L PN (),
‘dﬁ,)\ Tia7A Tig,A
P£0q1 ](x)’P£0q1+1] (), .. ,P£0q1+k]+1(x).

This is the proof of the induction step for the first case. For the second
case, i.e., A(\,q1) ~ A(X, q2) ~ C, we can prove the induction step of the
proof in the same way.

After all, we can prove that if any element of QI(\, k) is written as a
linear combination of

[even, ] [eveni, )| [even, )]
—O(M,A)( ); —O(W,A)+1($)""7 —O(M,)\)+k($)’
lodd Al (), plodd ALy - pleddAl gy
—o(odd,\) —o(odd,\)+1 —o(odd,\)+k

then any element of QI(\, k + 1) is written as a linear combination of

[&vei, ) [&ve, | [&vei, )
—o(m,)\)( ); —O(M,A)+1(‘T)’ T —O(M,A)+k+1(‘r)’
PN @ P @) PR @)
—o(odd,A) Y 77" —o(odd,A)+1 77T —o(odd,A)+k+1
Thus the proof is completed by induction on gq. 0

As an application of Theorem 8.1, we have the following theorem. This
theorem asserts that any singular quasi-x*-invariant hyperfunction is al-
most y*-invariant.
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THEOREM 8.2. Let f(x) be a quasi-x-invariant hyperfunction and we
suppose that f(s) is singular, i.e., the support of f(x) is contained in the
singular set S := {x € V' | det(x) = 0}. Then there exists an integer iy > 0
satisfying Supp(f(x)) = S;,. Furthermore, for any point xo € S;,, there
exists a neighborhood U, of xo such that f(x) is x -invariant on U, .

Proof. In Theorem 8.1, we have seen that any quasi-y*-invariant hy-
perfunction f(z) is written as a linear combination of Laurent expansion
coefficients at s = A of PEveris] (z) and Plddsl(z). By Theorem 8.1, if f(x)
is singular, it is written as
(99) fla) =) apB N @) + ) by Ppit ()

p<0 q<0
with negative integers p,q and complex coefficients ap,b, € C. Ey Theo-
rem 7.1 or Theorem 7.2, the support of each Pzgeven’)‘] (z) or Pq[Odd’)‘] (x) is
one of the closures S; of the singular orbits S; (i = 1,...,n). Let S;, be

the biggest-dimensional orbit appearing there and let Ag € & be an element
satisfying dx(Ap) # 0. Then we have

g(x) = (0x(40)) ™" ({Ao - 2, 8) — Adx(A0)) f ()

100 Gveni, \ odd, A
(100) = apP}Ll @)+ > quq[fl J(x)
p<0 q<0

by (25). The supports of ngﬂ] (z) and Pq[(idld’/\](

are contained in S;,+1 since the supports of those appearing in (99) are
contained in S;,. Therefore we have Supp(g(z)) C Sj,+1. Then, for any
point zg € S;, = S;, — Si,+1, there exists a neighborhood U, satisfying
Uy NSigr1 =0 and g(z) = 0 on U,,. This means that f(x) is x*-invariant
on Uy,. [

x) appearing in (100)

If f(z)isa quasi-y*-invariant hyperfunction with support on the open
orbits, then it contains the terms of the form

at|P(x)[} (log |[P(2)])* + a|P(2)* (log |P(2)])*

with & € Zsg. Then f(z) is quasi-y*-invariant on V' — S, but not x*-
invariant on V' — S though the open orbit is the largest-dimensional orbit
in the support. On the other hand, Theorem 8.2 shows that f(z) is in fact
x-invariant on the largest-dimensional orbit in the support if the support
of f(x) is contained in S. Such phenomenon can be observed in some other

prehomogeneous vector spaces.
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§9. Application 2: Fourier transforms of singular G'-invariant
tempered distributions

The second application is the computation of the Fourier transform of
singular Gl-invariant tempered distributions. We have seen in Proposi-
tion 4.2 that any singular G''-invariant tempered distribution is written as
a linear combination of Laurent expansion coefficients of P%%!(z) of nega-
tive degree at s = —1,—2,.... Then we have only to compute the Fourier
transform of the Laurent expansion coefficients of negative degree for the
computation of the Fourier transforms of singular G''-invariant tempered
distributions. By using the result in Sections 6 and 7, we can see what sin-
gular Laurent expansion coefficients come out from the Laurent expansions
of Pl@sl(z). In this section, we give the formulas of the Fourier trans-
forms of each singular Laurent expansion coefficients (Theorems 9.3, 9.4 for
the square matrix spaces and Theorems 9.7, 9.8 for the alternating matrix
spaces). In Corollarys 9.5, 9.6 and 9.9, we give some results on bi-singular
tempered distributions.

We begin with the computation of the Fourier transform of the rela-
tively invariant tempered distribution P[%#](z) with a meromorphic param-
eter s € C. Though the result of the calculation of the Fourier transform of
Plasl(z) is well known, we give here the same result by using the micro-local
method.

In this paper, the Fourier transform of a tempered distribution f(z) is
denoted by

f@) = 1) = / F(2) exp(—vT(z, 1)) da.

All the hyperfunctions in this section are tempered distributions and the
Fourier transforms are treated in the framework of the Schwartz’s theory
of Fourier transforms of tempered distributions.

PROPOSITION 9.1.  The Fourier transforms of |P(x)
are given by the following formulas.

and ‘P(x”f}dd

S
even

1. (The case of square matrices)
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(a) When n = 2k, we have

/ {ﬁ(@) } exp(—v/ L (z,9)) dx

odd
(101) = (2m)" /22 X D(s+ D)I(s +2)---T(s +n)
« (VT ) (exp(—mv/=T ) — exp(ry/—T s))* {}ﬂz;'dﬁ}

(b) When n =2k + 1, we have

/ {‘53((?)%”6”} exp(—v/=1 (z,y)) dz

odd
— 2m)"™ /22 X D(s+ DI (s +2)---T(s +n)
x (= =1 )" (exp(—mv/=15) — exp(my/—15))"

X{(GXP(—W —15/2) —exp(mv—15/2))|P(y) evsenn}
(exp(=mv'=15/2) 4+ exp(mv/—15/2))|P(y)] 05 "

(102)

2. (The case of alternating matrices)

(103)
[} e
= (2m)"( =D~ D2 (s 4+ 1) (s +3) -+ - D(s 4+ 2n — 1)

o [{exp(—my/Ts/2) — explry/=Ts/2)" | P(y) 2
* (V=1 X{<exp<—7r T4/2) + explm —1s/2>>”|P<y>|0;d2"“}

Proof. We give an outline of the computation of the Fourier transforms
by using micro-local calculus. The following lemma is a direct consequence
of the general formula of the Fourier transform of a homogeneous regular
holonomic tempered distribution by the micro-local method. This means
that the principal symbol of the homogeneous regular holonomic tempered
distribution on the conormal bundle is written by its Fourier transform.
The proof was given by Kashiwara-Miwa [7, Lemma 2.2 in p. 123], and we
do not give the proof here.
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LEMMA 9.2. Note that, by (41), the principal symbol of Pl@sl(z) on
the conormal bundle of the origin A,, = {0} x V* C T*V is given by

—

(104) ons (P15 (@) = ¢5,(@, )% (s)//|dx].

Then we have

1. (the case of square matrices)

(105) / Plas)(2) exp(—v/=T () do = (2072 3 (@, 9)| P(y)| 5"

e=+

2. (the case of alternating matrices)

/ plas] (z) exp(—v/—1 {(z,y)) dx

(106) (2n) n(2n—1)/2 Z y)|7s 2,

+o

We have already calculated ¢, (d,s) = [Z’lgzﬂ by (61) in the proof of

Theorem 6.3 in the case of square matrix space and by (70) in the proof of
Theorem 6.4 in the case of alternating matrix space.

We consider the case of square matrix space. By (63), we have

/P[evens] eXp( \/__1<x,y>)d5[f—/’P(w)’:venexp(—\/—_1<$,y>)dx

= (2m)"2(c; (&vet, )| P(y) | 1" + ¢, (&vet, )| P(y)| ")
= (2m)"/* 2 F, (everl, 5) | P(y) | oon”

even

where F),(even, s) is defined in (64). Similarly, we also have
/|P(fb‘)liddexp(—v—1<$7y>)dﬂf:( )22 (0dd, 5)| P(y) | odr ™

where Fn(m, s) is defined in (65). From the explicit computation of
F,(even, s) and F, (o—d?i, s) in the proof of Theorem 6.3, we have the formu-
las of Fourier transform (101) and (102).

For the case of alternating matrix space, we have the formula of Fourier
transform (103) by using (70), (72) in the proof of Theorem 6.4 and the

explicit forms of F),(even, s) and F,(odd,s) in (73). [

https://doi.org/10.1017/50027763000008448 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008448

60 M. MURO

Now we go to the formulas of the Fourier transforms of the singular
Laurent expansion coefficients. First we consider the square matrix space.
Let V' be the space of n x n real square matrices. We set

B ) ST R L IRy

x (vV=1)"?(exp(—mv/—15) — exp(mv/—15))"/?
if n is an even integer, and
(108)
{AOdd(s) } = (2m)" 272 X D(s + 1)0(s +2) -+ (s +n)
Aeven(s)
x (—v/=1)= /24 (exp(—my/—15) — exp(my/—1 5)) "~ 1/2
“ (exp(—mv/—15/2) + exp(mv/—15/2))
(exp(—myv/—15/2) — exp(my/—15/2))

if n is an odd integer. They are the coefficients of the formulas of the Fourier
transforms in (101) and (102). We denote by Ayqq(A); (resp. Aeven(A);) the
coefficients of the Laurent series expansions Agqq(s) = D ;e Aodd (M) (s—A)!
(resp. Aeven(s) = Y jez Aeven(A)i(s — A, When —n +1 < A < —1, it is
easily seen that A,qq(s) (resp. Aeven(s)) has a pole of order —lyqq (resp.
—leven) at s = A where

|5 ]+ X if Xis an even integer,
load :=

n+1 . . .
L= ] 4+ A if A is an odd integer.
(100) [#5]

( | 2L |+ X if A is an even integer, >
resp. leven =
5] +A if Ais an odd integer.

If A < —n, then Aoqq(s) (resp. Aecven(s)) has a pole of order —l,qq (resp.
—leven) at s = A where
—n/2 when 7 is even,

loaa == { —(n+1)/2 when n is odd and A is even,

—(n—1)/2 when n is odd and X is odd,
(110)

—n/2 when 7 is even,
(resp. leven := ¢ —(n+1)/2 when n is odd and A is odd, )

—(n—1)/2 when n is odd and A is even.
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THEOREM 9.3. (square matrices 1) Let V' be the space of n x n real
square matrices and let A be an integer in —n+1 < XA < —1. The functions

Acpen(s) and Ayqq(s) are defined by (107) and (108). Then we have:
1. Suppose that A is even. We set m := —\/2. Then we have:
(a) P[‘Tda’s](x) has a pole of order m at s = A and PI¥s)(z) has a

pole of order m at s = \. Any singular quasi-xy*-invariant hyperfunction is
given as a linear combination of

(111) A
P, (z) (¢=1,2,...,m)
(b) We have
fodd, ]
[ P @) exp(-vT o)
(112) = > (=) Aua(N) PP (y)
l+r=—q,
r>m—|n/2]

forq=1,2,...,m and

[ P @) exp(—v T (o)) da

(113) = Y (D) AP (y)

lJrT‘:*q,
sz,LnTHJ

forq=1,2,...,m.
2. Suppose that X\ is odd. We set m := —(\ —1)/2. Then we have

(a) Plddsl(z) has a pole of order m — 1 at s = A and P&l (2) has
a pole of order m at s = X\. Any singular quasi-x*-invariant hyperfunction
s given as a linear combination of

[odd, ]
P =1,2,...,m—1
(114) —q (.’E) (q )~y )m )7

PEEN Gy (g =1,2,...,m).
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(b) We have

/PEF’)‘] (z) exp(—v/—1 {x,y))dx

(115) — Y (C1) A\ PPy

l+r=—q,
1> 2 | —2m+1,
sz,LnTHJ

forq=1,2,..., m—1 and

[ P ) exp(—v T (o)) da

(116) = > (—1)" Acyen(A) PLEFR=A (4)

l+T:_Q7
1> 2E2 | —2m,
r>m— I_"THJ

forq=1,2,...,m.

Proof. The statements in 1-(a) and 2-(a) are proved as direct conse-
quences of Theorem 6.3. Namely, suppose that Aisin —n+1 < A < —1. By

(54), if X is an even integer, then Pd9s](2) and P&l (2) have poles of or-
derm = —\/2 at s = \. By (56), if A is an odd integer, then plodds) (x) and
PRSI (2) have poles of order m—1 = —(A—1)/2—1 and m = —(\A — 1)/2
at s = A, respectively. Therefore, by Proposition 4.2, we have 1-(a) and
2-(a).

Next we go to the proof of 1-(b) and 2-(b). Remember the formula of
the Fourier transform of Plodd:s] (z) (resp. PI&¥:sl(z)) given by

(117)
/ PP (3 exp(—v/=T (z,1)) dz = Agaa(s) PV (y)

(resp. | P 0) exp(—V=T o) o = Acvn ()P )

in Proposition 9.1. We expand the both hand sides of (117) into the Laurent
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series with respect to s € C at s =

/ PN () exp(—v/=T (2, 9)) da

qEZ

=Y =N D () A (AP )

q€Z Z+T:iq
(118) lyre
(resp. Z(s - /P[even )‘] x)exp(—v —1(z,y))dx

q€Z

=30 Y (1 v (PR ))

qEZ l+r=—¢q
lL,reZ

By comparing the Laurent expansion coefficients on the both hand sides of
(118), we have

[ P @) exp(—vT (o) o
= 3 (S Agaa(A) PR )

l4+r=—¢q
lL,reZ

(resp. /Pfﬁl”\](x) exp(—vV—1{(z,y)) dz
= Y (D) A WP

l+r=—¢q
l,reZ

(119)

The sum ) j4,—_, in the right hand side is a finite sum since Ayqq(\); and
lL,reZ

pledd:=A=n] (y) (resp. Aeven(N); and R«[m’*)‘*n] (y)) are zero if [ and r are

sufficiently small. Indeed, the orders of poles of Aogq(s) and Pledd—s=nl(y)
(resp. Aeven(s) and PIE=s=1](3)) can be computed by the formula (107)
and (108) and by the results (111) and (114), respectively. Namely, when
A is an even integer, Aoqq(s) (resp. Aeven($)) has a pole of order

—loaa = —[ 5] —A=—|F]-2m
(resp. — leven = —L"THJ — A= —L"THJ —2m)

at s = A. Here, loqq and leyen are the numbers defined by (109). On the
other hand, we see that PlId=s=n(y)) (resp. pleven, —s—n] (y)) has a pole of
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order m — | 2] (resp. m — | 2L ]) at s = A from the result 1-(a) and 2-(a).

Then, Aoqa(\); and P27 (1) (resp. Agven(A); and P27 (1)) are
zero if and only if

(120)

and hence we have (112) (resp. (115)). Similarly, when X is an odd integer,

Aoaa(O) and PP (0 (vesp. Agven(V); and P (4)) are zero
if and only if

| < L”THJ—Qm—i—l, r<m—L”T+1J

121
(121) (resp. | < L”THJ —2m, r<m— L”T“J),

and hence we have (113) (resp. (116)). [

THEOREM 9.4. (square matrices 2) Let V' be the space of n X n real
square matrices and let A be an integer in A < —n. The functions Aeypen($)

and A,qq(s) are defined by (107) and (108). Then we have:

— — —_—

1. Pleddsl(z) (resp. PIEVesl(z)) has a pole of order o(odd,\) (resp.
o(even, \)) at s = \. Any singular quasi-x*-invariant hyperfunction is given
as a linear combination of

pledd —1,2,...,0(0dd, A
even, _ —
P-,7(x) (¢=1,2,...,0(even, \))
Here,
n/2 when n is even,
—
o(odd,\) = ¢ (n+1)/2 when n is odd and X is even,
(n—1)/2 when n is odd and X is odd.
(123)

n/2 when n is even,
o(even, \) = ¢ (n+1)/2 when n is odd and X is odd,

(n—1)/2 when n is odd and X is even.
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2. We have
/P[Odd ’\] x)exp(—v—1(z,y)) dzx
124 r odd,—A—n
12y S U Awa PR A
l+r=—q,
1>1544,720

forq:1,2,...,0((;ia,)\) and

/Pfﬁl’)‘] (z) exp(—v/—1 (z,y)) dx

(125) = Y (D AP )

lJrT‘:*q,
[2leven, 720

for g =1,2,...,0(even, \). Here l,4q and leyen have been defined by (110).

Proof. Since we assume that A < —n, we have (122) by Proposition 4.2
and by the orders of poles of plodd.s (z) and PI5:sl(2) at s = \. The order
of poles have been computed in (58) and (60), and we have (123). Then we
have the result of the first item from Proposition 4.2.

Next we prove the formulas in the second item. The formulas of the

Fourier transforms of the Laurent expansion coefficients PLqu . (z) and

[WLA] : : o’d?i,fsfn even,—s—n
P-,"""(x) are given by (119). Since P! I(y) and P! l(y) are

holomorphic at s = A if A < —n, Pr[Odd’*)‘*n](y) and R«[m’*)‘*n] (y) are
zero if and only if » < 0. The orders of poles of Ayqq(s) (resp. Aeven(s))
at s = X\ can be computed by the formulas in (107) (resp. (108)). Then we
see that Aoqq(N); (resp. Aeven(A);) is zero if 1 < logq (resp. | < leven). Here
loda (resp. leven) is the number defined by (110). Then we have (124) and
(125). 0

We call a singular tempered distribution f(z) bi-singular if the Fourier
transform fV(y) is also a singular tempered distribution. The author thinks
that it is an interesting problem to ask if there exists a bi-singular G-
invariant tempered distribution on prehomogeneous vector spaces. The
following corollary gives a necessary and sufficient condition for a Laurent
expansion coefficients of P1%*!(z) to be bi-singular.
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COROLLARY 9.5. (square matrices 3) Let V' be the space of n x n real
square matrices. Let i be a positive integer. Then, for ¢ = 1,2,..., [ L],

2
the Laurent expansion coefficient Pg’en’_z] (x) is bi-singular if and only if

n—1 . .
(120 i et
LTJ >1—q if i1is even.
We have
oven, —i Sog_1 if i is odd
127 Supp (P () = { 2% )
(27) PP - (@) {qu if @ 1s even,
and
eveR, —i Sn—2i+2g-1 if i 1s odd,
(128)  Supp(P§T(r)) = 4 Jrzaey
Sn—2i+2g if i is even.
Forq=1,2,..., L%J, the Laurent expansion coefficient Pioqdd’_i] (x) 1is bi-

singular if and only if

| 252 | >i—q if i is odd,
(129) Lnfl > ; ip e .
TJ >i—q if 11s even.
We have
odd,—i Sog—1 if i is even
130 Su ]D[Odd7 i _JP%x ,
o pp(F=y () Sa,  if i is odd,
and
oven, —i Sh_gitoq_1 if Qi :
(131) SUpp(Pqu , ](x)v) _ # 1 Z.f 2 ?s even
n—2i+2q if i is odd.

Proof. Suppose that ¢ is an even integer in 1 < ¢ < n — 1. Then
Pevensl () has a pole of order m = /2 = |4 ] at s = —i and the
Fourier transform of the Laurent expansion coefficient Pke;'en’s] (x) (¢ =
1,2,..., L’ng |) is given by (113). From this formula, the support of the

Fourier transform of Pfgen’s] (x) is contained in the singular set S if and

only if the index 7 in the right hand side of (113) is always negative. Since
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I > [ ] —2m = | 2L | — 4, the minimum of [ is 21| — 4. Then the

maximum of r = = —¢qis —[ 2L | +4i—¢g. Then — |2 | +i—¢g< -lisa
necessary and sufficient condition in order that the support of the Fourier
transform of PE;QH’S] (x) is contained in S. This is equivalent to
n+1 n—1
132 —-1= >i—q.
) el el A R

Next we suppose that ¢ is an odd integer in I<i<n-1 Then
Plvensl (1) has a pole of order m = (i +1)/2 = |41 ] at s = —i. The

Fourier transform of the Laurent expansion coefficient szen,s] (z) (¢ =

1,2,..., Lz‘gl ) is given by (116). From this formula, the support of the

Fourier transform of Pfﬁl’s] (x) is contained in the singular set S if and
only if the index r in the right hand side of (116) is always negative. Since
[ > | 22| —2m = [ 242 ]| —i—1, the minimum of { is | 2% | —i—1. Then the
maximum of r = —l—qis —| 22 | +i+1—¢q. Then —| 222 |+i+1—¢ < —1is
a necessary and sufficient condition in order that the support of the Fourier

transform of Pfgen’s] (x) is contained in S. This is equivalent to

(133) V;QJ—Q_V;QJzi—q.

By (132) and (133), we see that (126) is a necessary and sufficient

condition in order that the Laurent expansion coefficient pleven.=i] (z) is bi-

: —q
singular for ¢ = 1,2,..., L“erj and 7 =1,...,n — 1. In the similar way, we
can prove that (129) is a necessary and sufficient condition in order that the

Laurent expansion coefficient PE? .~ (x) is bi-singular for ¢ = 1,2,. .., L%j
andi=1,...,n—1.

Next we shall prove the support formulas. The formulas (127) and
(130) are the consequences of (76), (78), (80) and (82).

We prove the formula (128). Suppose that ¢ is an even integer in 1 <

i <n — 1. Then we have

Supp (P (2)") = Supp (P 1 (9))

since —[ 24 | 4+ — ¢ is the maximum number appearing in the index r of

the sum in the right hand side of (113). Indeed, PE@]Ti_q(y) has the
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largest support among the Laurent expansion coefficients in the right had
side of (113). If n is even, then ¢ — n is even, and we have

SUPP(PET%]TFQ(?/)) = S_Q(_L”T‘HJ_H‘_Q) = S—2(-g+i—q) = Sn—2i+2¢>

by (78). If n is odd, then i — n is odd, we have

[eveni,i—n] _ _
Supp(P_eLi%Hi_q(y)) = 572(7L"T“J+ifq)71 = SfQ(f"THJrifq)fl

= Sn—2i+2¢s

by (76). Then we have

Supp (PE;QH’_Z] (x)V) _ 7Sn_2i+2q’
when —i is an even integer. When —i is an odd integer, we can prove in
the same way that

Supp (P15 (2)") = Supp(PTIATY L) = S

Thus we obtain the formula (128).
The formula (131) can be proved in the similar way as the proof of the
formula (128). [

The following corollary is the special case of Corollary 9.5.

COROLLARY 9.6. (square matrices 4) Let V' be the space of n x n real
square matrices and let i be an integer in 1 < i <n — 1. Suppose that f(z)
is a x " '-invariant tempered distribution on V.

1. If f(x) is even in the sense of Definition 2.2, then f(x) is given

as a constant multiple of PE‘T&}T]
2

constant multiple of PFWLF"] (y). Then

[ =5t

Supp(f(z)) =8; and Supp(f'(y)) = Sns.

(x) and its Fourier transform fV(y) is a

2. If f(z) is odd in the sense of Definition 2.2, then f(x) is given

plodd.—i]

~ el

constant multiple of PEOFZJH] (y). Then
2

Supp(f(z)) = Si-1 and Supp(f’(y)) = Sn—i-1.

as a constant multiple of (x) and its Fourier transform fV(y) is a
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Proof. We show only the first item. The second item can be proved in
the same way.

We suppose that —i is an even integer in —n+1 < —i < —1. We
have stated in Proposition 4.1 that any y ‘-invariant hyperfunction can
be written as a finite sum of Laurent expansion coefficients PE;(({LQ ()

(@ € C?). Every vector @ € C? can be written as
d=a-&ven+b-odd,
with some a,b € C. If @ # 0. Then we have
0@, —i) = o(even, —i) = o(odd, —i) = %

by (54) in Theorem 6.3. Then we have

—

P 0) =0 PIT) 4. PR,

NS

and hence every x ~‘-invariant hyperfunction can be written as a linear com-

bination of PEeviven’*i] () and PEOjd’fi] (z). In particular, if it is an even func-
2 2
tion, then it can be written as a constant multiplication of PEW;H’_Z] (x) =
2
P[eve_n,—i]
-
Fourier transform of P

2

(x). According to the formula of the Fourier transform (113), the

tiplication of PEE:_"%J (y) = Pffin_zﬂlﬂ( ).
Next we suppose that —¢ is an odd integer in —n+1 < —¢ < —1. Then,

by (56) in Theorem 6.3, we have

(x) is given as a constant mul-

=1l ifge Aodd-

{% if @ ¢ Aoaa,

o — 3
For a vector @ = a - even + b - odd, we have

Py (o) =a- PR (@)
(@,~i) :

if a # 0, and
Pa () = b P (),

—o(a,—1) -
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if @ = 0. Then every x ‘-invariant hyperfunction can be written as a

linear combination of Pf"‘fﬂ = (z) and Piogﬂ'] (z). In particular, if it is

2 2
an even function, then it can be written as a constant multiplication of

Pf"feﬁ ﬂ]( ) = P[e[/fiff]( x). According to the formula of the Fourier trans-

form (116), the Fourier transform of PEQ‘ZT; ] (x) = PEQ@QT] (z) is given as
2

2
a constant multiplication of PEe\fﬂZ Ln ! =y (y) = PEe[/in,;f ]J (y).
After all, we see that, for any mteger —iin —n+1< —i < —1, every
even X ‘-invariant hyperfunction f(x) can be written as a constant mul-

tiplication of PET?L JZ] (z) and its Fourier transform fV(y) is given by a

constant multiplication of me}_n] (y). We see that Supp(f(z)) = S;

[ =]
and Supp(fV(y)) = Sn_i by Theorem 7.1. Thus we complete the proof of
the first item.
The second item can be proved by utilizing (54), (56) in Theorem 6.3
and (112), (115). 0

Remark 9.1.  We can prove the following fact: if f(z) is x ~‘-invariant
and Supp(f(z)) = Si, then f(z) is a tempered distribution given as a
G'-invariant measure on S;, and hence f(z) is an even tempered distri-

bution. On the other hand, by taking f(x) = P[OdeJ_Z]( x), we have f(x)
is x “invariant and Supp(f(z)) = S;_i. However, even if f(x) is x -
invariant and Supp(f(z)) = Si_1, it is not derived that f(z) is an odd
tempered distribution. Indeed, since there is an even y ~‘-invariant tem-
pered distribution g(x) supported in S;, f(x) + g(z) is x *-invariant and
Supp(f(z) + g(z)) = Si_1. But f(x) + g(x) may not be an odd tempered
distribution.

Next we consider the alternating matrix space. Let V' be the space of
2n x 2n alternating matrices. We define

Aeven(s) = n(n— n(n
{Aodd(s)} = (2m)" 7 ¢ (=) D)/

(134) xT(s+DI(s+3)---T(s+2n—1) x (v/-1)"

(exp(—mv/—15/2) —exp(myv/—15/2))"
><{(exp(—7r —15/2) + exp(m —13/2))"}'
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We denote by Agqqa(A); (resp. Aeven(A);) the coefficients of the Laurent
series expansions Aoqd(s) = Y ez Aodd(N)i(s — A (resp. Aeven(s) =
ZleZ Aeven(A)i(s — )‘)l)-

We suppose that A is a negative integer. When —2n +2 < A < —1, it
is easily seen that A,qq(s) (resp. Aeven(s)) has a pole of order —l,qq (resp.
—leven) at s = A where

N
lodd == {LQ
n

n
resp. leven := A
2

[I—

if X\ is an even integer,

I

(135)
I

+ o+
o> o>

| if X is an odd integer.
]

if )\ is an even integer, )

—

if A\ is an odd integer.

When A < —2n+1, Aygd(s) (resp. Aeven(s)) has a pole of order —lyqq (resp.
—leven) at s = X where

A n if X\ is an even integer,
odd 0 if X is an odd integer.

( 0 if X is an even integer, )
resp. leven 1=
n if A is an odd integer.

(136)

THEOREM 9.7. (alternating matrices 1) Let V' be the space of 2n x 2n
alternating matrices and let A be an integer in —2n +2 < A < —1. The
functions Aeven(s) and Aoqq(s) are defined by (134). When X is an even
integer (resp. odd integer), we set m := —\/2 (resp. m = —(A—1)/2).
Then we have:

1. plodds)(y) (re;sg. PEsl(2)) has a pole of order m at s = A and

PIEensl () (resp. Ploddsl(z)) is non-zero and holomorphic at s = . Any
singular quasi-x*-invariant hyperfunction is given as a linear combination

of
(137) PRI (@) (resp. P (1))

—q

with g =1,2,...,m.
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2. We have
[odd,\]
/ PRI () exp(—v/=T () do

=) (1) Agga(N) g PRI ()
(resp. /PLB?I’)‘] () exp(—v—1(z,y)) dz
_ (_1)rAeven()\)_q_rpr[m,—A—Qn—‘rl] (y))

forq=1,2,....m

Proof. The orders of poles of plodd,s (z) and P&%s)(z) are derived
from (67). Then we have the first item from Proposition 4.2.

We go to the proof of the second item. Let A be an even (resp. odd)
integer in —2n 42 < A < —1 and let m := —\/2 (resp. m := —(A —1)/2).
Consider the formulas of the Fourier transform of the Laurent expansion

coefficients Ploqdd”\] (x) (resp. P[even A (x)),
[ P @) exp(—vT (o) o
Z (—1)" Aoaa(A) P21 ().

l+r=—q
LreZ

resp /P[even’\] Jexp(—v —1{(z,y))dz
= 3 ) A AT,

l+r=—q
l,reZ

(139)

Then Aygq(s) (resp. Aeven(s)) has a pole of order —lyqq (resp. —leven) at
s = A. Here, logq and leven are defined by (135). On the other hand, we

see that Plodd.—s—n] (y) (resp. PI¥—=s=n](y}} is holomorphic at s = A as we
have proved in the first item. Then we have Ayqq(A); and Pr[Odd’_’\_n] (y)
(resp. Aeven(A); and pleven=a-nl (y)) are zero if

(140) I < —lpga=m and r <0 (resp. ! < —leyen =m and 7 < 0),

and hence we have (138). [
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THEOREM 9.8. (alternating matrices 2) Let V' be the space of 2n x 2n
alternating matrices and let A be an integer in X < —2n+ 1. The functions

Acpen(s) and Aoqq(s) are defined by (134). Then we have:

1. P[m’s](x) (resp. P[m’s](az)) has a pole of order n at s = A and

PIEensl () (resp. Ploddsl(z)) is non-zero and holomorphic at s = X. Any
singular quasi-x*-invariant hyperfunction is given as a linear combination
of

odd,\ Sven,\
(141) pL ](:):) (resp. Pﬁe;e ](x))

—q

with g =1,2,...,n.

2. We have
[ P @) exp(- T () d
n—gq .
= (_1)erdd()‘)*qfrPAOddr)\_%H—l] (y)
(142) r=0

(resp. /P[eﬁl)‘] (z) exp(—v/—1 (z,y)) dx

= ST AN g P21

|
<

,3
I
o

forq=1,2,... n.

Proof. The orders of poles of plodd.s (z) and plevers] (z) are derived
from (69). Then we have the first item from Proposition 4.2. The second
item can be proved in the same way as the proof of that of Theorem 9.7 by
using loqq and leyen given in (136). 0

The following corollary is a direct consequence of Theorems 9.7 and 9.8.

COROLLARY 9.9. (alternating matrices 3) Let V' be the space of 2n x
2n real alternating matrices. Then there are no bi-singular G-invariant
tempered distributions on V.
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