
ON I T E R A T E D LIMITS O F MEASURABLE MAPPINGS 

E l i a s Zakon 

( r e c e i v e d July 1, 1964) 

E g o r o f f s t h e o r e m [ l ] w a s ex tended by Kvac'ko [3] to 
funct ions with v a l u e s in a s e p a r a b l e m e t r i c s p a c e ; and, a s i s 
e a s i l y s e e n , t h i s r e s u l t app l i e s a l s o to s e p a r a b l e p s e u d o m e t r i c 
s p a c e s . *) In the p r e s e n t note we sha l l use th i s t h e o r e m to 
obtain some p r o p o s i t i o n s on i t e r a t e d l i m i t s , which , desp i t e 
t h e i r s i m p l i c i t y , s e e m not yet to be known in the p r o p o s e d 
g e n e r a l i t y . 

T e r m i n o l o g y and Nota t ion . We sha l l denote by m a 
n o n - n e g a t i v e countab ly addi t ive m e a s u r e defined on a or-field 
M of s u b s e t s of a se t S. The t r i p l e ( S , M , m ) is ca l l ed a 
m e a s u r e s p a c e , a l s o b r i e f ly denoted by S. The m e a s u r e m 

00 

(and the space S) a r e ca l l ed cr - f in i te if S = U G for some 

• P = I
 p 

s e t s G e M, with m G < oo, p = 1, 2, . . . . A mapp ing 
P P 

(function) f:S-**T, w h e r e T is a p s e u d o m e t r i c space with 
p s e u d o m e t r i c p, is said to \>e m e a s u r a b l e if f" (G) € M for 
e a c h open se t G C T. By a double ne t we m e a n a fami ly of 
funct ions {f } w h e r e the p a r a m e t e r s i and j run independent ly 

The t h e o r e m in ques t ion is a s fol lows: "If {f } is a 
n 

sequence of m e a s u r a b l e funct ions f rom a m e a s u r e space S 
(mS < oo) into a s e p a r a b l e p s e u d o m e t r i c space T, and if 
f -*f a l m o s t e v e r y w h e r e on S, then f -*f a l m o s t un i fo rmly 
n n 

on S " ( t e rmino logy and notat ion is expla ined below). 
Unfor tuna te ly , Kvacko ' s proof con ta ins an e r r o r ( L e m m a 3, 
p. 89, is i n c o r r e c t ) . Th i s e r r o r can , howeve r , be r ec t i f i ed , 
so tha t the t h e o r e m is s t i l l val id (we intend to show th i s in a 
s e p a r a t e pape r [6] which gives a l s o addi t iona l g e n e r a l i z a t i o n s 
of the t h e o r e m ) . 
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2) 
over some directed sets I and J, respectively. Such a net 

is said to be qua si-countable if each of the index sets I and J 

has a countable cofinal subset, with no last element. • 

A subsequence { f. . } (n - 1,2, . . . ) of a double net is 
1 

n* n 

c o f i n a l iff, f o r a n y i € I a n d j e J , t h e r e i s n s u c h t h a t 

i > i a n d i > i. C o n v e r g e n c e of n e t s a n d d o u b l e n e t s i s 
n — fc n ~ 

defined as usual (cf. Kelley, [2], p. 62 ff). A net, or a sequence, 

{ f.} » is said to converge almost uniformly on S if, for every 

real e > 0, there is a set DC S (D € M) such that m(S-D) < e 

and {f.} converges uniformly on D; similarly for iterated 

limits (cf. Note 1 below). The term "almost everywhere on Sn 

or !,at almost every x€ Sn means "everywhere, except for a 

set of measure 0n. A space T is separable iff it has a dense 

countable subset. 

The theorems to be proved are as follows: 

I. Let f..:S-*T (i e I, j c J) be a quasi-countable double 

net of measurable mappings from a measure space (S,M,m) 

into a separable pseudometric space (T,p). Assume that 

mS < oc and that the iterated limit 

(1) lim lim f (x) - g(x) 

i j i j 

r* 4 ) 

exists at almost every x € S. Then there is a cofinal subse
quence { f. . } C {f..} which converges to the function g 
_ _ — , j ~ 1 j 

n n 

2) 

3) 

4) 

i. e. . partially ordered sets in which any two elements have 

an upper bound. 

A subset I' of a partially ordered set I is cofinal iff, for 

every i € I, there is i! c I1 , with i' >. i. An important 

example of a quasi-countable net { f..(x)} is the case where 

i and j are parameters ranging continuously over all reals. 

The rationals form the countable cofinal subset. 

For brevity, we use the "lim" notation also in pseudometric 

spaces (where the limit may not be unique). 
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almost uniformly on S as n -*• oo, and such that i < i j r n d 
——• • • L - — — — — — n n + 1 • - - — 

j < j , n = l , 2 , . . . , under the order in I and J, respectively. 
n n+1 — — . _ ~ . -—— ~ 

II. Under the assumptions of Theorem I (even if S is only 

cr -finite), there is a cofinal subsequence {f . } such that 
— " - ~ i J " — — — 

n n 
i < i and j < j , n = 1,2,. . . , and such that 
n n+1 ——- n n+1 —— 

(2) lim f. . (x) = g(x), for almost every x € S. 
n-̂ oo n n 

III. If, in Theorems I and II, the index set I is of order 

type co (i.e. , order-isomorphic to the set of positive integers), 

then the subsequence {f . } , postulated in these theorems, 

n n 

can be obtained in the stronger form { f. . } , where i ranges 
1 Ji 

over the whole of I, and j . is a strictly increasing function 

of i. Moreover, in this case, the iterated limit (1) is almost 

uniform on S (cf. Note 1 below), provided that mS < oo. 

Proof of I. By quasi-countability, the index sets I and 

J have countable cofinal subsets with no last elements (call 

them I' and J' , respectively). As is easily seen, the subsets 

V and J1 can be chosen to be of order type co . ' Since our 

problem consists only in selecting an appropriate subsequence 

from the net {f ji € I, j € J} , we lose no generality by 

5) 
Indeed, if, say, I' is countable but not of type co , we 

always can replace I1 by a cofinal subset I11 = { i"} 
n 

(n = l , 2 , . . . ) of that type. For this purpose, write I1 as 
a (not necessarily monotone) sequence I' = { i! } (n = 1, 2, . . . ) 

and then select from it an increasing subsequence I11 = { i"} 

such that i! < i" < i" (n = 1, 2, . . . ) under the ordering 
n — n n+1 

of I. Such a subsequence can be constructed inductively 

because I' is directed and has no largest element under 

its ordering inherited from I. 
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r e p l a c i n g that double net by { f.. \i € I1 , j € J ! } . T h u s we m a y 

(and sha l l ) a s s u m e tha t I and J a r e t h e m s e l v e s of type u) ; 
for s i m p l i c i t y , we identify e a c h of t h e m wi th the se t of a l l 
pos i t i ve i n t e g e r s in the u s u a l o r d e r . A l s o , no g e n e r a l i t y i s 
los t by a s s u m i n g tha t the i t e r a t e d l imi t (1) e x i s t s a t e a c h 
x € S ( d r o p a se t of m e a s u r e z e r o ! ). Thus (1) b e c o m e s 

(4) l im l im f .(x) = g(x) for e a c h x € S , 

wi th i and j t ak ing only pos i t i ve i n t e g r a l v a l u e s . We a r e 
now in the s i tua t ion d e s c r i b e d in P r o p o s i t i o n III; t h u s we sha l l 
c o n s t r u c t the r e q u i r e d double s u b s e q u e n c e r i g h t away in the 
s t r o n g e r f o r m { f.. } a s s t a t e d in (III). 

1 J i 

F o r e a c h fixed i, let l i m f..(x) = g.(x). Then (4) t u r n s 
j->oo 1J 

in to 

(5) l im g.(x) = g(x) (x€ S) 
i~>oo 

w h e r e the funct ions g. (and hence a l s o g) a r e m e a s u r a b l e , 

e a c h be ing the po in twise l im i t of a s e q u e n c e of m e a s u r a b l e 
func t ions . ' 

Now, given any £ > 0, f o r m u l a (5), c o m b i n e d wi th the 
g e n e r a l i z e d t h e o r e m of Egoroff ( see Foo tno te 1), y i e l d s a se t 

D « M such tha t m ( S - D ) < —• and g -*g un i fo rmly on D . 
o o 2 i — —— o 

6) 
M o r e p r e c i s e l y , we use the a x i o m of cho ice to s e l e c t , for 
e a c h i, one of the ( p o s s i b l y many) v a l u e s of l i m f . . (x) , 

and c a l l it g.(x). 

7) The m e a s u r a b i l i t y of the l imi t function (well known for r e a l 
funct ions) r e m a i n s va l id a l s o for func t ions wi th v a l u e s in a 
p s e u d o m e t r i c s p a c e , a s can e a s i l y be shown. 
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S i m i l a r l y , the f o r m u l a e f -*g y i e ld , for e a c h i, a se t 
i+1 

D € M such tha t m ( S - D ) < e / 2 and f ,-*g un i fo rmly 
i i i j i -

on D.. Le t D = O D.. Then , c l e a r l y , m ( S - D ) < e and a l l 

i=o * 
the c o n v e r g e n c e s f..-*g., a s we l l a s g.-*g, a r e un i fo rm on D. 

Le t t ing h e r e e = 1/k, k = 1,2, . . . , we obta in , for each k, 
k k 

a se t D € M such tha t m ( S - D ) < 1/k and such tha t a l l the 
k 

c o n v e r g e n c e s g.-*g and f. .-*g. a r e un i fo rm on e a c h D . 
l i j l 

T h u s , given any pos i t ive i n t e g e r s k and n, t h e r e is i > n 

such tha t p(g , g) < — on D for a l l i > i . M o r e o v e r , by 
i 2n — kn 

app ly ing a double induct ion p r o c e s s , the i can be so s e l e c t e d 

tha t they i n c r e a s e wi th k and n. Since i > i when 
~— nn — kn 

n > k, we have (wr i t ing , for s i m p l i c i t y , i for i ) 
— n nn 

1 k 
(8) p(g.» g) < "T""" on D w h e n e v e r i > i and n > k . 

i 2n — n — 

S i m i l a r l y , f r o m the un i fo rm c o n v e r g e n c e s f -*g. on 
k 1J ' 

a l l D , we can find, for any pos i t ive i n t e g e r s i , k , n , an 
1 

i n t e g e r j ( i n c r e a s i n g wi th i, k, n) such tha t p(f , g ) < — 
ikn ij i 2n 

on D w h e n e v e r j > j . _ . Since j > j when i > n > k, 
— ikn i n — ikn — — 

1 k 
we c e r t a i n l y have (wr i t ing j for j ), p(f , g ) < — on D 

i i i i ij i 2n 
w h e n e v e r j = j . and i > n > k. Combin ing th i s wi th (8), we 
get ( s ince i > n) 

n — 

1 k 
(9) p(f., , g) < - on D w h e n e v e r i > i and n > k . 

i l . n — n — 
J i 

8) 
F o r b r e v i t y , we w r i t e p (g . ,g ) for p(g.(x) , g(x)). 
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F r o m t h i s , h o w e v e r , it eas i ly fol lows tha t the double 
k 

s u b s e q u e n c e { f.. j c o n v e r g e s un i fo rmly to g on each D . 

" i 

Since m(S- D ) < 7~ (k = l , 2 , . . . ) > the m e a s u r e of the se t S- D 
K. 

can be m a d e l e s s than any p r e s c r i b e d e > 0. But th i s shows 
tha t f -*s a l m o s t un i fo rmly on S, and the t h e o r e m i s p r o v e d . 

i j . 
S i m u l t a n e o u s l y , we have e s t a b l i s h e d (III) a s far a s it c o n c e r n s (I). 

NOTE 1. We have a c t u a l l y p roved m o r e than t h a t . 
Indeed , f o rmu la (9) ho lds not only for j = j . but a l s o for j > j . 

i — l 
T h u s we have shown tha t p(f , g) < 1/n on D w h e n e v e r 

n > k, i > i and j > j , w h e r e i depends only on n, and 
— — n — i n 

i depends only on i. It i s n a t u r a l to say tha t the i t e r a t e d 

l i m i t (1) i s , in t h i s c a s e , un i fo rm on each D and thus a l m o s t 
k 

un i fo rm on S, In t h i s way the l a s t p a r t of (III) h a s , l i k e w i s e , 
b e e n e s t a b l i s h e d . 

Proof of II. Suppose tha t S i s cr-finite, i. e. , 
oc 

S = U G , wi th m G <oo (G € M), p = 1, 2 , . . . . As in the 

P = i p p p 

proof of I, we m a y identify the index s e t s I and J wi th the 
se t of al l pos i t ive i n t e g e r s and apply E g o r o f f s t h e o r e m to e a c h 
of the s e t s G (each be ing of f inite m e a s u r e ! ). I n t r o d u c i n g , 

a s b e f o r e , the funct ions g. (i = l , 2 , . . . ) > w e ob ta in , for each 
q q 

pos i t i ve i n t e g e r p , a s e q u e n c e of s e t s D C G (D € M , 
p - p p 

q = 1, 2, . . . , ) such tha t m(G - D ) < 1/q and such tha t the 
P P 

9) 

9) 
Indeed , if the index se t I i s of type co , the proof given 
above r e q u i r e s only a s e l e c t i o n of a cof inal co-type s u b s e t 
J ! f rom J. Thus it y i e l d s the r e q u i r e d s u b s e q u e n c e in 
the s t r o n g e r f o r m { f.. } . 
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c o n v e r g e n c e s g.~*g a n d f . . -*g. a r e u n i f o r m on e a c h of t h e s e t s 

q 1J °° q 
D ( p , q = 1, 2 , . . . )• M o r e o v e r , w e h a v e m ( G - (J D ) = 0 

P P q = l P 

oo oo 

a n d h e n c e , s e t t i n g D = 
p = l q = l P 

00 00 00 00 00 

m(S-D) = m( (J G - U O Dq) < m (J (G - (J Dq) = 0 . 
p = l P p = l q = l P p = l P q = l P 

T h u s , t o c o m p l e t e t h e p r o o f , i t s u f f i c e s t o c o n s t r u c t a 

s u b s e q u e n c e { f } (i = 1, 2 , . . . ) s u c h t h a t l i m f (x) = g(x) 
J i i-*oo i 

q 
a t e a c h x € D. F o r t h i s p u r p o s e , w e r e n u m b e r t h e s e t s D 

P 
( w h i c h f o r m a c o u n t a b l e s e t f a m i l y ) , p u t t i n g t h e m i n t o a s i n g l e 

k q 
s e q u e n c e { D } (k = l , 2 , . . . ) c o m p r i s i n g a l l D ( p , q = 1 , 2 , . . . ). 

P 
T h e n , p r o c e e d i n g e x a c t l y a s i n t h e p r o o f of ( I ) , w e o b t a i n a s u b 

s e q u e n c e f.. w h i c h c o n v e r g e s u n i f o r m l y t o g on e a c h D a n d , 

°° k 
h e n c e , c o n v e r g e s p o i n t w i s e a t e a c h x € D = U D . T h i s 

k = l 
c o m p l e t e s t h e p r o o f . 

N O T E 2 . S i m u l t a n e o u s l y , w e h a v e e s t a b l i s h e d t h e 

r e m a i n i n g p a r t of ( I I I ) . 

F i n a l R e m a r k s . A s h a s a l r e a d y b e e n m e n t i o n e d , a n y 

f a m i l y of f u n c t i o n s f ( i , j , x ) , w h e r e i a n d j a r e c o n t i n u o u s 

r e a l p a r a m e t e r s , i s a s p e c i a l c a s e of a q u a s i - c o u n t a b l e n e t , 

i n w h i c h t h e i n d e x s e t s I a n d J c o i n c i d e w i t h t h e s e t of a l l 

r e a l n u m b e r s i n t h e i r u s u a l o r d e r , w h i l e t h e r a t i o n a l s c a n 

s e r v e a s t h e r e q u i r e d c o u n t a b l e c o f i n a l s u b s e t . T h u s o u r 

t h e o r e m s c o v e r t h e c a s e of a n i t e r a t e d l i m i t l i m l i m f ( i , j , x ) 

i-*oo j-*oo 

w h e r e i a n d j t e n d t o +oo , in t h e s e n s e of t h e s t a n d a r d 

t o p o l o g y of t h e r e a l n u m b e r s y s t e m . T h e c a s e w h e r e o n e o r 

b o t h of i a n d j t e n d t o -oo i s c o v e r e d b y s i m p l y r e v e r s i n g 

t h e o r d e r i n I o r J o r b o t h . A l s o c o v e r e d i s t h e c a s e of 

o n e - s i d e d l i m i t s i - * p - , i -*p+, e t c . , w i t h p a f i n i t e n u m b e r ; 

w e t h e n l e t I ( o r J , o r b o t h , a s t h e c a s e m a y b e ) b e t h e s e t 
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of a l l r e a l s l e s s than p ( r e s p e c t i v e l y , g r e a t e r than p , wi th 
the o r d e r r e v e r s e d , e t c . ). By c o m b i n i n g two o n e - s i d e d l i m i t s 
(i-**p- and i-*p+) one can obta in b i l a t e r a l l i m i t s (i-*p); we 
then le t I c o n s i s t of a l l p a i r s of r e a l s ( x , y ) , wi th x < p and 
y > p , o r d e r e d a s fo l lows: (x ,y ) < (x ! ,y ? ) iff x < xT and 
y1 < y. Thus a l l p o s s i b l e c o m b i n a t i o n s of f ini te and in f in i te , 
o n e - s i d e d and t w o - s i d e d , l i m i t s on the r e a l a x i s a r e inc luded 
a s s p e c i a l c a s e s . 10) Note t h a t , if the p a r a m e t e r i r a n g e s 
only ove r pos i t i ve i n t e g e r s , then T h e o r e m III a p p l i e s . T h i s 
m e a n s tha t the i t e r a t e d l im i t (1) can be t r a n s f o r m e d into a 
s i m p l e l i m i t by m a k i n g j an i n c r e a s i n g funct ion of i . 

The p r o b l e m of t r a n s f o r m i n g an i t e r a t e d l i m i t into a 
s ingle one i s not n e w . F o r double n e t s in a t o p o l o g i c a l s p a c e , 
a we l l known v a r i a n t of the d iagona l p r o c e s s y i e l d s a subne t 
which c o n v e r g e s to the given i t e r a t e d l i m i t (cf. K e l l e y , [2] , 
p . 69). ' A s c o m p a r e d wi th t h i s p r o c e s s , our t h e o r e m s y ie ld 
a s t r o n g e r r e s u l t , n a m e l y a cof inal s u b s e q u e n c e wi th the 
r e q u i r e d p r o p e r t y . *^\ [ i t i s t r u e , t h i s r e s u l t w a s m a d e p o s s i b l e 

10) 

11) 

12) 

T h i s i s n o t e w o r t h y i n a s m u c h a s the t h e o r e m of Egoroff 
i t se l f canno t be ex tended to f a m i l i e s of func t ions depend ing 
on a con t inuous r e a l p a r a m e t e r , a s w a s shown by T o l s t o v 
[4] and Weston [5] . 

The ne t S o R in Ke l l ey ' s T h e o r e m 4 (p. 69) i s , in g e n e r a l , 
not a subne t . It b e c o m e s , h o w e v e r , a subne t if a l l d i r e c t e d 
s e t s E (Kel ley 1 s no ta t ion) a r e the s a m e ; and t h i s i s 

m 
exac t l y the c a s e of a double ne t a s c o n s i d e r e d in the p r e s e n t 
no te (in our no t a t i on , E = J ) . 

m 

We m u s t qualify Kel ley 1 s a s s e r t i o n (p. 69) tha t " c o n s i d e r i n g 
double s e q u e n c e s , no s e q u e n c e w h o s e r a n g e is a s u b s e t of 
(JJ X CJ can have tha t p r o p e r t y " . Our proof shows tha t such 
a s equence m a y we l l e x i s t , unde r a p p r o p r i a t e a s s u m p t i o n s . 
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only by the additional assumptions of quasi-countability and 
o" -finiteness.] Moreover, our theorems deal with double nets 
of mappings, not just elements of a topological space. This 
leads to asser t ions as to the uniformity or "almost uniformity11 

of the convergence, as stated in our Theorems I and III. For 
these purposes , the process of Kelley1 s Theorem 4 (p. 69) 
does not suffice. 
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