
A SEMIMODULAR IMBEDDING OF LATTICES 

D. T. F I N K B E I N E R 

1. Introduction. The study of structural or arithmetic properties of a 
general lattice 8 often can be facilitated by imbedding 8 as a sublattice of a 
lattice © of a more restricted type whose properties are known. However, if 
© is too restricted, a general imbedding is impossible; for example, © cannot 
be modular because 8, as a sublattice of ©, would then have to be modular. 
One of the best results of this nature has been given by Dilworth in an un­
published work in which he shows that any finite dimensional lattice is iso­
morphic to a sublattice of a semi-modular point lattice (1, pp. 105 and 110). In 
the present paper Dilworth's imbedding process is modified to obtain a sharper 
result: Any finite dimensional lattice 8 is isometrically isomorphic to a sub-
lattice of a semi-modular lattice © which has the same number of points as 
8 and which preserves basic properties of the join-irreducible arithmetic of 8. 

Although the meet-irreducible arithmetic of semi-modular lattices is known 
(2), a corresponding theory of join-irreducible arithmetic remains to be 
developed. The work of this paper suggests that a knowledge of the join-
irreducible arithmetic of semi-modular lattices would provide a corresponding 
theory for all finite dimensional lattices. 

Aside from possible applications to lattice arithmetic, the imbedding process 
is of intrinsic interest. First a pseudo-rank function 5 is defined on 8. Then 
(§ 3) 8 is imbedded as a sublattice of a lattice 9JÎ which is constructed from 8 
by introducing between each join irreducible g G 8 and the element c which is 
covered by g a chain of s(q) — s(c) — 1 elements which are both join and meet 
irreducible in 9JÎ. The function s is extended to 50Î. In §§ 4 and 5 normal 
subsets of the set Q of all join irreducibles of 3JÎ are used to define a dependence 
relation on Q. Finally (§ 6) the subsets of Q which are closed relative to this 
dependence relation form a semi-modular lattice © whose join irreducibles are 
order-isomorphic to Q; © contains a sublattice which is isomorphic to 8, and 
the isomorphism is isometric in the sense that if a Ç 8 corresponds to a* € 3 , 
then s (a) is the ordinary rank of a* in ©. 

2. Pseudo-rank functions. If © is a semi-modular lattice of finite 
dimension, then the usual rank function r on © has the properties 

(2.1) r(z) = 0, 

(2.2) if a covers b (a > b), then r(a) = r (b) + 1, 
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(2.3) r{a) + r(b) > r(a \j b) + r(a n b). 

Fur thermore , if 2 is any sublattice of ©, then on 8 the function r satisfies 
(2.3) and 

(2.2*) aDb implies r(a) > r{b). 

T H E O R E M 2.1. If 2 is any finite dimensional lattice, there exists an integral 
valued function defined on 2 which satisfies (2.1), (2.2*), and (2.3). 

Proof. Let u and z denote the unit and null elements of 2. For a G S let 
m (a) be the maximal length of all chains from a to z, and let s (a) — 2W(M) 

— 2m(u)~m(a). I t is readily verified t h a t 5 satisfies the conditions s ta ted. 
Any function which satisfies the conditions of Theorem 2.1 will be called 

a pseudo-rank function. 

3. E x t e n s i o n of 2. Let 2 be any finite dimensional lattice and 5 any 
pseudo-rank function on 2. The next objective is to imbed ? as a sublatt ice 
in a lattice 9K which has more join irreducibles bu t otherwise retains the 
ar i thmetic properties of 2. Each irreducible a £ 2 covers a uniquely deter­
mined element c. Let k = s(q) — s(c) — 1. Whenever & > 0 introduce between 
q and c a construction chain of k new elements qu 

q > qi > q* > . . . > qk > c. 

Only the maximal and minimal elements of each such chain belong to ?, and 
distinct chains are either disjoint or have only the minimal element in com­
mon. 

Let the set 3JÎ consist of the elements of 2 together with the non-extremal 
elements of the construction chains. I t is easy to define formally the ordering 
described above for 3)1 by superimposing the ordering of 2 and tha t of the 
construction chains. Then 3D? is a lattice in which the non-extremal elements 
of the construction chains are both meet and join irreducible, and in which 
the remaining elements form a sublattice isomorphic to 2. The join irreducible 
elements of 9JÎ are those of 2 together with all non-extremal elements of the 
construction chains; thus 93? and 2 have the same number of points. 

T h e function s on 2 is extended to a function r on 5D? by defining 

r(b) = s(b) if b e 2 

= s(b2)+j iib(2, 

where b2 is the minimal element of the construction chain in which b appears , 
and where j is the length of t ha t chain from b to b2. Clearly r satisfies (2.1) 
and (2.2*); furthermore, (2.3) is satisfied by every a which is join irreducible 

in m. 

4. N o r m a l s e t s of i rreducib les . Let Q denote the set of all join irreducible 
elements q 9e z of 93?. For any 5 C Q let n(S) denote the number of elements 
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in 5, and for each b £ SJJ let Qb = {q G Q | q C J}. Clearly Qu A Qb = Qaç\b 
but the corresponding equality for union is not valid. 

Definition 4.1. A subset S Ç Q is said to be normal if and only if the following 
two conditions are satisfied: 

(Ni) URCS, then »(£) < r(\J R), 

(N2) »(5) = r(\JS). 

Normal sets are determined not only by the structure of SDÎ but also by the 
function r which is not uniquely determined by 9JÎ. The following lemma 
provides the fundamental tool for later proofs. 

LEMMA 4.1. / / Sand Tare normal sets such that s = KJ S Ç 2andt = U T Ç ? , 
there exists a normal set N C 5 V T such that KJ N = s \j t. 

Proof. Since W ( 5 A T) CL s f} t, we have 

w ( 5 V T) = n(S) + n(T) - n(S A T) 

>r(s) +r(t) - r(\J(S A T)) 

> r(s) + r ( / ) - r ( 5 n 0 > r(* u *)• 

An inductive argument is used to show that S V T contains a normal subset 
N such that \JN = s \j t. Let 6 £ 3J? be minimal such that 5 C ô C s y £ 
and r(6) — r(s) < w(!T A (Qb — Qs))- Since s y l satisfies these two require­
ments, such minimal elements exist. Choose B C T A ((?& — Qs) such that 
w (5) = r(b) - r(s), and let £ = 5 V B. Then 5 and B are disjoint, \JR Ç 6, 
and w(i?) = r(£). To prove that R is normal, it suffices to show that W Q R 
implies n(W) < r ( U W), for then »(i?) < r(\J R) < r(6) - »(i£). 

Suppose that W C J? exists such that wf VF) > r(\J W). Write W = 5 ' V B\ 
where 5 ' Ç S and B' C 5 . Clearly S and 5 ' are disjoint, and B' may be 
assumed to be non-void since otherwise W is a subset of the normal set 5. 
Also w = yj W ÇZ 5, since 23' is non-void and disjoint from Qs. First suppose 
w (£ 2; that is, w is an irreducible of 3DÎ introduced by the construction chains. 
Let W\ Ç £ be the minimal element of the construction chain C in which w 
appears. Then 

B' = (Bf A (?W1) V (Bf A C), 

is a disjoint union. Clearly w(5' A C) < r(V) — r(wi). Thus 

r(w) < w(w) - n(S') + n(Bf) < n (£') + » ( 5 ' A QWI) + r(w) - r(wi), 

r(wi) < n(S') + n(B' A Qwl). 

Let f = 5 ' V (£ ' A Qwi), and let w' = U W. Since U 5 ' C Wi, we have 
wr Ç wi. Then n(W) > r(wf). If w' (£2, the argument may be repeated, 
reducing W to a smaller set. This process must end before all the elements 
of B' are removed because otherwise n(S') > r(\J Sf), contradicting the fact 
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that Sf is a subset of the normal set 5. Hence we need to consider only the 
case for which W C R, n(W) > r ( U W), and VJ W 6 8. Then 

U S' = \J(W A 5) ç (U W) n (U 5) = w n 5, 
r(w) < n(W0 = »(57) + »(B') < r ( U S') + »CB') 

< r (w n s) + « CB') < r (w) + r(s) — r(w\j s) + n (Bf) 
= r(w) + n(S) — r(w \j s) + n(Br). 

Hence r(w \j s) < n(S) + n(B') < n(S) + n(B) = n(R) = r{b). Since w Q s> 
we have 5 C w \j s C b. Also 5 ' Ç T A (ÇW — (?«), and therefore 

r(w u )̂ - ris) < n(B') < n(T A (Qw{js - 0.)). 

But this contradicts the minimal property assumed for b. Thus the normal 
set S has been extended to a normal set R by adjoining certain elements of 
the normal set T. The argument can be iterated, replacing 5 by R, to con­
struct a normal set N C S V T such that VJ N = s \j t. 

Observe that in this proof 5 was augmented by elements of T to produce 
a normal set N = S V T', where V C T. The roles of 5 and T could have 
been interchanged, so there also exists a normal set Nr = S' V 7", where 
S ; C S and U # ' = U iV = s u *• 

LEMMA 4.2. For mcA 6 Ç 5DÎ /Aère exista a normal set B such that \J B = b. 

Proof. This is trivial for all points of 9JÎ; we proceed by induction. Let 
r{b) — k, and assume that the lemma holds for all a Ç 9Dî for which r(a) < k. 
If b is irreducible, b > c, and by the induction hypothesis there exists a normal 
set C for which c = U C. Then 5 = C V (6) is normal and b = U B. li b 
is reducible, then J Ç ? and b = s \j t (or suitable s, t Ç ?. By the induction 
hypothesis there exist normal sets S, T with 5 = U 5 and t = KJ T, and 
Lemma 4.1 then guarantees the existence of a normal set B Ç 5 V T such 
that \J B = b. 

5. The normal dependence relation. The next step in the imbedding 
process is to define a dependence relation A between the elements and subsets 
of Q and to develop its properties. For S Q Q, let 

5* = {g* Ç Q | g* Ç g for some g 6 5}. 

Definition 5.1. An irreducible g CI Ç is said to depend normally on a subset 
5 C Q, written g A 5, if and only if g Ç U T for some normal set T CI 5*. 
(The notation P A R is used to mean q A P for every g G P.) 

As immediate consequences of this definition we have 

(5.1) S* A S for every non-void S Ç Ç, 

(5.2) if S AT, then S* A T, 

(5.3) if qAS, then qQ^J S. 
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LEMMA 5.1. A also satisfies 

(Al) q' CI g implies q' A 5 V q for any S C Q, 

(A2) g A 5 awrf 5 A r wrc /̂y g A T , 

(A3) #' A g implies q' C g, 

(A4) g A 5 and 5 A g imply q Ç S, 

(A5) if g" C g' implies g" A 5, ^ew q A S V qf implies either q A S 
or g' A S V q. 

Proof. (Al) follows directly from (5.1), while (A3) and (A4) both follow 
from (5.3). Consider (A2), and let q A S and SAT: there exists a normal set 
M Ç 5* such that g Q \J M = m. By (5.2) M AT. lî m$%, m must be 
join-irreducible, which implies g (z S* and q A T. Hence consider m G S. 
Write M as a disjoint union, M = (M" A T*) V ML. If Ml is void, I f C T*, 
and q AT. Otherwise for each qt G Mi there exists a normal set 7\ C J1* 
such that g f C VJ 7\ = /*. If tt i 2 for some qt G Mi then /,- is join-irreducible, 
and qi G T*, contrary to qt G Mi. Hence tt G ? for each z. Apply Lemma 4.1 
a finite number of times to obtain a normal set 

R ç= V 7\ 
ffi cAf 1 

such that U i ? = U ^ = K S . Clearly i? C F*. Apply Lemma 4.1 again 
to R and M to obtain a normal set X of the form A7 = R V M', where M' C M 
and \J X = t\jm. Then i\T C T*y for if g, G X A Mi, then 

U(22 V gt) =t\jqtQt\jtt = t. 

Hence 

r(VJ(i? V g*)) = r(t) < r(t) + 1 = n(R) + 1 = n(R V g,), 

which contradicts the normality of À7. But ^ Ç w C U I , where A is a 
normal subset of T*, so g A T. 

To verify (A5), assume that g" A S for all q" C g', that g A 5 V g', but 
that g A 5. Then by (5.1) and (A2) g' is the only element of (5 V g')* which 
does not depend normally on S. By the definition of A, there exists a normal 
set T Ç (5 V g')* such that g Ç VJ J1 = t. Since g A T, we may assume 
g' G 7\ for otherwise 7" A 5, from which follows g A 5, contrary to hypothesis. 
Thus we write T = T' V g', where 7"' A 5. We assert that T' V g is normal 
and / = \J(T' V g). Let i? be any subset of V V g. If R Ç r , then J? Ç 7\ 
so w(i?) < r(\J R) since T is normal. If R <t T\ then R = R' V g, where 
R' QTf Q T. Then 

(5.4) wCR') = »(£) - 1 < r ( U £ ') < r{\J R). 

Suppose JRO = Ro V qfÇ T' V g exists such that n(Ro) — 1 = r (U i? 0 ) . 
Then from (5.4), w(jR0') = »(i?o) - 1 = r(KJ R0') = r(KJ RQ). Since 
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R0' QT'QT, RQ' is normal. Also g Ç U f t = U R0'. Hence g A i?0 ' ; bu t 
Ro' AS, so q AS which is a contradiction. Thus from (5.4) we obtain 
n(R) < r(\J R) for all RQT' V q, and V V g satisfies (Ni) . Bu t since 
T — T' \J q' is normal and q Q\J T, 

n(T' V g) = n ( r ) + 1 < r ( U ( r V g)) 
< r ( W D = r(U(T' V g')) 
= n(r) = n(V) + 1. 

Therefore, both of these inequalities must be equalities, and 

(5.5) n{V V g) = r{\J{V V g)) = r(\J T). 

Thus T' V q satisfies (N2) and is normal. But also U (Tf V g) Q U T, so 
(5.5) implies t h a t equality holds. Since g' G T, g' Ç U ( f V ?). Hence 
g' A T' V g, and q' A S V g. This completes the proof of Lemma 5.1. 

6. T h e n o r m a l i m b e d d i n g . I t was shown by the author (3) tha t any 
relation A on a partially ordered set Q determines a complete semi-modular 
lattice © whose set of join irreducibles is order isomorphic to Q, provided A 
satisfies the five properties of Lemma 5.1. The elements of @ are the closed 
subsets of Q where S Ç Q is said to be closed if and only if q A S implies 
q £ S. The closed subsets determined by the normal dependence relation 
form the imbedding lattice which was described in the introduction. Recall 
t h a t for each b Ç 3DÎ, Qb denotes the set of all g Ç Q such t h a t g Ç b. 

T H E O R E M . Let © be the lattice of all subsets of Q which are closed under the 
normal dependence relation. Then 

(6.1) © is a complete semi-modular lattice whose set of join irreducibles is 
isomorhphic to Q under the mapping q —> QQ, 

(6.2) ©, 9W, and 2 have the same number of points, 
(6.3) the mapping b —> Qb is a one-to-one mapping of ffît onto a lattice within 

© and an isomorphism of 8 onto a sublattice of ©, 
(6.4) for every b Ç 3)2, r(b) is the ordinary rank of Ç& in ©, 
(6.5) properties of the join arithmetic of 2 are preserved in ©. 

Proof. The precise meaning of (6.5) is contained in the s ta tement of Lemma 
6.4. Theorem 3 of (3) establishes (6.1). Hence © and 3JÏ (and therefore 8) 
have the same number of points. The remaining s ta tements are established 
by a sequence of lemmas. 

LEMMA 6.1. For each b 6 SK, Q, G ©. 

Proof. Since Qb = Qb* and b = U Qbf Qb is closed for each b G 5DÎ. 

LEMMA 6.2. For all a, b G S, (?a U (?& = (?«u&-

Proof. Qc \j Qb is the smallest closed set containing Ça V Q&; hence 
Qa U (?& £ QaUô- By Lemma 4.2, there exist normal sets /l C Qa and J3 Ç Q6 
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such t h a t U A = a and \J B = b. Apply Lemma 4.1 to obtain a normal set 
N QA V B such t h a t UN = U (A V B) = a{j b. If g Ç <2au* then g A A7. 
Th i s implies Qam Q Qa U (?&> s o equal i ty holds. 

T h u s the mapping b —* Qb preserves joins of elements of 2', since it also 
preserves intersections, 2 is mapped isomorphically onto a sublatt ice of ©. 
Clearly, for a, & Ç 2ft, a C 5 if and only if Qa Ç ()6. Hence the mapping of 
9JJ into © is order-preserving. Intersections are preserved, bu t joins are not, 
in general. Since Qa V Qb Q (?au&> the image of 5DÎ forms within © a lattice 
which is isomorphic to 3JJ b u t which is not necessarily a sublat t ice of ©. 

T o prove (6.4) we use an inductive argument . For b G 3W if r(b) = 1, then 
<2Ô = (ô) is a point of ©. Suppose the rank in © of Qc is r(c) for all c C 6. If 
6 is irreducible and b > c, then Qb = Qc V 6 > Qc in ©, so r(b) = r(c) + 1 
is the rank of Qb in ©. If b is reducible in 9W, then b Ç 8. Let Z> > c in S and 
let g G S be such t h a t q > c oq in 2. Then 

j = r(b) - r(c) < r(q) - r(c n q) = k. 

In 9ft there exists a chain g = qk > gfc_i > . . . > gx > c n g- Let St = Qc V gi 
V . . . V q% for 1 < i < &. T h e n we assert 

(a) Si, S2, . . . , Sj-i are closed, and 
(b) Qb A S j . 

If these two s ta tements are valid, then in © we have 

Qb > S7_x > . . . > Sx > Qe, 

so the rank of Qb is r(b) = r(c) + j . T h u s (6.4) follows from the next lemma. 

L E M M A 6.3. In 2 let b > c, where b is reducible, and let qk C b be such that 
qk > qic D c- Let the construction chain in 9QÎ which is headed by qk be q,c > qk^\ 
> . . . > gi > qk n C, where k > r(b) — r(c) = j . Let St = Qc V gi V . . . V qt 

for i < j . Then 

(a) Si, . . . , S?_i are closed, and 

(b) QbASj. 

Proof. For i < j let g A St\ there exists a normal subset .V Ç 5 j * = S, such 
t h a t qQ\J N. Firs t assume U A7 G 8 and c y W i V = }. Let M Ç Qc be 
normal such t h a t U M = c. By Lemma 4.1 extend A7 by adjoining elements 
of M to obtain a normal set B ÇZ S* for which KJ B = b. Then 

w(B A Co) > « (B) - i = r{b) - i > r(b) - j = r(c) > r ( U ( B A W ) . 

This contradicts the normali ty of B. Hence either \J N $ 2 or c i j LAY C 6. 
In the la t ter case VJ A7 <Z c since 6 > c. Then g A .Y Ç Qfi Ç S j . If c y U Y = b 
then U Y | S , s o U Y = gs for some 5 = 1, . . . , i. Then 

g A 7 V Ç Qq,QSt. 

Hence St is closed. 
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To prove (b) we show that P = M V qi V . . . V q3- is normal. Since 
U P = b it will follow that qAPQSj for all q G ft. Clearly 

n(P) = n(M) +j = r(c) +j = r(b). 

Let r ç ? , and write T as a disjoint union, 

T = C V D, where C C Jkf and D C {gb . . . , g,}. 

If U JH $ 8, either Z> is void or VJ T = qs for some s = 1, . . . , j . In the former 
case T Q M so r (KJ T) < n(T); in the latter case 

T C &, C (ffl V . . . Vg.) V (C A QcnO-

But 

n(C A QcnQk) < r(cf\qk) 

since C Q M. Thus 

» ( r ) < 5 + r(c n g*) = r(g,) = r(\J T). 

Finally suppose U T G ?. Then 

n(T) = n(C) + n{D) < r ( U C) + j < r ( C n U T) + r(b) - r(c), 

since W C Ç £ p| \J T. But since r satisfies (2.2) on 8, 

r(c n U r ) < r(c) + r ( U T) - r(c u U r ) . 

Hence w(!T) < r ( U T), and P is normal. This completes the proof of Lemma 
6.3 and consequently (6.4). 

LEMMA 6.4. For b G ? and q* G Q, ZeJ 

ft = u ft,* 
6e a reduced join representation having the least possible number of components. 
Then there exist qt G 8, i = 1, . . . , m, such that both 

m 

b=Uqt 

and 
m 

ft = U ft,-
are reduced representations. 

Proof. From the isomorphism, for q G 8 the representation 
m 

b = U qt 

is reduced in 8 if and only if 
m 

ft = U ft,-
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is reduced in ©. T h u s the join representat ions in 8 are carried intact into ©; 

however, some irreducibles of © may not be the image of an irreducible of 

8. If 
m 

Qb = U Qgi* 
2 = 1 

for q* G Q, let qx £ 8 be the maximal element of t h a t construction chain in 
which q* appears . Then 

m 

Q* = U Qqi. 

If no representat ion of Ç& n a s fewer than m components , this representat ion 
is reduced, as is 

m 

b = Uqt. 
1=1 

This completes the proof of the main theorem. 

Our concluding remarks are directed to the problem of determining in 
wha t sense the normal imbedding is minimal. First , it is clear t h a t among 
all semi-modular latt ices which contain 8 as an isometric sublatt ice, © has 
the fewest points, and also the smallest possible number of join irreducible 
elements. Fur thermore , if 8 is already semi-modular, then the normal im­
bedding latt ice @, based on the usual rank function for 8, is isomorphic to 
8. Even if 8 is not semi-modular, © is isometrically isomorphic to a sublatt ice 
of the semi-modular point latt ice of Di lworth 's imbedding. One might suspect, 
then, t h a t © is isomorphic to a sublat t ice of any semi-modular latt ice which 
contains 8 as a sublatt ice and preserves the rank function originally defined 
on 8. However, a simple counter-example reveals t h a t no general imbedding 
exists which is minimal in this sense. Consider the latt ice diagrams shown 
below, in which the latt ice 8, whose elements are denoted by small circles, 
has been imbedded isometrically in the semi-modular latt ices © and 9f, using 
height on the diagram as rank function. © is the normal imbedding latt ice 
of this paper, and 9î is clearly the smallest imbedding latt ice possible, yet 
neither is a sublatt ice of the other. 

© 91 
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