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INVARIANT SUBRINGS WHICH ARE COMPLETE
INTERSECTIONS, I

(INVARIANT SUBRINGS OF FINITE ABELIAN GROUPS)

KEIICHI WATANABE*

Introduction

Let G be a finite subgroup of GL(n,C) (C is the field of complex
numbers). Then G acts naturally on the polynomial ring S = C[X,, - - -, X,].
‘We consider the following

ProBLEM. When is the invariant subring S¢ a complete intersection?

In this paper, we treat the case where G is a finite Abelian group.
We can solve the problem completely. The result is stated in Theorem
2.1

1. Construction of the groups and the invariant subrings

First, let us fix some notations.

Z is the ring of integers.

N is the additive semigroup of nonnegative integers.
Z, is the set of positive integers.

C is the field of complex numbers.

S=/cC[X, - -, Xl

G is a finite Abelian subgroup of GL(n, C). It is well known that
G is diagonalizable. So we will always assume that every element of G
is a diagonal matrix.

e, is a primitive m-th root of unity.

I={1,--.,n} (the index set of variables).

(a; i) (resp. (a, b;1i,j)) is the diagonal matrix whose (i,i) component
is a (resp, (i,i) component is a and (j,j) component is b) and the other
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diagonal components are 1. For example, if n = 3,
1 a
(a;2) = a and (a,b;1,3) = 1 .
1 b

DEFINITION 1.1. A special datum D is a couple (D, w) where D is
a set of subsets of I and w is a mapping of D into Z, satisfying the
following conditions.

(1) For every iel, {i}e D.

@) If J,J’e D, one of the following cases occurs;

@Jcd b)yJ cd () JNJ =40.

(8) If J is a maximal element of D, then w(J) = 1.

4) If J,J'eD and if J C J’, then w(J) is a multiple of w(J") and
w(J) > wJ’).

(B) If J,d,JeD and if J, <dJ (i =1,2), then w(/,)) = w(J,). (We
write J < J’ if J C J’ and if there is no element of D between J and
J')

A datum D is a couple of a special datum D’ and (e, ---,a,) € Z".
We identify a special datum D with the datum (D, (3, - - -, 1)).

DerintTION 1.2. If D = (D, w,(a,, - -, @,) is a datum, we put
w(J.
By = C[X,;Je D], where X, — (n X) ?
i€d
DeFintTION 1.3. If D = (D, w,(ay, - -, @,)) is a datum, the group G,
is the one generated by the following elements;

{(eq;;0)|ie I} and
{(ewas €naps b DTy JeDyied, jed, Jd,d, <dJ and w = w(,) = w(J,)} .
NortaTioN 1.4. To illustrate a special datum D, we define the graph
of D = (D, w) as follows;
(i) We represent Je D by a circle and we write the integer w(J)
inside it.
(i) If J <J’, we join the corresponding circles by a line segment
in such a way that the circle corresponding J’ lies above that of J.

ExamprLe 1.5. A. If the graph of D is

\’

@& @
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then

RD= C[Xla, "',X#,XXXZ"'Xn] and

Gp = {(es,€:%;1,2), (eas €:%52,3), - - -, (s, €' 0 — 1, m)) .
It will be shown later that if G C SL(n,C) is a finite Abelian group
which is not contained in SL(n — 1, C) and if S¢ is a hypersurface, then

S¢ = Rp and G = G, of this example (cf. Theorem 2.1).
B. If the graph of D is

0 D
C/\be»\®

(n = 4), then R, = C[X?* X7, X.X,, X2, X!, X.X.] = Rp, ¢ Rp,, where D,
and D, are special data whose graphs are

o ™

respectively and Gp = {(es, e;'; 1, 2), (ey, €5%; 3, 4)) = Gp, X Gp,.

Remark 1.6. By the construction, it is clear that if D is a special
datum and if D’ = (D, (a,, - - -, @,)) is a datum, then R, = R,..

Proposition 1.7. If D = (D,w,(a, ---,a,) is a datum, then
(1) the ring Ry is a complete intersection.
(2) Ry is the invariant subring under the action of the group Gj.

Proof. We prove this by induction on the cardinality of D. If
#(D) = n, Ry is a polynomial ring and the statement (2) is clear, too.

(1) Let J be a maximal element of D with #(J) > 2. We can write
J=JU - Ud,, where J;, <dJ for i=1,.--,p. We put D' = D\{J}
and D' = (D', w, (ay, - - -, @), where

w ) wy) (I C )

Mﬁ:h@@ Gf I’ & J)

and

_ {aj ‘w(Jy) (ifjedy)
e, (fjed).

Then it is easy to see that R, = Ry [X,] = Ry [Y]I/(Y*Y? — []2., X,,). As

’
J
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R, is a complete intersection by the induction hypothesis, so is Rp.

(2) It is easy to see that every element of R, is invariant under the
action of G,. Also, by easy computation, we can reduce to the case
where D is a special datum. As S is generated by monomials, it
suffices to show that every monomial in S¢» is divisible by some X(J ¢ D).
Let M=X° (c=(c, --,¢,)) be a monomial in S, We put I' =
{ielI|c;>0}. If I’ contains some maximal element J of D, then M is
divisible by X,. Otherwise, there exist J,J’ e D such that J' <, J' C I’
and J& I’. If we take jedJ so that jelI’, s, = (eyu,epun; i, j)€ Gp for
every ied’. As s(M) = M, we have w(J')|c; for every i€ J’. This means
that X, divides M. (The author thanks the referee for advising him this
nice proof.)

Remark 1.8. We can define the ring R,(k) for any field & and a
datum D by putting Rp(k) = k[X;; Je D]. (The definition of X, is the
same as the one in 1.2.) The proof of 1.7 (1) shows that Ry(k) is a com-
plete intersection for an arbitrary field k.

2. The main theorem

In this section, we conserve the notation and conventions at the
beginning of Section 1.

TrHEOREM 2.1. If G is a finite Abelian subgroup of GL(n,C) (resp.
SL(n, C)) end if S¢ is a complete intersection, then there is a datum (resp.
a special datum) D such that S® = Ry and G = G,

We divide the proof of (2.1) in several steps.

2.2. As G is diagonal, S¢ is generated by monomials of X, .-, X,.
For a monomial M = X“a = (a,, ---,a,)), we put deg(M) = (a,, - -, a,).
In this manner, S¢ is a Z"-graded ring. We put m = (X, ---,X)S N S¢
and we choose monomials M,, ---,M,,, so that the images of M,s in
m/m? form a basis of m/m®. It is clear that M,’s are uniquely determined
by this condition and that M,, ---, M,,, are the minimal generators of S¢.
Among M;’s, there are monomials of the form X (i=1,---,n). So we
can assume that M, = Xt for i =1,.---,n. As S¢is normal, M, (i =1,
-+.,n) are uniquely determined by this property.

Now, let us define the homomorphism

T ClY, -, Y] > 8¢
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by T(Y)=M,i=1,---,n+t). Weconsider C[Y, ---,7Y,,.] a Z"-graded
ring by putting deg(Y,) =deg(M,) G =1, ---,n + ). Then T is a homo-
morphism of Z"-graded rings and so Ker (7T') is a Z"-graded ideal. It is
easy to see that Ker (T) is generated by the differences

Yoo .. Yot — Y& .. Yére  such that M. Mense = M. .. Minie

Minimal basis of Ker (7)) is given by the basis of the vector space
Ker (T)/(Yy, - -+, Y,.)Ker (T). For i=n+1,.---,n4 ¢t some power of
M, is a product of other M,’s. So, there is a difference

F, = Y} — (monomial of Y,’s) G=n+1---,n+1

such that F; is a member of a minimal generating set of Ker (7). As
S¢ is normal, a relation of the type M? — M{ =0 does not occur for
ixj. So F,,, -, F,,, are distinct elements of Ker (7). Also, the images
of F,,,, -+, F,,, in Ker (TY/(Y,, - - -, Y,.,) Ker (T') are linearly independent
since Ker (T)/(Y,, -+, Y,,,) Ker (T) is a Z"-graded module and deg (F))

G=n+1---,n+ 1) are all distinct. If S¢ is a complete intersection,
Ker (T') is generated by precisely ¢ elements and the above argument
shows that Ker (T') is generated by F,,,, -, F,,,.

Before proceeding further, we need some remarks.

2.3. In general, if R is a Gorenstein ring graded by N" and if R,
is a field, then the canonical module K, of R has the natural Z"-graded
R-module structure and K, = R(d) for some d =(d,, ---,d,)€ Z" as Z"-
graded R-modules (cf. [3]). We define a(R) = d. This invariant a(R)
plays an essential role in the proof of 2.1. We need two facts concern-
ing a(R).

2.4. (R. Stanley, [5]) K = (S%), as Z"-graded S%modules, where
(S%), is the ideal generated by {X¢e S¢le = (e, ---,e,),e,>0@GE =1, ---,n)}

ExampLEs. A. If Gc SL(n,C), then S¢ is a Gorenstein ring and

a(S% = (—1,--., —1). Conversely, if S is a Gorenstein ring and a(S¢%)
=(-1,---, —1), then G C SL(n, C).
B. Ift D=D,w, a, ---,a,)is a datum, then a(Rp) = (—a,, - -+, —a,).
25. If R=~k[Y,  ---, Y, J)(F, ---,F) is a complete intersection,

where % is a field and deg(Y,)e N"\{0} is given so that F,, .-, F, are
homogeneous with respect to this grading, then
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a(R) = 33 deg (F) — 3 deg (¥)).

The proof of this fact is the same as those of (2.2.8) and (2.2.10) in [2].

2.6. If J is a subset of I and if we put S, = C[X,;ieJ], then G
acts on S, (as we have assumed that G is diagonal) and (S,)¢ = S, N S¢.
And,

2.7. If S¢ is a complete intersection, then (S,)¢ is a complete inter-
section for every subset J of I.

Proof. In the notation of 2.2, (S,)¢ = C[M,|M;e S,]. If we define
T,:ClY;1<i<n+t MeS,]—(S)°*

by T,(Y;) = M,, then it is easy to show that the set {Filn+1<i<n+1¢,
M, e S;} generate Ker (T)).

2.8. Let G be a (not necessarily Abelian) finite subgroup of GL(n, C).
The following facts are known.

THEOREM [1]. S¢ is a polynomial ring if and only if G is generated
by its pseudo-reflections. (ge G is a pseudo-reflection if rank (g — I) = 1.)

TuEOREM [7]. If G contains no pseudo-reflections, then S¢ is a Gorenstein
ring if and only if G C SL(n, C).

If G is Abelian (and diagonal), then every pseudo-reflection in G is
of the form (e; i) where e is a root of unity and ieI. If H is the sub-
group of G generated by all the pseudo-reflections of G, then

S% = CIXf, -+, Xi]

for some integers a,, ---,a,. The group G/H acts linearly on the new
basis (X2, ..., X2). If S¢ is a Gorenstein ring, then G/H C SL(n,C) by
this new representation. That is, X?---X2»e S¢ So, to prove 2.1, we
may assume that G C SL(n, C).

2.9. Now, let us continue the proof of Theorem 2.1. We assume
that G € SL(n,C) and that S¢ is a complete intersection. We put S¢ =
ClM, - --,M,,.] as in 2.2. We prove the theorem by induction on n.
(For n £ 2, the conclusion of 2.1 is well known and is easy to prove.)
So, we assume that for J S I, (S,)° = R, for a datum D for the index
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set J ((S,)¢ is a complete intersection by 2.7).

For a monomial M, we define Supp (M) = {iel| X,|M}. We put
Supp(Mi) = Ji (i = 1, e, N -+ t)'

2.10. If i % j, then J, = J,.

Proof. Assume that J = J; = J,. Considering the action of G on
S, and by the induction hypothesis, we may assume J = I. But in this
case, as X;---X,€ S¢% the only possible monomial M with Supp (M) =T
that is a member of the minimal generators of S¢ is M = X,---X,. A
contradiction!

2.11. If i x j, either J, C J;, J;, D J; or J, N J; = 0.

Proof. If the conclusion is false, there is a pair (i,j) such that
Jopd, J;&J, and J=J, NJ; % 0. Let us take such a pair that
J; U J; is minimal. By the induction hypothesis, we may assume J, U J,
=1 Then P= X,..-X, divides M;M,. So, by 2.2, P must be a member
of the minimal generating set of S¢ and there is an integer a such that
P = M;M,. Also by 2.2, there is no further couple (k, m) such that
J, Ud, =1 By the minimality assumption, for every k (k= 1, ---,n + ),
one of the following cases occurs; (i) M, = P (ii) J, C J; (iii) J, C J,.
That is, we have S¢ = C[(S,)% (S,)% P]. By the induction hypothesis,
there exist data D, and D, for the index sets J; and J;, respectively, such
that (S,,)° = Rp, and (S,) = Rp,, We want to compute a(S¢) to have a
contradiction. Consider the homomorphism T defined in 2.2. We have
seen in 2.2 that Ker (T) = (F,,1, -+, Fry). f E=Zn+ 1 and if J, CJ,
then, by the construction of Rp,, F, = Y — [[nes, Yn, Where Ji = {m|dJ,
<} and v = w(J,)/w(J,) (everything is considered in the datum D).
The situation is similar if J, C J;. Thus we have

(%) deg (Fy) = 2, deg (M) .
Im<Jx
If M, = P, we have seen F, = P* — M,M,. By 2.5,
n+t n+t
a8 = 3 deg (F) — 3. deg (M) .

k=n+
We recall that {J,l/k=1,---,n+ ¢t} =D, U D; U {I} and that D, and D,
have the non-empty intersection. If we replace deg (F}) by the equality (*),
deg (M,,) appears twice if J,, <, in D, and J, <, in D, for some J,
and J,,. So, we have
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a(S¢) = —deg (P) + > {deg (M,)|J, is a maximal element of J =, N J,}.

But, on the other hand, as G < SL(n,C), we must have a(S¢) = —deg(P)
= (—1, ..., —1). This contradicts the fact that = §.

2.12. Foreveryi,i=1,---,n+ t, M, = ([[nes Xn)** for some integer
w,; and w, = w, if J;, < J, and J; < J, for some J,.

Proof. We prove this by descending induction on J,. If; = I, then
M,; = P and we have already seen that P* = [[,.; M, for some integer a
(cf. 2.11). Thus M, = ([]ics, X)* for every £ such that J, <I. We can
Tepeat this process considering the action of G on S;, and using the in-
duction hypothesis. Also, this argument shows that we have checked the
condition (4) of 1.1. The proof of Theorem 2.1 is complete.

Exampre 2.13. To illustrate the proof of 2.11, let us give an example.
If we put R = C[X*, Y? Z%, X*Y, YZ*, XYZ], R is a complete intersection
and a(R) = (—-1,1, —1) = (-1, —1, —1) + (0, 2, 0). The calculation of a(R)
shows that R is not normal. The normalization of R is R[X*Z, X*Z*, XZ],
which is not a complete intersection.

Remark 2.14. Let H C N™ be a finitely generated additive semigroup
and let 2 be a field. Then the property “R = k[H] (K[H] = k[X"; h =
(hy, - -+, h,)e H]) is a complete intersection” does not depend on k. So,
we have the following

THEOREM. Let k be a field and H= N" N L be a semigroup, where
L is an additive subgroup of Z™ with rank (L) =n. If R=Ek[H] is a
complete intersection, then R = Ry(k) for some datum D (cf. 1.8).

Remark 2.15. For n =3, normal semigroup rings of dimension 3
over arbitrary field, which are complete intersections were classified by
M.-N. Ishida in [4].

Remark 2.16. R. Stanley gave a criterion for S to be a complete
intersection in [6], where G is the intersection of a reflection group G
and SL(n,C). If G is Abelian, G is necessarily of the form Gz = {(e,,; )|
1=1i=n), where B = (b, -+, b,) is an n-tuple positive integers. In this
case, his criterion says that S (Gz = Gz N SL(n,C)) is a complete
intersection if and only if the set {b,---, b,} is “completely reducible”
(see [6] for the definition of this word). By our Theorem 2.1, it is not
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hard to get the special case of his theorem when G is Abelian. But, for
a special datum D, the group G, is not necessarily the intersection of a
reflection group and SL(n, C).

3. Some concluding remarks and conjectures

ProrosiTioN 3.1. If G C SL(n, C) is a finite Abelian group and if S¢
is a complete intersection, then

(1) @ is generated by {ge G|rank (g — I) = 2},

(2) S¢ is generated by at most 2n — 1 elements,

B) if S¢ is a hypersurface (if S¢ is generated by (n + 1)-elements),
then G = G N SL(n, C), where G is a finite Abelian reflection group,

(4) if S¢ is a hypersurface, the multiplicity of S¢ is at most n. If
S¢ is generated by exactly 2n — 1 elements (if the embedding dimension of
S¢ is 2n — 1), the multiplicity of S¢ is 2"7'. In general, the multiplicity
of S¢ is at most 2" .

Proof. We may assume that S¢ = R,, where D = (D, w) is a special
datum. Then (1) is clear by the definition of G,. To prove (2)-(4), we
may assume that S¢ does not contain any non-zero linear forms. For
Je D, |J| = 2, we put

0J)=#{J e D|J' <J} and m(D)= [] é(J).
JeD
|J122
Then we have > ,cp, 17122 (6(J) — 1) = n — 1. This proves (2). As for (3),
if Rp is a hypersurface, then G, = {(e,e;};i,i + Dji=1,---,n— 1) =
{en;Dt=1,---,n> N SL(n,C) for some integer m. To prove (4), we
consider the ring A = R,/a, where a is the ideal of R, generated by

{X;|J is a maximal element of D} and
{X,, — X,.|J',JJ” e D and J’' <dJ, J’ < dJ for some Je D} .

Then A is an Artinian ring and length (A) = m(D) by using the follow-
ing easy lemma repeatedly, and so the multiplicity of Rj is at most m(D).
It is easy to see that m(D) < 2"

Lemma. If B is an Artinian ring and if C = B[Y]/(Y™ — b), where
Y is an indeterminate and be B, then length (C) = m. length (B).

In general, we have the following

ConNgEcTURE 3.2. If G C SL(n,C) is a (not necessarily Abelian) finite
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group and if S¢ is a complete intersection, then the followings are true.
(1) G is generated by {ge G|rank (g — I) = 2}.
(2) The embedding dimension of S¢ is at most 2n — 1.

(8) If S¢ is a hypersurface, then G = G N SL(n, C) for some finite
reflection group G.

(4) The multiplicity of S¢ is at most 2"!. If S¢ is a hypersurface,
then the multiplicity of S¢ is at most n.

We have examined this conjecture when G is Abelian. If n =2, it
is well known that S¢ is a hypersurface of multiplicity 2 for every finite
subgroup G of SL(n,C). In [8], we will show that the conjecture is true
for n = 3.
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