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O N T H E T O P O L O G I E S O F R" 

BY 

CHUNG-WU HO 

ABSTRACT. Let R°° be the set of all the finite sequences of real 
numbers. The author shows that there are uncountably many dis
tinct topologies on the set R°°, each of which coincides with the 
usual topology when restricted to an Rn. However, under each of 
these topologies, R°° is always of the same homotopy type. A 
generalization to some other spaces is mentioned. 

For each n > 1, let Rn be the set of all the infinite sequences (xu x2, x3,...) 
of real numbers such that xt = 0 for all i > n. With this definition, we have 
^ c ^ c ^ c . . . . Now, let R°°={Jn>iRn- The set K°° is frequently of 
interest, for it is the smallest linear space which contains all the euclidean 
spaces. One may use it for instance to study the geometric complexes which 
contain simplexes of an arbitrarily high dimension. What topology should be 
put on R°°? Naturally, we wish to consider a topology which would induce the 
usual topology on each Rn. Such a topology of course exists. But is it unique? In 
this note we shall show that there are uncountably many different topologies on 
R°°, each of which induces the usual topology on Rn. We shall also compare 
these topologies and observe a few basic properties of them. 

First note that for each p, l < p < o c ? the usual lp norm Np is well defined on 
R°°. In fact, R°° is a dense subset of each of the classical Zp-spaces. We shall use 
3~p to denote the topology on R°° induced by the lp norm. One might also wish 
to consider the following two common topologies on 2?°°: the product topology 
& (where JR°° is considered as a subspace of the Cartesian product of a 
countable copies of real lines), and the weak topology W induced from the 
union R~= IJn^i Rn (i.e. Ue W if and only if UC\Rn is open in Rn for each 
n). It is well known that all these topologies coincide when they are restricted 
to a euclidean space jRn. It seems somewhat surprising that these topologies are 
all distinct on R°°, even though it is the set of all the finite sequences of real 
numbers. Specifically, we have the following: 

THEOREM 1. For any extended real numbers p and q with l < p < q < o c ) the 
relations SP <= 3~q c £Tp c W always hold. Furthermore, each inclusion is proper. 

Proof. The inclusion part is undoubtedly known. However, for completeness, 
we shall outline a proof here. It is well known that the topology SP on R°° can 
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be induced by a metric. For instance, for each x = (xx, x2, • • .)e JR°°, let 

N(x)=t (Ix.l/ïd + lx.D), 
i = l 

and let p(x, y) = N ( x - y ) for each x, y ei?00. Then p is such a metric. Let an 
arbitrary real number £ > 0 be given, we may choose a positive real number 8 
such that 8/(l + S)<e . Then it is not difficult to show that for each xeR°°, 
Nx(x)<8 => N(x)<e , where for each p, l < p < o c , Np(x) denotes the /p-norm 
of x. This implies that each open ball in SP contains an open ball in the L-norm, 
and hence, <3> c ST^. 

For any real number p > l , the inclusions ST^^ 3~p and ST^W are im
mediate, for it is clear that for any x e JR°°, NX(X) < Np(x), and if a set U is open 
in S-!, it is clear that UC\Rn is open in Rn for each n. 

Now consider any two real numbers p and q with l < p < q < o c . Let any 
£ > 0 be given. If we choose a positive 6 < 1 such that 8p/q<s, then for any 
x = (x1? x2 , . . . ) G R ° ° with Np(x)<8, we note that | X J | < 1 for each i= 1, 2 , . . . , 
and that 

/ j ^ ^ l /q / _oo ^ 1/q 

N,(x)= = Il,l«) -

x i = 1 7 

= 

< 

r / °° \ i / p -

L x i = i 7 J 

§p / q < £. 

p/q 

Thus, any e-ball in Nq contains a ô-ball in Np. Hence, ïïq <= £fp, and this finishes 
the proof for the inclusions. 

We now show that all these topologies are distinct. In the following, for each 
xeR", we shall use xt to denote the ith component of x. Consider the set 
Uw ={xe-R°°| | X J | < 2 _ 1 for each i}. Uw is an open neighborhood of the origin 
OeR00 with respect to the topology W. We contend that Uw is not open in 3~lm 

Let any e > 0 be given, we can fix a positive integer k such that 2"k < s. Then 
consider the point x e R°° such that xt = 2"k if i = k, and xt = 0 if i¥= k. Clearly, 
Nx(x) = 2~k < £ but x^ Uw. Thus each £-ball of 0 with respect to Nx contains a 
point not in Uw. Therefore, Uw is not open in 3'1. 

Now, let any real numbers p and q be given with l < p < q < o c . Let 
Up = {xeRco\ Np(x) < 1} be the unit open ball in STp. We shall show that Up is 
not open in STq. Let any e > 0 be given. We may choose an integer n so large 
that (e/2) • niQ'p),m > 1. Then consider a point xeR°° defined by 
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It is straightforward to show that 

w-(-y*)r-Mrr-i<-
But 

Thus, each e-ball with respect to Nq contains some point whose Np norm is 
greater than 1. Therefore, the unit open ball Up cannot be an open set in 2Tq. 

To show ÏÏ^ÏÏV for any l < p < o c ? consider the unit open ball Up = 
{xeR°°\Np(x)<l}. For each e > 0 , fix an integer k such that fc1/p(e/2)>l. 
Then the point xeR™ defined by 

for 1 < i < k 

,0 for k<i 

clearly belongs to the e-ball with respect to N^, but it does not belong to Up. 
Thus, ST^ STp. 

Finally, let U0O = {xe K°° | N^x) < 1}. For each e > 0, choose an integer n 
such that 2~n < e. Then the point x e R°° defined by 

(2 if i = n 

^0 if i¥^n 

belongs to the e-ball with respect to N but not in the ball Uoo. This finishes the 
proof. 

REMARK 1. Using the idea of our proof, we can actually show that each 
e-ball in N is unbounded in the norm N^, no matter how small e is. Likewise, 
for each p and q with l < p < q < o c ? each e-ball in Nq is unbounded in the 
norm Np. 

Even though there are uncountably many distinct topologies on K°° yet from 
the homotopy point of view, all these topologies described in Theorem 1 are 
essentially the same on JR°° in the sense that under each of these topologies, R°° 
is always of the same homotopy type. This is shown in the following 

THEOREM 2. Under each of the topologies 0\ W and 3~p with l<p<<x 5 the 
space K°° is always contractible. 

Proof. Let I be the closed interval [0,1] on the real line. We need only show 
that the function F : i?°° x I —> R°° defined by F(x,t)=tx is continuous with 
respect to each given topology on Ĵ °°. That it is continuous with respect to the 
topology 0> and to each STp with l < p < o c is a consequence of the following 
two relations, each of which is easy to establish: for each x and y e JR°° and each 

https://doi.org/10.4153/CMB-1981-007-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1981-007-6


50 CHUNG-WU HO [March 

re [0,1], 

(1) Np(tx-ty)=t-Np(x-y), and 
(2) N(tx-ty)<N(x-y). 

As for the topology W on Rœ, since each JRn is locally compact, it is known 
that the product topology on R°°xl can be considered as the weak topology 
induced by the union R~xl = \Jn^ (Rn xl) (see [3, (H)], or [2, Theorem 
1.9]). Thus, the function F is continuous with respect to W because each 
restriction 

F\(RnxI):(RnxI)-*Rc° 

is clearly continuous. 

REMARK 2. One may also show that JR°° under each of the topologies 3P, W 
and £Tp, l < p < œ , is a topological vector space. Among these topologies, W is 
the only one which is not metrizable (see for instance [1, Ex. 6(a), p. 175]). 
However, W does have one advantage over the other topologies. It is well 
known that with respect to W, a set K is compact in R°° if and only if K is 
compact subset of some JRn. But with respect to each of the other topologies 
considered here one can show easily that the following set K = {0}U 
{x(n) | n = 1, 2 , . . . } , where for each n, the point x (n )€ JR°° is defined by 

f . \— if i = n 
x\n) = <n 

[o if i¥*n, 

is a compact subset of JR°° which is not contained in any .Rn. Thus, W is the 
only topology considered here for which the compact sets of R°° are contained 
in some finite dimensional subspaces. 

REMARK 3. Our theorems can be proved for some other spaces also. We get 
an immediate extension if the space R of the real numbers is replaced by the 
complex numbers, the quaternions, or the Cayley's numbers. In fact, our 
Theorem 1 can be generalized to the following situation. Consider an infinite 
collection {((Xi5 at), Ti)}f=1 of spaces Xt with a distinguished point a{ and a 
metric rt which satisfy the following assumption: 

A. There exists a positive number r such that for each positive e < r, and for 
each i = 1, 2 , . . . , there exists a point xt e Xi with Tt(xi9 at) = e. 

For such a collection, we may consider the set 

X°° = \ (xl5 x 2 , . . . ) e Yi Xt | x( = di for all except finitely many fs |. 
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On the set X°°, we may again define the topologies 0>, W and ïïv for each 
l<p<oc where a lp-metric on X°° is defined by 

Np(x,y) = (Z(Ti(xi,yl))p) * if l<p<oc, 

and 

N00(x,y) = Sup{ri(xi,yi)|i = l ,2, . . .} 

for each x = (xl9 x2,...) and y = (y1? y2,...) e X°°. 
Our Theorem 1 is true for such an X°°, and each of these topologies does 

induce the usual product topology on each of the finite product space Yl?= i Xt. 
The assumption A is essentially what we need in carrying out the proof for our 
Theorem 1. Note that if there exists a number r>0 such that each at has a 
pathwise connected neighborhood in Xt which contains at least one point xt 

with T^, at)>r, then the assumption A will be satisfied for such a collection. 
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