
ON THE GROUP STRUCTURE IN HOMOTOPY GROUPS

MASATAKE KURANISHI

ϊntrotuction

Usually the group structure in a homotopy group is defined directly and

explicitly. But the algebraic approach to the topology, now common, seems to

raise the following question: is that the only group sturcture which is natural

from the algebraic topological point of view ? On the other hand, several alge-

braists have begun to feel a necessity to construct a " homotopy or cohomotopy

theory of groups," and it may be allowed to say that one of the first steps to the

problem is the axiomatization of homotopy groups. Our first question is of

course a special case of the latter problem.

In this note, we propose to show that the usual group sturcture in homotopy

groups is indeed the only natural one the strict definition of naturality will

be given below. But for the sake of convenience, we formulate our theorem

in more general form, that is, in a form of axioms (of homotopy groups).

In our system of axioms for homotopy theory, we introduce path spaces

and zero-dimensional homotopy classes. But these circumstances seem to sug-

gest that our axioms are not yet in a final form of the axioms of homotopy

groups.

The writer is greatly indebted to Prof. Nakayama for his suggestion to the

problem and Dr. Shimada for many useful remarks and discussions. The writer

wishes also to express his gratitude to Prof. Chevalley for the suggestion of

the generalized form of a lemma in this paper.

§ 1. Preliminaries and the statement of the theorem

(1.1) A set G is called a set with a neutral element, if there is a specific

element in G which is called the neutral element of G. We shall denote gener-

ally by e the neutral element. Any group is also considered naturally as a set

with the neutral element. Let G and H be two sets with the neutral elements.
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A homomorphism / of G into H.

f:G-*H9

is a single valued function from G to H such that the neutral element of G is

mapped to that of H. A homomorphism / : G -* H is called an isomorphism

if the function / is one-to-one.

Let A be a topological space and let c b e a point of A. Defining the neu-

tral element to be the arc-wise component of A containing a, the set of totality

of arc-wise components of A forms a set with the neutral element, which is

denoted by πoiA, a). For any continuous mapping/ : {A, a) -» (B, b), we can

naturally associate the homomorphism /Λ : πo(A, a) -» T:Q{B, b), namely /« (the

component containing a1) = the component containing f(a'). By generalizing

the usual definition of the set πn(A, B, b) to the case n = 1, we obtain also the

set with the neutral element mi A, B, b).

(1.2) Let Gn in = 1, 2, . . .) be sets with neutral elements, and fn in = 1,

2, . . .) be homomorphism of GΛ+i to G«. Then they are called exact sequence

if the following conditions are satisfied:

(1) the image of /m+i = the complete inverse image of e by fm for any m ^ 1.

(2) if both Gm and Gm+z consist of only one element, then fm+2 is an iso-

morphism for any mSsl.

In the case that both Gm+i and Gm+2 are groups and fm+2 is a homomor-

phism of group structures, the condition (2) follows from (1).

(L3) Suppose G and H are groups or sets with the neutral elements. In

the sequel, we shall say that a mapping / : G -» H is a homomorphism, in the

following two cases:

(1) both G and H are groups, and / is a homomorphism of group struc-

tures.

(2) At least one of G and H is not a group, and / is a homomorphism

considering both G and H as sets with the neutral elements.

We shall make the same abbreviation for "isomorphisms."

(1. 4) Let A be a topological space, and B and C be subspaces of A. Intro-

ducing the so-called compact-open topology in the set of totality of paths in A

starting from points of B and terminating in points of C, we obtain a topological

space, which is denoted by ΩB,c(A). If A1 g A, Bf E B, and C S C, then
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ΩB',c(Af) can be considered to be a subspace of ΩB,c(A).

(1.5) Let A be a topological space. Mapping the curve c E: Ωb,A(A) to

the end point of c, we obtain a continuous mapping p, which defines an "espace

fibre" (Ωb.A(A), A, p). Since p~\B) = Ωb,B(A) SΩb,A(A), it is well known that

the mapping p : (i2^^(A), £&,B(A), Ωb,b(b)) -> (A, J5, 6) determined by p induces

an isomorphism pn : ^ ( ^ ^ ( A ) , Ωbtβ(A), Ωb,b(b)) -* πn(A, B,b).

(1.6) A homotopy theory (77) is denned to be following four functions

satisfying the eight axioms listed below.

(1) For each pair (A, a), where a is a point of A, and for each integer

n ^ 1, there is associated a group IΓn(A, a), and also is associated a set with

neutral element ΠQ(A, a). For each triple (A, B, b), where b & B E A, and for

each integer n ^ 2, there is associated a group 77n(A, B,b), and also is associ-

ated a set with neutral element ITΛA, B, b).

(2) For each (A, B, b), there is defined a homomorphism 3π Πn+ι{A, B,b)

-*Πn(B,b),(n^Q). The homomorphism dn is called a boundary homomorphism.

(3) For each (A,B,b), there is defined a homomorphism jn Πn(A,b)

-> JIniA, B, b), (n ^ 1). The homomorphism yn is called a relativisation homo-

morphism.

(4) For each continuous mapping / : (A, B, b) -» (P, Q, q) (/ : (A, a)

-* (P, ./>)), there is defined a homomorphism /n Πn(A, B, b) -> 77Λ(P, Q, #),

(w ^ 1), (/n : 77«(A? a) -> 77n(P? iί>)? w ̂  0). / π is called the homomorphism

induced by /.

They satisfy the following axioms;

(Al) if f : {A, a) -> (A, a) is the identity mapping, fn is also the identi-

ty mapping,

(A.2) (f°g)n=fn ° gn,

(A3) iff^g, thenfn = gn,

(A4) -^Πn(B,b)^Πn{A,b)J^Πn{A,B,b)^IIn-ΛB,b)—>

where i is the inclusion mapping, is an exact sequence in the sense defined in

(1.2).

(A 5) for any f : (A, B, b) -> (P, Q, q), the following diagrams are com-

mutative:
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Πn(A, b)J^ITn(A, B, b) Πn(A, B, 4)J%J7Λ-iCB, b)

Πn(P, q)J^Πn(P, Q, q), 77«(P, Q, q)^*Πn-i(Q, q),

(A. 6) for each {A, a)

in : Πn(Ωa,A{A), Ωa,a(A),' ΩaAa)) -* Πn(ΩAtA(A), ΩA,a{A)9 Ωa,a(a))

where i is the inclusion mapping, is an isomorphism for each integer n^l,

(A, 7) let a be a space consisting of one point, then IΓn(a, a) = {e} for each

integer n^l,

(A 8) Πo(A,a) = 7Γo(A, a), and fn Πo(A,a) -» Π0(P,p) is just the homo-

morphism f* :^πo(A,a) -> πo(P,p) defined in (1.1).

(1.7) Let (77") and (7Γ) be two homotopy theories. Then (77) and (770

are called equivalent to each other, if there exist one-to-one mappings ωntn>

77W(A, B, b) -> UniA, B, b), IΓn(A, a) -»I7n(A, a) satisfying the following conditions:

(1) <ϋii,n''s are isomorphisms for every (A, Bt b) and (A, a), or 6)n,τi'?s are

inverse-isomorphisms for every (A, B, b) and (A9a),

(2) the following diagrams are commutative:

Πn(A,b) ^i> Πή(A,b) Πn(A, B,b)JUπή(A, B,b)

Πn(A,B,b)-%Πή(A,B,b) Πn-ΛB,b) -A ΠΪ-iiB, b)

(3) for each mappings / : (A, B, b) -» (P, Q, q)9 and g: (A, a) -> (P,ρ), the

following diagrams are commutative:

77n(Λ, B, b)^Um(A9 B, b) Πn(A, ά)J^Πk(A9 a)

j/ii j/n' [gn jβn.

77«(P, Q? q)Jί+m(P, Q, q) Πn(P, p)-%Ή'n{P, p)

(1.8) THEOREM : Λwj' homotopy theory is equivalent to the usual homotopy

iheory,

§ 2. Immediate corollaries from the axioms

(2.1) Let X be a space and let x be a point of X Then 77*(Jr, X, x) = {e}

for # ^ 1.
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(2.2) jn : Πn(X, x) -» Ήn(Xt x, x) is an isomorphism for n ^ 1.

This follows from (Λ.7) and (A 4) putting A = X, B = ft = #.

(2.3) For any (A1, Y,.y), in : Πn(X,y) - Πn(X9 Y9y) is equal to the compo-

sition of jn : Πn(X,y) -* Πn(X,y,y) and ιn : TIn(X,y,y) -* Πn(X, Y,y), where t

is the inclusion mapping.

This follows from the commutativity of the diagram

Πn(X,y)-^Πn(X,y,y)

Πn(X,y)-^>Πn(X, Y,y)

(by (A5)) and ( A D .

(2.4) Let A : (X, x) -> (X, x) be the constant mapping, namely, h(x')=x

for every x' e X Then the image of An = {̂ }.

Let /zf : (X, x) -+ (x, x) be the mapping such that h'(xf)=x for every xf

G l , and j : (x, x) ~> (X, ΛΓ) be the inclusion mapping. Then h = i° hf. By

(A2), An = in ° ftίi. Hence image hn = image /π = the neutral element by

(A 7).

(2.5) If (X, #) is contractible, that is, if the identity mapping is homotopic

to the constant mapping, then Πn(X, x) = {e} for n ^ 0.

This follows from (A3) and (2.4).

(2.6) If i : (A, B, ft) -» (A, B, ft) is the identity mapping then i n :

77n( A B, ft) -> ZΓW(Λ, B? ft) is the identity mapping for each n ^ 1.

This comes from (A.I), (A. 4), (A. 7), and from the so-called ήve lemma.

(2.7) Let (A',B',ftO s (A, B, ft). Suppose there exists a homotopy A* :

(A, B,ft) -> (A,B,ft), ( O ί s f ^ D , such that Ao = the identity mapping, AΛA)

E A', Ai(B) E B', and such that ht(a') - β' for β' G A', 0 ^ ί έ 1. Then in :

Πn(A', B\ b) -* JIniA, B, b) is isomorphism for n ^ 1.

Let A' : (A, B, ft) -> {A1, B', b) be the mapping such that h'(a) = AiU) for

flGA. Then clearly hι-i° hf and A' ° / = the identity mapping^ where ί is the

inclusion mapping (A', B', ft) -> (A, B, ft). Hence

in ° An = Am = Aon = the identity mapping,

and Aίi ° in = the identity mapping.

(2.8) Mapping the curve c e ΩX,X(X) to the end point of c, we obtain the

https://doi.org/10.1017/S0027763000018122 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018122


138 M. KURANISHI

continuous mapping p : (ΩX>X(X), ΩX,X(X), Ωx,x(x)) -* (X,x,x). Then ρn is an

isomorphism for n ^ 1. This proposition is a special case of (1.5) for (77)-theory.

Let k : X -> Ωχ,χ(X) be the mapping such that k(y) = Ωy,y(y)9 and let Xbe

the image of k. Then £ induces a homeomorphism between X and X, and so

we may identify X and X

For any curve c in X and real number t (0 ^ t ^ 1), let ^ be the curve

in JY" such that ct(u) = c({l-t)u) for 0 === w έ 1. Let n : (& f^(X), #*,*(X),

£*.*(#)) -> (Xk.zi-Y), ώ*,z(Jr), ^,*(jtf)) be the mapping such that n(c) = a for

Oέtέl. If we put &,z(X)=Λ, Ωx,χ{X) = B, X^X^A1, and Ωx.*(x)=B = b,

rt satisfy the conditions of ht in (2.7). Hence the inclusion mapping ιΊ : (Z, #, ΛΓ)

-* (^x(-X'), ^ ^ ( X ) , Ωx,x{x)) induces an isomorphism i l π .

Now we have the following commutative diagram:

Πn(Ωχ,χ, Ωχ,x(X), Ωx

where i is the inclusion mapping. (A 6) implies that in is an isomorphism,

and, as we have just shown, ίm is also an isomorphism. Hence pn is an isomor-

phism.

(2. 9) We insert here an algebraic lemma which will be used in the proof

of our theorem.

LEMMA: Let F{X9Y) be a word in two variables X and Y. Let F2 be a

free group generated by two elements. We shall introduce in F2 a new multipli-

cation °, by

If the multiplication ° defines a group structure in the set F2, then F(X, Y)

= XY or YX.

The writer proved the lemma in a more restrictive case. The generalized

form, listed here, is dued to Prof. Chevalley, and this generalization shortened

the proof of our theorem. Independently, Messrs. Iwahorί, Hattori, and Mori-

moto obtained elementary proofs and generalizations of our lemma. The writer

wants to omit his proof, since it depends on a rather deep theorem on Lie

.groups and the elementary proofs will be published in this issue.

https://doi.org/10.1017/S0027763000018122 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018122


GROUP STRUCTURE IN HOMOTOPY GROUPS 139

§ 3. Canonical mapping ω

(3.1) We intend to define the canonical mapping ωn πn(X, Y, y) -»

Πn(X, Y,y), πniX, x) -» Πn(X, x) by induction with respect to n. According to

{A.8), πo(X, x) =/7o(X#). By definition, the identity mapping ω0 : πo(X, x) ->

Πo{X,x) is the canonical mapping. Now suppose that ωn-i ' πn-ΛX,x) ->Πn-ι(X,x)

is defined for each (X, x), (n ̂  1).

In the diagram

)J^πn(X, Y,y)

2 y)-^Πn(X, Y,y),

(for the definition of p, see (2.8)), where y = Ωy,y{y), pπ is an isomorphism by

(1.5), and dn is also an isomorphism, since Ωy,χ(X) is contractible. By defi-

nition, ωn = βn ° 9H1 ° ω»-i ° 3π ° p^1 7r»(-X", y,.y) -• Hn(X, Y*y) is the canonical

mapping for each (X, Y, y). We define the canonical mapping ωn '- πn(X, x)

-> Πn(X, x) to be the composition of mappings

πn(X9 χ)±^πn(X9 x, χ)-^Πn(X, X, X) ̂ Πn(X, X),

where j n and j n are the relativisation isomorphisms (cf. (2.2)).

(3.2) The canonical mapping ωn : πn(X, x) -> TIn{X, x) is one-to-one for

each (X, x) and n =* 0.

ωo : πo(X, x) -> ΠQ{X, x) is an isomorphism by definition. Suppose that

ωΛ-i : πn-i(X, x) -> Πn-ι(X, x) is one-to-one. Then in the definition of ω« :

πn(X,x) -> Πn(X,x), the mappings yπ, p^1, 3π, ω«-i, 9R1, βn, and ̂ H1 are iso-

morphisms (cf. (31) and (2.8)), and so ωn is one-to-one.

(3.3) But at this stage we don't know if they are isomorphisms of group

structures (when they are mappings between groups). If we find that ωi :

πi(X,x) -* Π\{X,x) is a homomorphism of group structures for any (X,x)9 then

it follows automatically that ωn : πn(X, x) -* Πn(X, x) is an isomorphism for

any (X, x) and n ̂  0, by the same arguments as in (3.2).

(3. 4) For any continuous mappings / : (X, Y, y) -* (X, Y,y) and / : (X, x)

-* {X',x'), the diagrams
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Tn(X, Y,y)-^>7Tn(Xf, y9y) πn(X, x)^Kn{X\ X1)7Tn

are commutative.

If 72 = 0, the diagram (2)0 is clearly commutative by (A 8). We prove the

proposition by the following inductions:

a) if (2)n-i is true, then (1)» is true,

b) if (l)n is true, then (2)» is true.

of a)

Consider the following diagram:

Πn-i(B, b) 5£lί πn-i(B, b) -jr> 7r»-i(B'f b') ^ Πn-ι(B', b')

Πn(A, B, b) πn(A, B, b) J^ πn(A', B', V) Πn(A', B, b')

JIniX, Y,y) ^ > Z7M(X? y ? y ) , <~—!

where A = Ωy>x(X), A' = Ωy.x>(X'),

B = ̂ ,y(X), β' = Ωy,y(X'), b - ^.y(^), b( = fi^.^(y),
P and p' are mappings defined in (2.8). and /i and /2 are
mapping naturally induced by /.

Then the assumption of our induction and the axioms of homotopy theories

imply that the diagram is commutative. Hence

(On °/« = pή ° ail"1 ° ω'n~i ° a'* ° Pπ"1 °/« ° P« ° lO^1

= Pπ ° BrΓ1 ° ωi-i o d'« «> p^"1 o p'Λ o / l Λ o ^ 1

= pή ° θίΓ1 ° ω'n-i ° σ'π °/i« ° p^ 1

= Pn ° an"1 ° 0)5,-1 °/2π ° 3π ° P**

= pή ° Bή"1 °/2Π ° ωn~x ° d* ° P«X

= pή ° /in ° 3n ° ωn-i ° 3 r. ° p^1
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= / n ° P ί i °

= / π ° ωM?

ωn-ι

b)

Consider the diagram:

πn(X,x)-^>πn(X',x')

4, 4 π

πn(X, X,x)^πn(X',x',.

Πn(X,X,x)^>Πn(X',x',X')

77«(X,Λr)/ίί>7]rΛ(X',Λ?'),

then the definition of the canonical mapping ωn ' πn(X,x) -» Πn(X, x) and (a)

show that the almost part of the diagram is commutative. Therefore using

this diagram we can easily deduce the commutativity of the diagram (2)w.

(3. δ) For any (X, Y,x), the diagram

πn(X, Y,y)-^>Πn(X, Y,y)

3π dll
V V

is commutative for n ̂  1.

To show (3.5), consider the diagram

πn(βy,x(X), Ωy

τrΛ-i(y,^)

I 3π

9 y)

where y = i2i>,̂ Then
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3 π = ω n _i © 3 π ° p π ° Qπ

= pίi ° ^ _ ! °3i ° pί1 (by

= 3n ° pn ° 9*"1 ° ω»-i ° 3* ° p*1

(3.6) The diagram

πn(X, Y,y)-^Πn{X, Y,y)

is commutative for any (X, Y,y) and n ̂  1.

By definition, the diagram

is commutative. Hence (3.6) follows from (2.3) and (3.4).

§ 4. Proof of the theorem

(4.1) Let T be the 1-dimensional circle and let to be a point of T. We

denote by T V T the subspace (T x to) U (T x t0) of the product space TxT,

and define mappings uL and u2' (T, t0) -* (TVΓ, t0xto) by the formula

Let z>bea generator of πι(T, to) and let /JI = UiΛv), μ i = U2π{μ). Then it is well

known that J : I ( T V T, £OX*O) is a free group generated by μι and /J2. Since

the canonical mapping ωi : τn(T V T, ίoxίo) -> 77i(TV T, ίoxίo) is one-to-one,

there exists a unique element fc&πiiTV T, toXU) such that

(4.2) coiitc) — ω\{μi)*ω\{μi),

and there exists a word F(Z ? y) in two variables X and Y such that

(4.3) JC

Now let ^ and β be two arbitrary elements in ~AA, a), and let / and g bs con-
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tinuous mappings of (T,U) to {A, a) which represent the homotopy classes cc

and β respectively. Let fVgbe the mapping of (TV T, toXto) to (A, a) de-

fined by the formula

fVgixx to) =f(x), f V g(to x x) = g(x),

Then

(/ V g)n(ω(μι) ω(μ2)) = ( ( / V g)Ώω(μι)) ( ( / V

(by (3.4))

= ω(a) ω(β).

On the other hand, by (4.2) and (4.3),

V g)n(ω(μi) ω(μ2)) = (/ V g)u(ω(F(μu μ2))

u μ2))l

= ω(FU,β)).

Ήence

(4. 4) ω(αr) ω(β) = ω(F(a, β))9 for every α,βG τn(i4, β).

Here it must be remarked that the word F(X, Y) does not depend on the pair

<A,a).

Since ωι is one-to-one and 77Ί(T VT,fcx ίo) is a group, we can define a group

•structure in the set πt(TV T, toXto) by the formula

cc o /9 = ω~1(ω(α:) ίί;(/9)) (or, 0 <Ξ τn(T V Γ,

<4. 4) implies that

α: o β = F(a,β) (α,j9G7n(ΓV Γ, foxίo))

Since 7Γi(TV T, f0 x ίo) is a free group generated by μi and /-*>, by the lemma

in (2.9)

<4.5) F{X, Y) = Zy, or = YX

According to (4.4) and (4.5), we can easily verify that the canonical map-

ping <ύi is and isomorphism for each (A, a), or an inverse-isomorphism for each

{A, a). As remarked in (3.3), this implies that ωn ' πn(A, a) -*• Πn(A,a) is

an isomorphism for each {A, a) and n ^ 0, or an inverse-isomorphism for each
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{A, a) and n ^ 0, and hence, by using the exact sequence (A 4), we can con-

elude that canonical mappings ωn are all isomorphisms, or all inverse-isomor-

phisms.

(46) Now we have finished the proof of our Theorem, for we proved now

the condition (1) in (1.7) and the condition (2) and (3) in (1.7) are proved in

(3.4) and (3.2) respectively.

REFERENCES

[1] N. Iwahori and A. Hattori, On associative compositions in finite nilpotent groups,

Nagoya Math. J., this number.

[2] A. Morimoto, A lemma on a free group, Nagoya Math. J., this number.

Mathematical Institute,

Nagoya University

https://doi.org/10.1017/S0027763000018122 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018122



