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For a Riemann integrable function f on the interval [ 0 , 1 ] , let 

1 

and consider the Riemann sums 

1 n k - a 
R (f;a) = - S f( -) , 0 < a < 1 . 

n k=l " " 

THEOREM. E f is absolutely continuous on [0,1] , then 

(1) R U;h - I = o (-) . 

This theorem gives some asymptotic information for cer ta in finite 

s u m s . For example, taking f(t) = t , b ;> 0 , we obtain 

vb L S (k - if - - ^ - 0 
nb k=l 1 + b 

and if we consider f(t) = sin -rrt, we get 

2 sin <k ' t>" - ^ -* 0 
k=l 

However, it is interesting, to note that the theorem no longer holds if we 
replace R (f ;~2") by R (f ;a) with a ^ - f , 0 < a < 1 . This is obvious 

n n 
by taking f(t) = t , which gives 
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R (f;a) - I = ( i - a ) / n . 
n 

On the other hand, we have the following r e su l t . 

COROLLARY. If f is absolutely continuous on [0,1] such that 
f(0) = f ( l ) , then 

(2) R (f;a) I = o(z 0 < a < 1 

Proof of the above r e s u l t s . Consider the step functions 

sn(t) = i 

0 , 0 < t < -J-n , 

k , (k - f ) / n < t < (k + i ) / n , k = 1, . . . , n - 1 

n , (n - i ) / n < t < 1 ; 

and set v (t) = s (t) - nt . Note that v (0) = v (1) = 0 , v lies 
n n n n n 

between -% and y , and is l inear with an exception of n unit jumps at 
(k - £ ) / n , k = 1 , . . . , n . 

h 

0 
\\ ! 

\h 
ï \ 1 

i 
By a proof s imi lar to that of the Riemann-Lebesgue Theorem, it can be 

seen that if g is a Lebesgue integrable function on [0, 1], then f g v -> 0 
o n 

Now, let h = f - I, where f is the given absolutely continuous function. 

524 

https://doi.org/10.4153/CMB-1969-071-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-071-8


T h e n 

.1 

0 

ri ri 

/ h = f i - 1=0; 

and be ing a b s o l u t e l y c o n t i n u o u s , h i s an indef in i t e i n t e g r a l of s o m e 
L e b e s g u e i n t e g r a b l e func t ion g on [0, l ] . H e n c e , 

1 1 1 1 
f h d v = [h v ] - f g v = - f g v -> 0 . 

J . n n 0 ^ _ n J _ n 

On the o t h e r hand , 

f1 h dv = f1 h d s - n f1 h = 2 H^--^ 
0 k=l 

S f / ^ l i - n i S f ( ^ Z ) - n i = n { R n ( f ; £ ) - 1} 

k=l 

Combin ing t h e s e two r e l a t i o n s , we o b t a i n (1) . To p r o v e the c o r o l l a r y , we 
o b s e r v e tha t if f(0) 

the r e a l l ine and le t 

o b s e r v e tha t if f(0) = f ( l ) , t h e n h(0) = h ( l ) . Ex tend v p e r i o d i c a l l y to 
n 

V (t) = V (t + ±ZJ^) . (t) = v (t 
n n 

Note t h a t v (0) = v (1) . H e n c e , u s i n g v in p l a c e of v in the above 
n n n n 

proof , we o b t a i n (2) . 
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