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Abstract

For a weakly (@, oo)-distributive vector lattice V, it is proved that a V' U {00 }-valued Baire measure
o on a locally compact Hausdorff space T admits uniquely regular Borel and weakly Borel extensions
on T if and only if p, is ‘strongly regular at co’. Consequently, for such a vector lattice V every
V-valued Baire measure on a locally compact Hausdorff space T has unique regular Borel and weakly
Borel extensions. Finally some characterisations of a weakly (o, co)-distributive vector lattice are given
in terms of the existence of regular Borel (weakly Borel) extensions of certain V' U {0 }-valued Baire
measures on locally compact Hausdorff spaces.

1980 Mathematics subject classification (Amer. Math. Soc.): 28 B 15.

Introduction

The proof of Lemma 2.1 in [9] is incorrect, as it is tacitly assumed at the end of
page 280 of [9] that the sequence {Uy } is increasing. But this need not happen,
though { B,} is an increasing sequence. However, the lemma is true due to the
results of Matthes [11]. The lemma has been proved also in Hrachovina [10] and
in Riecan [12].

The purpose of the present paper is to provide a proof for the part (1) = (2) of
the said theorem of Wright. Following a method different from that of Wright, we
prove mainly that when a vector lattice V' is weakly (o, 0o)-distributive, a
V U {o0}-valued Baire measure p, on a locally compact Hausdorff space T
admits uniquely regular Borel and weakly Borel extensions if and only if ‘u, is
strongly regular at co’. Further, it is shown that when a Baire measure p, on T is
just V-valued, then p is always strongly regular at co. Thus the proof of the part
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(1) = (2) of Theorem 3.3. of [9] is obtained as a very particular case of the present
work.

In this connection we would like to draw the attention of the reader to
Theorem N of Wright [8]. There is a flaw in the proof of this theorem, as
V., Zf mO, on page 79 of [8] can be o, since { O, } need not be pairwise disjoint.
But, the flaw can be rectified by replacing {O,} by {G,} where G, =
0,\U;Z{ O,.

Section 1 gives some basic definitions and results from the literature, which are
needed in the sequel. In Section 2 we show that the fi-outer (inner) regularity of
some sets in a locally compact Hausdorff space T implies the fi-outer (inner)
regularity of some other sets in T, where fi is a V' U {0 }-valued Baire or Borel
measure on T and V is a weakly (o, o0)-distributive vector lattice. The notion of
‘being regular at oo’ is introduced and it is shown that when j is regular at oo, fi
is regular if and only if every set in % is outer regular or every bounded set in %
is inner regular where €= ¢ (or %, respectively) is the collection of all compact
sets (or compact Gjs resp.)in T, % = % (or %, resp.) is the collection of all open
Borel (or Baire resp.) setsin T and fi is a V' U {0 }-valued Borel (Baire) measure
on T with V weakly (o, oo)-distributive. Consequently, every V' U {oo}-valued
Baire measure p, on T is regular if p, is ‘regular at oo’ and V is weakly
(o, oo)-distributive.

Section 3 deals with the regular weakly Borel extension of V U {co}-valued
Baire measures on a locally compact Hausdorff space 7. When V' is weakly
(0, oo)-distributive, it is shown that every regular ¥ U { cc }-valued Borel measure
on T admits a unique regular weakly Borel extension. A more general form of
Lemma 2.1 of Wright [9] is obtained here as Lemma 3.5. For such vector lattices
V, we show that a V' U {oo0}-valued Baire measure p, on T admits uniquely
regular ¥ U {00 }-valued Borel and weakly Borel extensions if and only if g, is
‘strongly regular at oo’. Also it is proved that when p, is V-valued, p, is always
strongly regular at oco. The last theorem of this section gives a number of
characterizations of a weakly (o, oo)-distributive vector lattice and generalizes
Theorem 3.3 of [9] to the set up of locally compact Hausdorff spaces.

1. Preliminaries

Throughout this paper V' will denote a boundedly e-complete vector lattice
with ¥ its Dedekind completion; ¥*= {x € ¥: x > 0} and the supremum of
any unbounded collection of elements in V" is taken to be infinity and the
infinity is denoted by “c0”. The partial ordering and addition operation of V to
V' U {0} are extended in the obvious way.
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DEFINITION 1.1. A V' U {00 }-valued measure is amap p: # — V U {00} where

Z is a ring of subsets of a set T such that
(1)) p(E) = 0 for every E in Z;

(i) p(¢) = 0;

(iii) p(U E,) = VZ_, ZF_, (E,), where { E,} is a sequence of pairwise disjoint
sets in #, withUP E, € &.

Wesay p(E) < oo or p(E)is fimteif u(E) € V.

For each positive element 4 in V, let

V[h) = {be V: —rh < b < rh for some positive r € R }

where R denotes the real line.

THEOREM 1.2 (Stone, Krein, Kakutani, Yosida). There exists a compact Haus-
dorff space S such that V[h] is vector lattice isomorphic to C(S), the algebra of all
real valued continuous functions on S, where h >0, h € V, a vector lattice.
Further, when V is boundedly complete (o-complete) then so is V[h], V[h] is a
Banach space in the order unit norm, the isomorphism is also isometric and C(S) is
a Stone algebra (o-Stone algebra) in the sense that S is extremally disconnected (S
is totally disconnected with the property that the closure of every countable union of
clopen subsets of S is open).

For details one may refer to Kadison [2] and Vulikh [4]. We shall use the terms
Stone algebra and o-Stone algebra in the above sense.

From the result of Wright [8, 9] one can define a weakly (o, 00)-distributive
vector lattice as below.

DEFINITION 1.3. A o-Stone algebra C(S) is said to be weakly (o, co)-distributive
(weakly a-distributive) if and only if each meagre subset (o-meagre subset) of S is
nowhere dense. Consequently, a boundedly o-complete vector lattice V is said to
be weakly (o, co)-distributive if and only if for h > 0 in V, V[h] is weakly
(o, oo)-distributive.

PROPOSITION 1.4. A4 boundedly o-complete vector lattice V is weakly (o, 00)-dis-
tributive if and only if V is so.

2. Regular V' U { c } -valued measures on locally compact Hausdorff spaces

Throughout this paper T will denote a locally compact Hausdorff space; %,
and % will denote respectively the class of all Baire sets and all Borel sets in T,
ie. %, is the o-ring generated by all compact Gy’s in T and & is the o-ring
generated by all compact sets in 7.
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AV U {oo0}-valued measure p on %, (#) is called a Baire (Borel) measure on
T if p(K) < oo for each compact G; (compact) K in T. A subset 4 of T is said
to be bounded (o-bounded) if A is contained in some compact set (in the union of
a sequence of compact sets) in 7.,

A V-valued measure p on a ring £ of sets is said to be bounded if there exists
an h € V™" such that p(E) < h for every E € #£. Accordingly, a bounded
V-valued measure p on %, (%) is a bounded V-valued Baire (Borel) measure on
T.

We use the following notations in the sequel: ¢ and %, denote respectively the
class of all compact sets and all compact Gy sets in T; % and %, denote
respectively the class of all open Borel sets and all open Baire sets in 7.

In this section, following Halmos [1, Section 52], we use the symbols @, €, %, ji
to denote either #, € ¥, p (V' U {oo}-valued Borel measure) or %,, €,, %,,
to (V' U {o0}-valued Baire measure).

DEFINITION 2.1. A set E in 4 is said to be outer regular (with respect to fi) if
MEY=A {p(U)ECUE€ ?}.and inner regular (with respect to i) if f(F) =
Vi {f(C): E2 C e €). We say that E is regular (with respect to @) if E is
both inner and outer regular (with respect to f); fi is said to be regular if every
E € % is regular (with respect to f1).

Hereafter we shall assume that V' is a weakly (o, 0o)-distributive vector lattice
and as in the numerical case (see Halmos [1, Section 52]) we show in this section
that the outer (inner) regularity of some sets implies the outer (inner) regularity of
some other sets.

Let C(S) be a weakly (o, oo)-distributive Stone algebra. Let { f,},< 4, be an
increasing net in C(S), bounded above with V,. , fi =" let {g}zcp be a
decreasing net in C(S) bounded below with Az 5 gg =8 (i=12,...). Since a
countable union of meagre sets is meagre, by Lemma 1.1 of Wright [6], there
exists a meagre set M C S, such that

fi(s) = sup fi(s), i=1,2...,

aE€A,;
i(s) = inf gi(s), i=1,2...,
g'(s) Bes,.g"’(s) i

for s € §\ M. Since C(S) is weakly (o, o0)-distributive, by Definition 1.3 M is
nowhere dense and hence so is M. So S\ M is dense and open in S. Let
5o € S\ M. There exists a clopen neighbourhood K of s, contained in S\ M.
Let xx be the characteristic function of K. Then { fixx}oca ({8hXk)}pes)
ascends (descends) pointwise on the compact set S to f'(g’) and hence by Dini’s
theorem the convergence is uniform in each case, for i = 1,2,.... Let € > 0 be
given. Then for each i, there exist «; € 4;, B, € B, such that

fixk—e/2 <fixx,8xx+e/2'>gpxx fori=1,2,....
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NoTtATION L. The situation and the arguments given above occur often in the
sequel, sometimes with i = 1,2,..., n. Hence to avoid repetition we shall refer to
the above situation together with the above arguments as ‘Step A’ and we shall
use the notations M, K, x g, g, €tc, in the same sense as in the above, without
any explicit description.

LEMMA 2.2, Let ji be a V' U {0 }-valued Baire ( Borel) measure on T where V is
weakly (o, co)-distributive.

(i) If every set in % is outer regular so is every proper difference of two sets in €.

(ii) If every bounded set in 4 is inner regular, then so is every proper difference of
two sets in €.

PROOF. Let C and D be two sets in € such that C 2 D.
(i) Since C is outer regular by hypothesis

(1) p(C)=A(a(U): CcUe@).
14
Again by hypothesis on i, i(C) < co0. Hence there exists a U, € % with C C U,
and ji(U,) < oo. From (1) and the monotoneity of i it follows that
pC)=A{p(UNG): ccUed)}.
4

Let a(U,)=h € V. Since V is weakly (o, co)-distributive, ¥ and V[h] are

weakly (o, oo)-distributive by Proposition 1.4. Hence by Theorem 1.2, V[h] =

C(S), a weakly (o, oo0)-distributive Stone algebra. Let us identify I7[h] with C(S).
Now, given & > 0, by Step A, there exists a U, € # such that C C U, and

(2) BC)xx+e> (U 0 Uy)xg.
Since C\ D C (U, N U,))\ D € %, by (2) we have
(3) {ﬁ'((Ul N Uo)\D) - ﬁ(C\D)}XK= ﬁ{(Ul N UO)\C}XK <e.

Specialising (3) at s,, we obtain

A((U; U\ D)(so) — e < p(C\ D)(s0)
<inf{g(U)(sy): C\DC U ¥, UcU,}.

Thus
a(C\D)(sp) = inf{3(U)(so): C\DC U€E %, UE U,}.
Since s, is arbitrary in the dense set S\ M,

(4) g(C\D)(s) = inf(a(U)(s): C\D S U %, U c Uy}
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for s € S\ M. But by Lemma 1.1 of Wright [6]
(5) (A{a(U):C\DcU€e®,UcG})s)
=inf{p(U)(s): C\DC U ¥, UCU,)

for all s € $\ M, (say), where M, is meagre. M, = M U M, is a méagre set and
M, is therefore nowhere dense in S as C(S) is weakly (g, oo)-distributive. Hence
by (4) and (5)

a(C\D)(s) = (A{a(U): C\Dc Ue ¥, Uc Uy})(s)
for all s in the dense set S\ M,. Hence as elemenet in C(S),

p(c\D)= A {(a(U):C\DcUe,Ucl,)}
Cc(S)=V[h]

=A{a(U):C\DcUed,Uc )
2

> A{a(U):C\DcUe %)
4

> p(C\ D).
Thus

p(C\D) = A{p(U): C\Dc Ue %},

i.e. C\ D is outer regular.

(ii) Let U be a bounded set in % such that C C U. Then j(U) € V, from
Theorem D, Section 50 of Halmos [1] and the hypothesis on fi.

By hypothesis the bounded set U\ D (in %) is inner regular. Let p(U) = h.
Then V[h] = C(S), a weakly (o, o0)-distributive Stone algebra. Hereafter in the
proof, let us identify V[h] with C(S).

As U\ D is inner regular, we have

p(U\D)= V {p(F): U\DD Fe ¢)}.

c(s)
Now, given & > 0, by Step A, there exists an F, € ¢ such that U\ D 2 F, and
(6) B(UND)xx— e <p(F)xx-

Since C\ D = CN(U\ D)2 CnN F, € €, by (6) we have
() {a(C\D) - pa(CNF)}xx
= {E((C\D)\F)} xx < {A((UND)\F)}xx <e.
Specialising at s,, we obtain
A(C N F)(s0) + &2 B(C\D)(so) > sup{a(F)(so): C\D2 Fe ¢}
so that
A(C\D)(so) = sup{a(F)(s)): C\D2 Fe ¢}.
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Since s, is arbitrary in S \ M, we obtain that

a(C\D)(s) = sup{a(F)(s): C\D2 Fe %}
for-all s € S\ M. By a dual argument of that following equation (5) in the proof
of (i) of the lemma, we obtain that

p(C\D)= V {a(F):(C\D)2Fe¢)
C(s)=V[h]

V{a(F): (C\D)2Fe ¢},

i.e. C\ D is inner regular.
NotaTiON II. We shall denote by ‘Step B’ (‘Step C’) the arguments in the proof
of (i) ((ii)) of the above lemma subsequent to inequality (3) ((7))

LEMMA 2.3. Let i be a V' U {00 }-valued Baire (Borel) measure on T where V is
a weakly (o, oo)-distributive vector lattice. A finite union of inner regular sets of
finite measure is inner regular.

ProoF. Let {E, E,, ..., E,} be a finite disjoint family of inner regular sets of
finite measure in #. Let f(E)<he V for i = 1,2,...,n. Since V is weakly
(0, oo)-distributive, V{h]= C(S), a weakly (o, co)-distributive Stone algebra.
Hereafter let us identify P[h] with C(S). Since E, is inner regular of finite

measure,
p(E)=V {p(C) E2Ce @}
c(S)
for i =1,2,...,n. Now, given £ > 0, by Step A, there exist C; € € such that
C,C E, and
(8) BE)xx—e/n<p(C)xgx fori=1,2,...,n.

Clearly we have that

ﬁ(UE,-)<ﬂ UENU G
i=1 i=1

— j=1

and hence by (8)

Thus
ﬁ(L:JE,.)(s) - swp{#(€)(s): UB, 2 c < ¢

for all s € S\ M. Now by Step C of Notation 11, U] E, is inner regular.
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LEMMA 2.4. Let ji be a V' U {0 }-valued Borel ( Baire) measure on T, where V is
weakly (o, oco)-distributive. Then the intersection of a decreasing sequence of [i-inner
regular sets of finite measure in %4 is ji-inner regular.

PROOF. Let { E,}? be a decreasing sequence of inner regular sets in @ of finite
measure. Let A(E,)=h. Then V[h]= C(S) is weakly (o, c0)-distributive.
Hereafter let us identify V[h] with C(S). Since i(E,) < f(E;), p(E;) € C(S) for

i=1,2,.... Since E, is inner regular,
a(E)=V {(a(C): E2Ce ¢}
a(s)
for all i =1,2,.... Now given ¢ > 0, by Step A, there exist C, € € such that
C,C E;and
9) RE)xx—e/2 < p(Cxk

fori=1,2,.... fC=N%,C and E =N, E, then
(0 (3(E) - M) xe= HEN <] U (BN G
i-1
By (9) and the o-subadditivity it follows that

(11) ﬁ(G(Ei\Ci))XK< 4§1p‘(Ei\Ci)XK<E'

i=1

Specialising (11) at s, and then varying s, in the dense set S\ M we have
p(E)(s) = sup{p(F)(s): EXF € ¢}

for s € S\ M. By Step C, this implies that E is ji-inner regular.

DEFINITION 2.5. Let fi be a ¥ U {o0}-valued measure on # which is Borel or
Baire according to # = % or # = %,. Then p is said to be regular at oo if for
each E € # with j(E) < oo (i.e. f(E) € V) there exists a U € 4 such that
Ec Uand gp(U) < 0.

When ji is V-valued, trivially f is regular at oo.

LEMMA 2.6. Let i be a V' U {o0}-valued Baire (Borel) measure on T which is
regular at oo. If V is weakly (o, o0)-distributive then the union of a sequence of
fi-outer regular sets in B is fi-outer regular.

PROOF. Let { E,} be a sequence of ji-outer regular sets in &, with E = U% | E,.
If f(E)= oo, clearly E is fi-outer regular. Hence let i(E) < co. Then by
hypothesis, there exists a U, in % such that E C U, and f(U,) < co. Let
i(U,) = h. Then V[h] = C(S) is a weakly (o, oo)-distributive Stone algebra and
hereafter we shall identify ¥[h] with C(S).
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By monotoneity of i and by the fi-outer regularity of E,, we have

(12) p(E)= A {8(UNnU): EcUe¥)
c(S)
i=1,2,.... Then by Step A, given & > 0, there exist U, € ¢ with E, C U, such
that
(13) B(E)xx+e/2' > p(Uy N U)x k-

Let O,= U N Uy and O = U2, 0,. NowU2 (O, \ E;) € U, and
14 (5(0) - R(E))xx = A(ON E)xx < ﬁ( U (o,-\E,))xK
i=1

By (13) and the o-additivity we have that

0 o]
(15) (VIO S AV N
i=1 i=1
By the usual argument, (15) and Step B give
(16) p(E)Y=A{p(U): ECU€ %, UcU,}.
v

Now from monotoneity of ji it follows that
p(E)=A{a(U): EcUe %)
14

so E is fji-outer regular.

LeMMA 2.7. Let i be a V U {0 }-valued Baire (Borel) measure in T where V is
Just a boundedly o-complete vector lattice. Then

(i) the union of an increasing sequence of inner regular sets in A is inner regular;
and

(ii) the intersection of a decreasing sequence of outer regular sets of finite measure
in & is outer regular.

ProOF. The proof is similar to the proofs of Lemmas 2.5 and 2.6.

LEMMA 2.8. Let fi be a V U {0 }-valued Baire (Borel) measure on T where V is
a weakly (o, 0o)-distributive vector lattice. Then a necessary and suffzaent condition
that every set in % be j-outer regular is that every bounded set in % be p-inner
regular.

PROOF. Suppose that every set in € is outer regular and let U be a bounded set
in %. Let C be a set in % such that U € C. By Theorem D, Section 51 of Halmos
[1], C\ U € €. By the finiteness of i(C) and by the outer regularity of C, there
exists a U, in 4 such that C U, and i(U,) < oo. Let @i(Uy) = h € V. Then by
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monotoneity of fi and by the outer regularity of C\ U we have

(17) pe\U)= A (a(Wnl,): C\Uc Wed).
Vik]

By hypothesis, V'[h] is a weakly (o, co)-distributive Stone algebra. Applying
Step A to (17) and modifying the argument in Theorem E, Section 52 of Halmos
[1] suitably and finally making use of Step C we can easily show that U is inner
regular.

Now, conversely suppose that every bounded set in 4 is inner regular. Let C
be in €. Let U be a bounded set in % such that C € U. Since U\ C is a bounded
set in %, by hypothesis

p(UN\C) =\‘{{ﬂ(F): U\CD2Fe %)},

Since U is a bounded set in %, by Theorem D, Section 50 of Halmos [1], UC G
for some G € €, so that i(G) and hence (U) are finite. Let f4(U) = h in V.
Then

(18) ﬂ(U\C)=l>[/}l]{ﬁ(F):U\CQFe %).

Applying Step A to (18) and modifying the argument in Theorem E of [1] suitably
and finally making use of Step B, we can easily prove that C is outer regular.
Now we give the main theorem of this section.

THEOREM 2.9. Let V be a weakly (o, oo)-distributive vector lattice and let fi be a
V U {oo}-valued Baire (Borel) measure on T. If ji is further regular at oo then the
outer regularity of every set in € or the inner regularity of every bounded set in Y is
a necessary and sufficient condition for the regularity of p. Thus if j is V-valued, the
conclusion holds.

PRrOOF. Due to the availability of Lemmas 2.2, 2.3, 2.4, 2.6, 2.7 and 2.8 in place
of Theorems A, B, C, D and E of Section 52 of Halmos [1], the Theorem follows
from an argument very similar to that in the proof of Theorem F of Section 52,
Halmos {2].

COROLLARY 2.10. Let V be a weakly (o, oo)-distributive vector lattice. Then every
V U {o0}-valued Baire measure on a locally compact Hausdorff space T is regular if
and only if it is regular at oo. Consequently, every V-valued Baire measure on T is
regular.

https://doi.org/10.1017/5144678870002721X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870002721X

244 T. V. Panchapagesan and Shivappa Veerappa Palled [11]

3. Regular weakly Borel and Borel extensions of V' U { oo }-valued Baire measures

%, will denote the o-algebra generated by all closed sets of the locally copact
Hausdorff space T and the members of %, are called weakly Borel sets. A
V' U {o0}-valued measure p on %, with p(C) < oo for compact sets C in T will
be called a weakly Borel measure. This section is devoted to the study of the
regular weakly Borel extension of regular VU {co}-valued Borel and Baire
measure on 7. As discussed in the outset, the arguments in the proof of Lemma
2.1 of Wright [9], at the end of page 280 [9] are faulty, since the sequence {U, }
there need not be increasing though {B,} there is an increasing sequence.
However, we obtain in this section a stronger result generalising the said lemma
of Wright [9] to locally compact Hausdorff spaces, and use it to give some
characterizations of weakly (o, oo0)-distributive vector lattices.

DEFINITION 3.1. A weakly Borel measure u: %, — V' U {0} is said to be
regular if the following conditions hold:
(i) foreach £ € %,

p(E)=V{p(K): KC E and K is compact};
(ii) for each E in %,
p(E)=V{s(EnU): Uisopenand p(U) < o0 }.
We say that the weakly Borel measure p is quasi-regular if condition (ii) holds for
each E in #,, and condition (i) holds for all open sets E.

Let r={E: ECT, ENAE€X for every A € #}. Then 7 is a o-algebra
containing %.

_ DEFINITION 3.2. Let p be a VU {oo}-valued Borel measure on T. Then the
V' U {00 }-valued set function fi on 7 is defined by

R(E)=V{p(4): A€ B, ACE)

for every E in .

LEMMA 3.3. i of Definition 3.2 is a V U { o0 }-valued measure on v and is an
extension of the V U {oo}-valued Borel measure n, when V is a weakly (o, o0)-
distributive vector lattice.

PrOOF. Clearly ji is an extension of u. Further, {i is monotone and is also given

by
ﬁ(E)=\/{,u(EﬂA): Ae#), forEer.
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Clearly
B(E)>0 foreveryE in 7.

(a) We claim that if { F;} is an increasing sequence of members of 7 with
U®, F, = F, then i(F) = V{ i(F). For, by monotoneity of fi, it suffices to show
that f(F) < VP A(F). If A € %, as p is a measure on %, we have

W(F N 4) = ,\zu(F,- n4) < i?a(m

so that
W(F) = V{a(FnA): 4 €8} < ﬁ?n(m.

(b) We claim that fi is countably subadditive on 7. For, if { E£;}7 is a sequence
of members of T, then by the countable subadditivity of p on Z, we have

é‘,lﬁ(E,-) > V{ Z p(E,NA): Ae g}

i=1

NA

>V{#

0s

1

;Aeg}=ﬁ(0E,.),

1
so that, by (a),
V £ace)> Va(Us|-3{ 0z
n=1i=1 n=1 1 1

(c) We claim that f is finitely additive on 7. For this we use the hypothesis that
V is weakly (o, oo)-distributive. Let E;, E, be in 7, with E; N E, = &. If one of
R(E), i =1,2, is infinite, then by monotoneity of i, g(E, U E,) = p(E,) +
i(E,). Hence let j(E) < oo, i =1,2. Let h = p(E,) + p(E,). Then V[h] =
C(S) is a weakly (o, 00)-distributive Stone algebra and

p(E;) = V){M(EiﬂA)i A€}
(s

for i = 1,2. Given £ > 0, by Step A of Section 2, there exist 4;,, 4, in # such
that

RE)xx—€e/2 <p(E; N A)xx
and

BE))xx—¢e/2 <u(E;NAy)xk.
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Specialising at s,,, we have
(B(Ey) + 2(Ey))(so) — & < (p(E; 0 Ay) + p(E, 0 4,))(s)
= P'((E1 NA4) U(E, N Az))(so)
< R(E, U Ey)(s0)-
Note that by (b), i(E, U E,) < j(E,) + j(E,) and hence 4(E, U E,) € C(S).
Since e is arbitrary and since s, can vary over a dense subset of S we have
p(E)) + p(E;) < p(E, V E,).
This inequality and (b) imply (c).
The countable additivity of i on 7 now follows from (a) and (c).

THEOREM 3.4. If p is a V' U {oo}-valued regular Borel measure on a locally
compact Hausdorff space T and if V is weakly (o, c0)-distributive, then the set
function g on &, defined by

ﬁ(E)=\l{{p(A): ACE, A€ %)

is a V' U {0 )-valued regular weakly Borel measure on T, which extends . Further,
[k is the unique V U { 00 }-valued regular weakly Borel extension of .

PROOF. Let E € #,, and E beclosedin 7. Then EN C € ¥ foreachC e ¢
and hence by Theorem E, Section 5 of Halmos [1}, A N E € & for each 4 € 4.
Thus each closed set E in T belongs to 7. Since 7 is a g-algebra and %, is the
o-algebra generated by closed sets in 7, %, C 7. Clearly, i = i|%#, and
consequently & is a ¥ U {0 }-valued measure on #,,, by Lemma 3.3, extending
p.For C € €, p(C) = p(C) < oo and hence f is weakly Borel.

For E € %,

(19) B(E)=V(p(4): ACE, 4€@)>V{p(C): CCE Ce¥).
As p is regular, foreach A € #, A C E,
p(A)=V{p(C):cca,ce 8} <V{n(C):CCE,Ce¥)

so that

(20) B(E)<sV{r(C):CcE,Cce ¥).
Now by (19) and (20), for each E € %,

(21) g(E)=V{u(C):CcE,Ce ¥}.

For E € #,, and for C € ¢ with C C E, by Theorem D, Section 50 of Halmos
[1], there exist sets U;, C, such that U, is a o-compact open set and C, is a
compact G5 withC C U, € Cy € T. Thus u(C) = p(CN E)< u(Y, N E), U, is
open Borel and p(U;) < oo. Thus for each C in ¢ with C C E, there exists a
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corresponding open Borel set U, such that C C Ug, u(Uz) < o0 and p(C) <
p(Usz N E). Thus

f(E)=V{(p(C):CCcE,Ce ¥} (from(21))
<V{r(U:NE):CCE,Ce ¥}
< V{p(UN E): U is an open Borel set, p(U) < o}
< V{B(UNE): Uisopen, g(U) < o)}
< p(E).

This and (21) prove that j is a regular weakly Borel measure on 7.

The uniqueness of such a regular weakly Borel extension g of u follows trivially
from the relation (21).

This completes the proof of the theorem.

As pointed out at the beginning of this section, the proof of Lemma 2.1 of
Wright [9] is defective, Now we obtain a generalization of his lemma for locally
compact Hausdorff spaces.

LEMMA 3.5. Let i be a V' U {00 }-valued quasi-regular weakly Borel measure on a
locally compact Hausdorff space T, where V is a weakly (o, oo)-distributive vector
lattice. If the restriction p of i to B is regular at oo, then p. and ji are regular Borel
and weakly Borel measures respectively.

PrOOF. The quasi-regularity of i implies that its Borel restriction p is inner
regular on % and hence by Theorem 2.9, p is a regular Borel measure on T.

Now i can be considered as a quasi-regular weakly Borel extension of the Borel
measure g and hence by Lemma 3 of Wright {7], § is a unique quasi-regular
weakly Borel extension of p. But as p is regular, by Theorem 3.4, p has a unique
regular weakly Borel extension and so this extension coincides with fi. Therefore ji
is a regular weakly Borel measure on T.

Now we turn to the study of regular Borel extensions of certain V' U { o0 }-valued
Baire measures on a locally compact Hausdorff space 7. We know from the
results of Wright [7] that when V' is a boundedly o-complete vector lattice, for
each positive linear V-valued map A on Cy(T), the algebra of all real valued
continuous functions on T of compact support, there exists a unique quasi-regular
V U {o0}-valued weakly Borel measure ji on T such that

(22) Af= fodﬁ, f € Coo(T).

This representation in this form will hereafter be referred to as Wright’s form of
the Riesz representation theorem for A.
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DEFINITION 3.6. Let V' be a boundedly o-complete vector lattice and A be a
positive linear V-valued map on Cy(7T') with i the representing quasi-regular
weakly Borel measure in Wright’s form of the Riesz representation theorem for A.
We say that A is regular at oo if the Borel restriction p of ji is regular at oo as a
¥ U {o0)}-valued Borel measure on T.

THEOREM 3.7 (The Riesz representation theorem). Let V be a weakly (o, 00)-dis-
tributive vector lattice and T a locally compact Hausdorff space. Let A be a positive
linear V-valued map on Cy(T) and let A be regular at co. Then there exists a
unique regular V U { 00 }-valued Borel measure p on T such that

Af=[ fau,  feCu(T).

Consequently, there exists a unique regular V U { 00 }-valued weakly Borel measure
fi on T such that i is an extension of p and that

[fdi=As feCu(T).

ProOF. By the hypothesis that A is regular at co the Borel restriction p of the
representing quasi-regular weakly Borel measure i in Wright’s form of the Riesz
representation theorem for A is regular at oo.

Hence by Lemma 3.5, p is a regular ¥ U { o0 }-valued Borel measure and fi is a
regular V' U {co}-valued weakly Borel measure. Since u is the restriction of i,
equation (22) implies, in particular, that

(22) [ fan=[ fdi=Af. 1€ Cu(T).

Uniqueness of ji follows as a consequence of Theorem 1 of Wright [7].
If possible, let u’ be another regular ¥ U {c0}-valued Borel measure on T such
that

Af=[ fa, 1€ Cu(T).

Then by Theorem 3.4, p’ has a unique regular weakly Borel extension p”” on T so
that

23 - Af=faw = fau,  fe ColT).
T T
Equations (22), (23) and the uniqueness of fi together imply that u”” = ji. Hence

¥ = p"’|g = jilg = p. Thus p is unique.
This completes the proof of the theorem.
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DerFINITION 3.8. Let V' be a boundedly o-complete vector lattice and p, a
V' U {o0}-valued Baire measure on T. Let

Af= [ fduo, 1€ Coo(T).

Then A is a V-valued positive linear map on Cyy (7). We say that the Baire
measure p, is strongly regular at oo if A above is regular at oo in the sense of
Definition 3.6.

The following theorem gives some sufficient conditions for a J U {00 }-valued
Baire measure on T to admit unique regular Borel and weakly Borel extensions.

THEOREM 3.9. Let py be a V' U {o0}-valued Baire measure on a locally compact
Hausdorff space T where V is a weakly (o, o0)-distributive vector lattice. Then there
exist uniquely regular Borel and regular weakly Borel extensions of u, if and only if
o is strongly regular at oo.

PROOF. Let Af = [rfduy, f€ Cy(T) and p, be strongly regular at co. Then
by the hypothesis, A is a V-valued positive linear map which is regular at co and
hence by Theorem 3.7 there exists a unique regular ¥ U {c0}-valued Borel
measure p on T such that

(24) [ fano=Ar=[ fdu,  fe Co(T),

and there exists a unique regular weakly Borel extension fi of p on T.
Let C, € %,. Then by Theorem A, Section 55 of Halmos [1] there exists a
decreasing sequence ( f,) in Cyo(T)™* such that

Xc (x) = lim f,(x), xeT.

Hence by an easy generalization of Proposition 3.5 of Wright [6] to V' U {c0}-
valued measures,

ro(Co) =/;Xcodl‘0 = n/=\l fond"‘()
and
e o]
#(C) = [ xc,dbo= A [ fudp.
r n=1"T

By these equations and equation (24), po(Cp) = p(Cp), Gy € €, Hence pi g = po.
Since fi|g = p, flg, = po- Thus p and fi are respectively the unique regular Borel
and regular weakly Borel extensions of p,.

The converse part of the theorem is obvious and this completes the proof of the
theorem.
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CoOROLLARY 3.10. If p, is a V-valued Baire measure on a locally compact
Hausdorff space T where V is weakly (o, oo)-distributive, then p. is strongly regular
at o0 and hence admits uniquely regular Borel and regular weakly Borel extensions.

Proor. By Theorem A of Section 51 in [1], every Borel set £ in T is
o-bounded. Thus, if E ¢ U?_, C,, by Theorem D, Section 50 of Halmos [1], there

exist U,, and C,, such that

C‘ng l]OngC‘Ong T
where U, is o-compact open and C;, is a compact G;. Thus E c U¥_, C,, and
U%. 1 Con € %, If p is the quasi-regular weakly Borel measure on T representing
the V-valued positive linear map A, defined by

Af=/deno, f € Coo(T)

(see (22)), then from the proof of Theorem 3.9 it follows that u|%, = p,. Thus, p
is an extension of p, and

p(E) < I‘( U COn) = l‘o( U COn) ev.
n=1 n=1
Thus p|% is V-valued and hence p|Z is regular at oo. Therefore, o is strongly
regular at oo and thus the corollary follows.

REMARK. By using the theory of V-valued contents and Carathéodory exten-
sions of V' U {00 }-valued measures it will be shown in [3] that a V" U {0 }-valued
Baire measure on a locally compact Hausdorff space T is regular at oo if and only
if it is strongly regular at oo, where V' is weakly (o, co)-distributive.

We conclude this section with the following theorem which characterizes
weakly (o, o0)-distributive vector lattices.

THEOREM 3.11. Let V be a boundedly o-complete vector lattice with V its
Dedekind completion. Then the following conditions are equivalent.

(1) V is weakly (o, oo)-distributive.

(2) Each V U {o}-valued Baire measure, which is strongly regular at o, on
each locally compact Hausdorff space can be extended to a regular V U { o0 }-valued
Borel ((3) weakly Borel) measure.

(4) Each. V-valued Baire measure on each locally compact Hausdorff space can be
extended to a regular V-valued Borel ((5) weakly Borel) measure.

(6) Each V-valued Baire measure on each compact Hausdorff space ((7) totally
disconnected compact Hausdorff space) can be extended to a regular V-valued Borel
measure.
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(8) The representing V U {oo}-valued weakly Borel measure in (22) for a
V-valued positive linear map A on Cyy(T), where T is a locally compact Hausdorff
space and A is regular at oo, is regular.

(9) The Borel restriction of the representing V U {oo}-valued weakly Borel
measure of the V-valued positive linear map A on Cy(T), where T 'is a locally
compact Hausdorff space and A is regular at oo, is regular.

ProoF. By Theorem 3.9, (1) = (2) and (3). By Corollary 3.10, (1) = (4) and (5).
Obviously (4) = (6) = (7) and (5) = (6) = (7). By the final part of Theorem 3.3
of Wright [9], (7) = (1). By Corollary 3.10, (2) = (4) and (3) = (5). Thus condi-
tions (1) to (7) are equivalent.

By Theorem 3.7, (1) = (8) and (9). But, if Af = [, fdu, where p is a V-valued
Baire measure on a locally compact Hausdoff space T, then A is regular at co by
Corollary 3.10 and hence by (8) (by (9)) p, has a regular weakly Borel (Borel)
extension. Thus (8) = (5) ((9) = (4)) and hence (8) « (1) ((9) « (1)).

This completes the proof of the theorem.
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