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The Kottman Constant for a-Holder Maps

Jesus Sudrez de la Fuente

Abstract. 'We investigate the role of the Kottman constant of a Banach space X in the extension of
a-Hélder continuous maps for every « € (0,1].

1 Introduction

If X is an infinite-dimensional Banach space, then the Kottman constant [6] of X is
defined as

k(X):= sup sep(xu),
(xu)€B(X)

where for any sequence we define sep(x,) = inf,4,, |x, — x|, and B(X) denotes
the unit ball of X. A well-known result of Elton and Odell [2] asserts that x(X) > 1
for every infinite-dimensional Banach space X. Let us introduce a second parameter
associated with a Banach space X. We define the constant A, (X, co ) as the infimum of
all A > 0 such that for every subset M of X every Lipschitz map f: M — ¢, admits an
extension F: X — ¢o with Lip(F) < A Lip(f). Kalton proved the following unexpected
result [5, Proposition 5.8].

Proposition 1.1  For every infinite-dimensional Banach space X,

x(X) = h(X, co).

The aim of this note is to observe that the proof of [5, Proposition 5.8] contains the
natural extension for a-Holder maps; see Proposition 2.2. As far as we know, the first
time that the Kottman constant was linked with the extension of a-Holder maps was
in the proof of a result of Lancien and Randrianantoanina [7, Theorem 2.2]. Although
the Kottman constant is not mentioned, its role during the proof is quite evident. We
present also a proof of their result where the Kottman constant appears explicitly; see
Proposition 2.3.

Recall that given metric spaces (X,d) and (Y, p), we say amap f: X — Y is a-
Holder for « € (0,1] if

M:x%y}<°"'

Lip, () =sup{ = 22
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Therefore for each « € (0,1] we may define the constant 1, (X, Y) as the infimum of
all A > 0 such that for every subset M of X, every a-Holder map f: M — Y admits an
extension F: X — Y with Lip (F) < ALip, (f).

The paper is organized as follows. Section 2 contains the natural extension of [5,
Proposition 5.8] to a-Holder maps which is our main result. It also contains the quan-
titative version of the result of Lancien and Randrianantoanina. Section 3 deals with
L, instead of ¢, and gives a lower bound for A, (X, L,).

2 The Estimate for ¢,

To prove our main result (Proposition 2.2) we need the following easy lemma.
Lemma 2.1 Ay(X,co) >2x(X)% ae€(0,1].

Proof Letusdenote by simplicity ¥ = x(X). Given ¢ > 0, find (x,,) € B(X) such that
k — & < |x, — x|, where n # m. Define the function f(x,) = (x — ¢)%e,, forn € N,
that is, a-Holder with constant 1. Pick any extension F of f and denote z = F(0) € ¢o:
|F(0) — F(x4)| < Lip, (F). Hence we have for each coordinate n € N

|z(n) = (x - &)*| < Lip, (F),

and taking the limit as n tends to infinity, we have (x — €)* < Lip,(F). Since the
extension F is arbitrary we have (x — €)% < 1,(X,c), and letting ¢ — 0 we are
done. ]

The difficult part of the proof of our main result is proof of the reverse inequality,
and this is due to Kalton. Thus we are ready to prove the natural extension of [5,
Proposition 5.8].

Proposition 2.2  For every infinite-dimensional Banach space X

Aa(X,c0) =x(X)*, ae(0,1].

Proof Let us observe that
(21) /\a(X>CO) :Al(Xa> C()))

where as usual X* denotes the snowflake of X, i.e., the metric space X* = (X, || |*).
Therefore the result follows using the same proof of Kalton’s result [5, Proposition
5.8]. Let us check it for the sake of completeness. Let us prove that the metric space
X% admits a Lipschitz extension with constant * that by Lemma 2.1 will be enough.
Suppose to the contrary that this last claim is false and we will reach a contradiction.
Writing x = x(X) for simplicity, [5, Theorem 5.1 (ii)] shows that there exists a € X%,
&> 0, and a sequence (x,) € X* such that

K xk—al® +e<|xj—xe|®  j<k.

Since k% > 1, we may suppose (x,) is bounded. Hence, replacing x, by x, — a
and rescaling, we can find for some ¢’ > 0 a sequence (x;,) € B(X®) (and thus
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(x!) € B(X)) such that
(2.2) K g [+ e < xf - |®, j<k

Observe that the expression above gives that (x;,) does not converge to 0 in X%, other-
wise 0 < &’ < k%||xp |* + &’ < |x}—x;|* — 0,a contradiction. In particular, (x;) does
not converge to 0 in X. Now observe that given ¢, > 0, using the fact that a bounded
sequence of real numbers has a convergent subsequence, it is not difficult to check
that one can find g, b, and an infinite subset N; of N such that 0 < a < |x[| < b <1
forall n € Nyand 1 - ¢ < 7. Indeed, if r # 0 is the limit point, then for the fixed
& >0onecantakea=r—-0and b = r + 6 for > 0 small enough. We need a special

choice of & > 0. To this end, consider the function f(¢) = x*(1 - t)* whose limit as
t - 0 is k“. Therefore, by definition of limit, given %, there is some t; > 0 such that

f(to) > k% - %’ Pick a, b, and N; as above for the choice & = t;. Now rescaling 1/b%,
the expression (2.2) for j, k € Nj, one has

’ 1 / /
Xj x| B A a®
] k « k « k ’ o ’ o « /
——— 2k ———+ —2>Kk"———+e >k —+e 2Kk (1-¢ +¢€
Hb b be b b b (1=&)
sl
> k% 4+ —,
2

where the last inequality follows by our choice of &; > 0. That is, for j, k € N; with
j < k one has

/

/ ’
X X 24 &£
J_ Tk a =
(2.3) Hb b > K +2.

To finish, observe that (x* +%’)1/"‘ > k and pick p > 0 such that (K"‘+%’)l/"‘—x >p>0.
For this p > 0, we have for j, k € Ny, and taking the a'-power in (2.3),

x' x!

J_ Tk i

Hb sz;chp, j<k.

Since the points (b7'x/),eny, € B(X), we have reached a contradiction with the
Kottman constant of X. Thus by [5, Theorem 5.1], X has the Lipschitz (x*, co)-EP
in the notation of [5]. That is, X* admits a Lipschitz extension of co-valued Lipschitz
maps with constant x*. Hence A;(X%, ¢o) < «* and by Lemma 2.1 and (2.1) we are
done. Recall that Kalton’s argument shows also that the infimum defining 1, (X, ¢o)
is attained. ]

Recall that x(X) > 1 (see [2]) and hence x(X)* > 1 for every a € (0,1]. In other
words, Lemma 2.1 shows there is no infinite-dimensional Banach space X for which
A« (X, co) = 1. This last was proved by Lancien and Randrianantoanina [7, Theorem
2.2] replacing ¢y by a separable Banach space Y containing an isomorphic copy of c.
The next proposition can be read as a quantitative version of [7, Theorem 2.2] and the
proof closely follows the original. Let us first introduce some basic notation [4]. We
define a gauge to be a function w: [0, 00) — [0, 00) that is a continuous, increasing,
subadditive function satisfying lim; w(t) = 0. For the rest of this subsection w
will always denote a gauge. Recall that given metric spaces (X, d) and (Y, p), a map
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f:X = Y is w-Lipschitz if
p(f(x), f(¥))

Lip, (f) = sup{ w(d(x,y))

We may also define the constant A, (X, Y) as the infimum of all 1 > 0 such that for
every subset M of X every w-Lipschitz f: M — Y admits an extension F: X — Y with
Lip,(F) < ALip,(f). Since o is a 2-absolute Lipschitz retract, it follows that ¢, is
a 2-absolute w-Lipschitz retract. In other words, the extension of w-Lipschitz maps
with values in ¢, is guaranteed with A, (X, ¢y) < 2 for any Banach space X.

:x#y}<oo.

Proposition 2.3 Let Y be a separable Banach space containing an isomorphic copy of
co. For every infinite-dimensional Banach space X

w(x(X))
w(l)

Proof Let us write k = x(X) for simplicity. Fix ¢ > 0, and by James’ distortion
theorem [3] pick a (1+¢)-isomorphic copy of ¢y in Y through an isomorphism T into
Y with | T|| < 1+eand | T7!|| < 1. Denote by (e, ) the image of the canonical basis of ¢,
by T and by (e;;) the Hahn-Banach extensions to Y of the corresponding coordinate
functionals. By the separability assumption we can pick a subsequence (e; ) of (e;;)
such that (e; ) w”-converges to some point y* € Y*. Given & > 0, pick (x,) € B(X)
for which x — &) < ||x, — x|, for n # m. Define the map f(x,) = (-1)"w(x — & )ex,
for each n € N. We trivially find that f is w-Lipschitz with constant less than or equal
to (1+ ¢). Take any extension of f to X, namely F, and observe that

|F(0) = F(xa)| < Lip, (F) - @(|[x4]) < Lip,, (F) - (1).

Therefore we find, for y = F(0), that |y(e; ) - (-1)"w@(x - &)| < Lip,, (F) - w(1), so
that

—Lip,(F) - w(1) - w(x — &) < y(ex,) < Lip, (F) - w(1) —w(k — &), fornodd,
~Lip,(F) - w(1) + w(x — &) < y(ef,) <Lip,(F) - w(l) + w(k — &), for neven.

< o(X, Y).

If Lip,,(F) - w(1) < w(x — &), write = w(x — &) — Lip,,(F) - w(1) > 0. From above
we find that for n even y(e; ) > # while for n odd one has y(e; ) < -#. Hence
the sequence (e; ) is not w*-convergent, which is absurd. Therefore w(x — &) <
Lip,,(F) - w(1). Since this last must hold for every extension F of f, we find that
w(k—e)<(1+e)A,(X,Y) - w(l) and letting ¢; — 0 and ¢ — 0, we are done. [ |

The result of Lancien and Randrianantoanina [7, Theorem 2.2] for a-Holder maps
can be recovered by taking the gauges w(t) = t* with « € (0,1]. Recall that £, is
a l-absolute w-Lipschitz retract (see [1, Lemma 1.1.]). Thus 1, (X, €s) = 1 for every
infinite-dimensional Banach space X while w(x(X)) > w(1) since w is increasing. In
particular, the separability assumption of Proposition 2.3 cannot be removed.

Let us give one last application of our results. We introduce B¢ (X, ¢o) as the set
of those a such that any a-Holder function f from a subset of X with values in ¢ and
Lip,(f) = K can be extended to a function F on the whole X with Lip,(F) < C- K.
Then Proposition 2.2 and a routine argument immediately gives the following.
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Corollary 2.4  For every infinite-dimensional Banach space X

Bo(X, o) = (0, b;{g(cx)], 1< C < x(X).
Or symmetrically,
Brexye (X, c0) = (0, ],
for a € (0,1].

3 An Estimate for L,

Let us note that the main idea of the proof of Lemma 2.1 still works if ¢ is replaced by
other classic sequence spaces, such as £,-spaces. In general, the extension of a-Holder
maps with values in £, is not guaranteed. However, for those cases in which there is
an extension, i.e., A4 (X, €4) < o, the following bound could be useful.

Corollary 3.1 For every infinite-dimensional Banach space X
2a(X)* < Ao (X,8,),  ae(0,1].

The situation for L, seems to be different; so let us study a lower bound for
Aa(X, Lg). Since in many cases 14 (X, Lq) = 00, it is clear that our lower bound only
makes sense for those Banach spaces X for which A4 (X,L,) < co. Recall that Naor
proved [8, Theorem 1] that Ay (Ly,Lg) < oo for @ < £ and 1 < p,q < 2. Therefore
our main motivation is the case of L, with 1 < g < 2. The main technical obstruc-
tion to giving a lower bound using the argument in Lemma 2.1 is that there are no
natural coordinates in L,. To dodge this obstacle, we use a technical lemma due to
Naor [8, Lemma 2]. For every N € N, put Q = {-1, +1}" endowed with the uniform
probability measure on ) and denote by 1y, ..., ry the Rademacher functions on Q.

Lemma 3.2 (Naor) Foralll<q<ocoandZeLy(Q)
1 N
— > E|Z-r,?7>1-C\/logN/N,
N n=1
where C depends only on q.
We are ready to present the main result of this section.
Proposition 3.3  For every infinite-dimensional Banach space X and1< g <2
T R(X)® < A(X,Ly),  ae(0,1].
Proof Let x, A, be as in Proposition 2.2 and for given ¢ > 0, pick (x,) € B(X) for

whichk—¢ < ||x, —xp |, for n # m. Fix N € Nand define the map fx(x,) = (k—¢)%r,
for each n € {1,...,N}. It turns out that fy is a-Holder with constant less than or

equal to 24* :

_1
IS (en) = fv (xm) 2, = (k= €)% = il , <2779 e = x| *.
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Take any extension of fy to X, namely F, and observe that
|F(0) = F(xn)l, < Lip,(F)lra[* < Lip, (F).
Let us denote F(0) = Z € Ly(Q). Then we have that

1 X 1 X
Lip, (F)?> N ZE|Z —(k—&)%ry|T=(x- e)“qﬁ ZEKK —&) % Z -1yt
n=1 n=1

> (k- e)“q(l— C logN/N),
where the last inequality follows from Lemma 3.2. Since this must hold for every

1
extension F of fy and every N € N, we find that (x — €)% < 1,24", and letting ¢ — 0,
we are done. ]

Since it is well known that x(L,) = 25 for 1 < p < 2, Proposition 3.3 yields the
following.

Corollary 3.4 Forl<p,q<2,

Recall that Naor also proved [8, Theorem 1] that there is no isometric extension
for a > ;% and 1 < p,g < 2. As Corollary 3.4 shows, the Kottman constant explains
geometrically why there is no isometric extension for these values. To finish, Corol-
lary 3.4 gives1 < Ao (Lp, Lg) fora = ;% and1 < p, q < 2, while [8, Theorem 1] provides
us with A (L,, Lg) = L. So it is sharp.
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