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Thus if we know the solution of (13) in the form b = b (x), we can
write

y = exp (— \bdx), yx = — b exp (— f bdx),

and finally

exp [- 16

A Generalisation of a Theorem of Wolstenholme

By HANSKAJ GTJPTA.

§ 1. Chowla1 has generalised Wolstenholme's Theorem as follows:

2 — = 0 (mod. p2tl), p>3, u>0;
„<-*» a

where p denotes as usual a prime, and <• is used for "less than and
prime to."

Denoting the greatest common divisor of two non-zero positive
integers n and m by {n, m}, I here prove that

A. 2 — = 0 (mod. w2), [1]

where A = \n2, — , and 1=1, 2, or 4, as defined later.

§ 2. Elsewhere21 have shown that

S i + ( + , ) + + ( , ) .

+ . . . . + G ( - 2 , « - 3 ) . ^ - , [2-1]

where n(i) = n (ra — 1) (n — 2) (» — A + l ) ; s > 2 ;

and (Jfc-2)!G(-ifc,«-i-l)=Vj

0 (mod. n), e

a prime, 2, 3 or > 3.

Evidently — = 0 (mod. n), except when k\n, and is either 4 or
fC
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In fact, when h \ n and is not a prime > 3,

{k, 6}. Xr- = 0 (mod. n). [2"3]

In [2-1], let n = p ^ 3, s > 2, and « - 2 E ^ 0 (mod.p - 1).
p — \ V-l

Then 2 is~2s 2 ir (mod. j>), where s — 2 = r (mod. #—1), \<r<p—1,

= 0 (mod. #), since no & ^ r + 1 divides n=p. [2"4]

In [2-2], let k = p ^ 3, s > 2, and s — 2 =£ 0 (mod. p — 1);

= 0 (mod.p).
Hence G(— p, s— p— l)sO (mod. p), s>p^3, s— 2^0 (mod. p — 1). [2.5]
In view of [2*3] and [2*5], we have

{n, P} . n 2V- 2 s0(mod. n), [2-6]
4 = 1

where P denotes the product of all p's ^ 2, which satisfy the congruence

s — 2sO (mod. p — 1).

§ 3. Proof of [1].

[1] is equivalent to — 2 \ 1 r = ° (mod. n2);
2 a < . n { a n — a)

or to — 2 — sO (mod. n). [3'1]
2 a < • n &

Let n — pum, where p is a prime, u ̂  1, and {m, p} = 1.
Then [3'1] is equivalent to

— <f>(m). 2 a-2 = 0 (mod. pu), for each p\ n.

or to —<f>(m). 2 « ^ ( P " ) - 2 S 0 (mod.p"), for each p\n,
2i ^ u

since a*^"' = 1 (mod. pM), by Fermat's Theorem.
Let t be an integer such that t<f> (pu) — 2^u.

P"-I

Then 2 a^^-2 = 2 a1^?-* (mod.pu).
a < • p" a = l
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Hence [1] is equivalent to

A p"~1

— 4>{m). S a<+(r">-* = 0 (mod. pw), for each p I n. [3-2]
* 0 = 1

Now since t(f>(pu) — 2s0 (mod. p — 1), only if p = 2 or 3,

[3-2] holds if — <f> (TO) = 0 (mod. {», 6}).

When n = 2M, w ̂  1, then <f> (TO) = 1 and A — 4 = {rc2, 12}.

When «. = 2M TO, « ^ 0, {TO, 2} = 1, if <f> (m) = 0 (mod. 2),

then A = {n, 6} = {n2, 6}.

When n = 2um, u^ 0, {TO, 2} = 1, if 0 (TO) = 0 (mod. 4),
then A = {n, 3} = {n2, 3}.

Hence if n = 2uN, {N, 2} = 1, w ^ O ;

then A = jw2, i ? - , where <f> (N) = I (mod. 4), ] ^ i ^ 4. (3'4)

R E F E R E N C E S .
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Note on the Summation of Finite Algebraic Series

By J. A. MACDONALD.

In order that an algebraic series of a finite number of terms may
be summed in simple form, there must exist a difference equation
satisfied by the terms. But, owing to the fact that no general
method of finding this equation is given in textbooks, the beginner
does not acquire confidence in summation until his experience is wide
enough to include all of the usual types of such series; and even
then he may come to the conclusion that the finding of the difference
equation is no more than a lucky chance. It is therefore proposed
in the following notes to show that the ordinary types of summable
terminating series can be reduced to one, and to find a single general
expression for the sum. It will also be shown that the criterion of
summability is the " convergency ratio."
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