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ON ZETA FUNCTIONS ASSOCIATED TO SYMMETRIC
MATRICES, II: FUNCTIONAL EQUATIONS AND
SPECIAL VALUES

TOMOYOSHI IBUKIYAMA anp HIROSHI SAITO

Abstract. New simple functional equations of zeta functions of the preho-
mogeneous vector spaces consisting of symmetric matrices are obtained, using
explicit forms of zeta functions in the previous paper, Part I, and real analytic
Eisenstein series of half-integral weight. When the matrix size is 2, our func-
tional equations are identical with the ones by Shintani, but we give here an
alternative proof. The special values of the zeta functions at nonpositive inte-
gers and the residues are also explicitly obtained. These special values, written
by products of Bernoulli numbers, are used to give the contribution of “cen-
tral” unipotent elements in the dimension formula of Siegel cusp forms of any
degree. These results lead us to a conjecture on explicit values of dimensions
of Siegel cusp forms of any torsion-free principal congruence subgroups of the
symplectic groups of general degree.
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§0. Introduction

In a previous paper [7], we gave an explicit formula for zeta functions
of the prehomogeneous vector spaces consisting of symmetric matrices. In
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this article, we give functional equations of these zeta functions. We also
give special values of the zeta functions at nonpositive integers, poles, and
residues. As an application, we give the contribution of “central unipotent”
elements to the dimension of the space Si(I',(N)) of Siegel cusp forms
of weight k£ of degree n belonging to the principal congruence subgroup
I',,(N). This leads us to an explicit conjecture on dimensions of Si(I',(N))
for k> 2n and N > 3 for arbitrary n as announced in [6].

Historically, functional equations for zeta functions associated with a
large class of prehomogeneous vector spaces were investigated by Sato and
Shintani [17], and the special cases treated in this paper were studied sep-
arately by Shintani [21], since it contains subtle points beyond the general
theory. The functional equations treated there are between vectors of zeta
functions. Indeed, in the above theory in [21], Shintani’s functional equa-
tion for the prehomogeneous vector space of n X n symmetric matrices, the
space which we treat here, is between (n + 1)-dimensional vectors each of
whose components is the zeta function associated with each real orbit of
the prehomogeneous vector space. Later, Satake and Faraut [14], [13] sim-
plified these functional equations by giving a kind of diagonalization. Since
we have given the zeta functions explicitly in the previous paper [7], we can
calculate everything explicitly, and we can show that, among n + 1 compo-
nents, there exist only two or three different zeta functions, if n is odd or
even, respectively, and that the functional equation is essentially between 2-
or 3-dimensional vectors of zeta functions. Hence, our functional equations
are much simpler than the previously known ones in the general theory.
Actually, we give here a more direct proof of the functional equations inde-
pendently of any arguments by Shintani [21] or Satake and Faraut [14]. The
diagonalization of the functional equations is essentially given by Riemann
zeta functions when n is odd. In fact, when n is odd, the zeta functions
are described by the Riemann zeta functions, so the functional equations
are easily obtained. When n is even, our argument is based on the func-
tional equations of the Mellin transform of real analytic Eisenstein series
of half-integral weights, and we obtain the results for n >4 by some stan-
dard arguments. In this case, we do not write the diagonalization explicitly
here since it contains nonelementary special functions and since nondiagonal
functional equations are much simpler, but it is obviously contained in our
arguments. The case n =2 is the pathological case, since the volumes p(z)
of the stabilizer of symmetric matrices x used in the definition of our zeta
functions for n > 3 are not finite for some x when n = 2. Hence, we need a
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modification of the definition of the zeta functions to obtain a good func-
tional equation. Such modification has been done first by Shintani [21] and
later by Sato [16] in a more intrinsic way. Here we give the third alternative
proof of this functional equation for n =2 from our standpoint. The proto-
type of the proof of this style is found in Sturm [23] for the easier half of our
cases. For all n > 1, this direct approach allows us to evaluate special values,
locations of poles, and the residues of our zeta functions. This leads us to
an application to dimension formulas of Siegel cusp forms of general degree.

This paper is organized as follows. In Section 1, we state functional equa-
tions, poles, and residues of our zeta functions for n > 3. In Section 2, we
review the Fourier coefficients of the real analytic Eisenstein series of half-
integral weight, which is more or less known by [20], [3], [27], [23], and [4].
In Section 3, we introduce the Cohen-type real analytic Eisenstein series for
a general parameter. For even n > 4, we use it to show the functional equa-
tion between Dirichlet series D} (s,d) and Dy(s,0) which appear in some
parts of our zeta functions. We also give an alternative proof of the func-
tional equation between certain Dirichlet series of two variables associated
to binary quadratic forms which was first proved by Shintani [21]. In Sec-
tion 4, we prove the functional equations for n > 3. In Section 5, we assume
that n =2 and give the definition of zeta functions and an alternative proof
of functional equations described above. In Sections 3 and 5, we need some
calculation on the Mellin transform of real analytic Eisenstein series with
parameters. Goldfeld and Hoffstein [4] calculated this kind of Mellin trans-
form for completely different purposes from ours. Our calculation is very
similar to theirs in several points, but the details and aims are different. So,
we write the proofs in detail here. The results in Section 6 were announced
in [6], and we give here the proofs. We evaluate the values of our zeta func-
tions at nonpositive integers. As an application, we give the contribution of
central unipotent conjugacy classes to the dimension of Siegel cusp forms.
Based on these results, we propose a conjecture for explicit dimension for-
mulas for Siegel cusp forms of the principal congruence subgroups of level
N >3 of any degree. A certain philosophical background of the theory in
this paper is in [9], and some related development after 1997 can be found
in [5] and [12] and their references, as well as in [8], [15], and [26].

The first version of this paper was written in 1996 and put on the Web
as the preprint series 1997-37 of the Max-Planck-Institut fiir Mathematik.
We intended to publish this after adding the conjectural dimension formula
for the level 2 case, but this project has never been fulfilled. Since the
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second author passed away suddenly in 2010, the first author thinks that
publication should not be delayed further and that a possible generalization
should be given on another occasion. The first author would like to express
his profound regret and sadness over the death of Hiroshi Saito.

81. Results on functional equations, poles, and residues

Let V,, be the vector space of n x n rational symmetric matrices. Let
p be the representation of GL,(C) on V,(C) defined by p(g)z = gatg for
x € V(C) and g € GL,(C). Then (GL,(C),p,V,(C)) is a prehomogeneous
vector space whose set of singular points is {x € V,,(C);det(S) = 0}. The
real orbits of {x € V(R);det(S) # 0} are given by V! (0 <i < n), where
V¥ consists of real symmetric matrices with i positive and n — i negative
eigenvalues. For any lattice L C V invariant by I' = SL,,(Z) C GL,(C), we
put L) = LNV, and denote by L) / ~ the set of SL,(Z) equivalence classes
in L™ In this paper, we consider the zeta functions of the prehomogeneous
vector space V,, defined for each L, n, and ¢ by

Got=en 3 iy

xELY [~

in the case (n,7) # (2,1), where u(x) is a certain volume of the stabilizer of
x and ¢, is a certain constant, or its modification in the case (n,i) = (2,1).
(For more precise definition, see [7] for the case (n,7) # (2,1) and Section 5
for the case (n,i) = (2,1).) In [7], an explicit formula for (;(s, L) is given
for (n,i) # (2,1). In this section, we give results on functional equations
between our zeta functions and their poles and residues. Here we mainly
treat the case n > 3. The proof will be given in Section 4. The case n =1 is
the trivial case and will be omitted in this paper. The case n = 2 is somewhat
special but has been known by Shintani [21] and Sato [16]. This case will
be treated separately in Section 5 from our standpoint with a new proof.

First, we recall the results from the previous paper (see [7, Part I]). Let
L,, be the set of n x n integral symmetric matrices, and let L} be the set
of half integral symmetric matrices. For L = L,, or L}, our zeta function
Ci(s, L) was originally defined for each i with 0 <i <n by a certain infinite
sum over elements of L with signature (i,n — 1) as above. We have shown
in [7] that ¢;(s, L) depends only on § = (—1)"~% and € = (—1)(*=)(—i+1)/2,
and we denote it by ((s, L, d, €) (for the precise definition, see [7]). We review
the explicit formula for this zeta function.
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For the sake of simplicity, we put

‘H[ n—1) /2 21"

([
where By, is the kth Bernoulli number defined by te!/(ef —1) = 7%, Bit* /k!
and [z] is the greatest integer not more than . When n is even, we also use

the notation , n Cnjan (T 14n/2
=2Eenr (B

by, =

For odd n, we put
(n—1)/2

Qn(s) = C(S——) H CQS— 22—1))

If n is odd with n > 3, by [7, Theorem 1.2], we have
C(5, Ly 0,€) = b2 D% (Qu(s) + 0™ D2(—1) (W ~D/BR, (5)),
C(8, L, 8,€) = by (2 D/2Q,, (5) + 6D (1) -D/ER, (5)).

For even n, we put
n/2—1 n/2

= ] ¢@2s—2i) and  B.(s)=]]¢(2s— (20 - 1)).
=1 =1

If n is even with n >4 or (n,d) = (2,1), we also put
2(—1)["/41 (n/2)
(27‘(‘)”/2

< 3 ‘dK|(n71)/2st(g’XK> CL(QQS)C(QS—?JFU
(—1)n/28d >0 (2s—5+Lxx)

Dy (s,0) =

where dx runs through all the discriminants of quadratic fields K or Q & Q
such that (—1)"/2§Dg >0 and xx is the Dirichlet character associated
with K. Let D} (s,0) =Y o2, H(n/2,d,5)d"*. We define

:iH(%Ad,é)d_s.

By [7, Theorem 1.3], we have
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(5. Lins8,€) = 02" (=) Dj (5,8) A (s)

2| B’
i 65”(1)n(n+2)/8%3n(8))7

G(5,Lns0.€) = bu (=)D, (5,0) An(s)

o(n+2)/2| !
+ eén(_1)n(”+2)/8#3n(s)>7

where 6, =1 if (—1)™2 = mod 4 and where §,, = 0 otherwise.
Using the notation of Shintani [21], for any s € C and a positive integer

n, we put
n—1 i
vdﬁzllF@+1+§)
1=

Now we state our results on functional equations and their poles and
residues. Needless to say, we can recover Shintani’s functional equation for
n > 3 from our simpler results, Theorems 1 and 3 below.

When 7 is odd with n >3, then ((s,L,1,€) = ((s, L, —1,(—1)("t1)/2¢)
for L =L, or L}. So, it is enough to give a functional equation between
¢(s,L,1,1) and ((s,L,1,—1).

THEOREM 1. When n is odd with n > 3, then

C(nTH - 37L;k17171)
C(%t —s,L,1,-1)

ny

2

S )

1
_ 2—ns+(n2—1)/271-—”8-*-"(”—1)/47” (s T )

where s
_ ne (n—1)/2
a(s) (cos 5 )(cosws)

and

cosZ ifn=1mod4,
b(s) = (1) D/8(sin rs) (- D/2 5 L 7T 2 f
sin%?  if n =3 mod 4.
Next, we give poles and residues of the above zeta functions. When sy € C
is the possible simple pole of ((s,L,d,¢€) or ((s,Ly,d,€), we denote by

Tns.e(50) or T s .(s0), respectively, the residue of each zeta function at sq.
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We understand that this value is zero when the zeta function is holomorphic
at sg. When n is odd, we can determine the poles and residues exactly, as
shown in the following theorem.

THEOREM 2. We assume that n >3 is an odd integer, and we define by,
as before. Then, the zeta function ((s,L},d,€) or ((s,Ly,0,€) has possible
poles only at s =1/2, where | is an integer with 2 <1 <n+ 1. The residues
are given as follows.

(1) When n=3, we have
r35(1) = (26 = 1)b,
?”37576(1) = (6 — 1)b3/2

In particular, we have 351(1) =0 always. When n> 3, we have r}, 5 (1) =
Tnse(1) =0, and the zeta functions are holomorphic at 1.
(2) For each integer j with 2<j <(n—1)/2, we have

(n—1)/2
rh ) =200 (- (n—1)/2) ] ¢@2i-2i+1),
i=1,i#j
(n—1)/2
rge(d) =272, (i — (n—1)/2) ] <¢(2-2i+1).
i=1,i#j

In particular, if j < (n—1)/2 and j = (n —1)/2 mod 2, then the zeta func-
tions are holomorphic at s = j.
(3) We have

(n—1)/2
rhse((n+1)/2) =200, H C(n—2i+2),

(n=1)/2
ruse((n+1)/2) =2072p, T ¢(n—2i+2).
i=1

(4) For each integer j with 1 < j <(n—1)/2, we have
1 ) )
* F ) — on=1)(G+1/2) s(n+1)/2( _1)(n*~1)/8
Tnb.e (] + 2) €2 ) (-1)

1y (L2
xbaC(i+3) TI c2i—2i+1),
=1
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(n—1)/2
n543+ 5) =1 )““”“mc@+%) IT ¢@i—2i+1).
=1

When n is even with n >4, then ((s,L,1,1) = ((s,L,1,—1) if n =
2mod 4, and ((s,L,—1,1) =((s,L,—1,—1) if n =0 mod 4. We give the

functional equation for each case.

THEOREM 3. We put c(s) = (cosms)> Lsinms. When n=0mod 4, we
have

(M —s,L7,1,1)

C(n——H_S L:w 3 1)
C(n—i—l s, L* )

((cosws)"/2 + (=1)™=2)/8(gin 75)"/2 (cosms)™/ 2 — (—1)" ("= /8(sinws)™/2 0 )

(cosms)™/2 — (—1)*("=2)/8(sinrs)"/? (cosms)™/? + (—1)"("=2/8(sinmws)™/2 0

(cosms)n/2-1 (cosms)n/2-1 —2c(s)
C(‘S? LTL) ]-7 1)
X C(SaLTLvl)_l)
C(Sa Lna _17 1)

When n =2 mod 4 with n > 6, we have

(" —s,L7,1,1)

C( SaL;kw_ ) )
(Mt —s,Ly,—-1,-1)

_ 2—ns+n2/2—17T—ns+n(n—1)/47n <S _n + 1)

2
2(cos ws)™ 2 0 0
x | 2(cosms)™/?7 ¢(s) + ( 1)(=2/8 (sin7s)™2 ¢(s) — (—1)" ("D /3 (sin7s)™/?
2(cosms)™ 27t ¢(s) — (=1)"( =D/ E(sinws)™/? ¢(s) + (—1)™""2/8(sin7s)"/?
C(s,Ly,1,1)
x| ((s,Ln,—1,1)
C(sa an ) _1)

Now, we give locations of poles and their residues for even n.
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THEOREM 4. We assume that n >4 is an even integer. Then, the zeta
function ((s, L}, d,€) or (s, Ly,0,€) has possible poles only at s =1/2, where
[ is an integer with 1 <l <n+ 1. The residues are given as follows.

(1) Unless (n,d) = (4,—1), we have

* 1 2nb 5 1 n(n+2)/8 |Bn//2| n/2 3 2 .
Tn,cs,e( )= n€0n(—1) TEC( — 2i),
Tnse(1) = 27275 5 (1),

N6,
and if (n,d) = (4,—1), we have
i _1e(1) =r41(1) =12-774(3).
(2) For each integer j with 2 <j <n/2, we have

n/2
. B,
T:z,é,e(j) = 2n]bnasn(_:l)n(nij/SM H C(Qj — 21+ 1),
1=1,i#j

Tns,e(J) = 2n(1/2=Dyx 5 (j).

n,0,€

In particular, if (—1)"/2 = —d mod 4, then the zeta functions are holomor-
phic at s=73.
(3) We have
n/2—1
rhse((n+1)/2) =272, 7720 (n/2)¢(n) [ ¢n+1-20),
i=1

""n,é,e((n + 1)/2) = 2n2/2r7’;,5,e((n + 1)/2) :

(4) For each integer j with 1 <j<n/2—1, we have

n/2—1
rhac(i+1/2) = 20UtV )y, D+ 1/2,8) T ¢(2i+1-2)),
i=1,i#7]
n/2—1
Pse(i+1/2) = (=), D +1/2,6) T ¢(2i+1-2j).
i=1,i#j

REMARK. We do not know whether D} (j+1/2,0) or D, (j +1/2,9) van-
ishes or not.
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§2. Fourier coefficients of Eisenstein series

In order to prove the results in Section 1 directly, we use the theory of real
analytic FEisenstein series. In this section, we review several results on Fourier
coefficients of some real analytic or holomorphic Eisenstein series of half-
integral weight of one variable. Our main results here are Proposition 2.2
and Corollary 2.4. The Fourier coefficients of such series are investigated
by, among others, Shimura [20], Siegel [22], Cohen [3], Zagier [27], Sturm
[23], and Goldfeld and Hoffstein [4]. Although we need some modification
of their results, the structure of the proof is essentially due to them. We
will sometimes sketch the proof for the convenience of the readers. For any
0,z € C with z# 0, we define 27 = e”1°8(2)  where arg(z) is taken so that
—7 < arg(z) < . For the sake of simplicity, we write e(z) = ¢*™*. We denote
the upper half-plane by H = {z € C;Im(z) > 0}, and we write z = = + iy for
any z € H. For each o € C, each odd (positive or negative) integer k, and
z € H, define the Eisenstein series E(k,0,2) by

E(k,0,2)=y2 Z Z ( ) Faez 4+ d)*/) |acz + d|~°,
d=1, oddc=—00

where (x/x) is the quadratic residue symbol whose precise meaning is as
given in Shimura [19, p. 442], and ¢ =1 or 4, if d =1 or 3 mod 4, respec-
tively. When —k + 20 —4 > 0, this series converges absolutely and uniformly.
We also define E*(k, 0, z) by

E*(k,0,z)
1
— (=) (= (k/2)
E( y )( 2i2)

o0 (e o]

— y3ok/D—0 ( ) 3 Z( >ed (dz + b)¥/D|dz + b~

d=1, odd b=—oc0

As usual, we write

To(4) = {g: <i2) € SLy(Z);c=0 mod 4} .

For any element v = (%) € To(4), put j(7,2) = 0(72)/0(z), where 6(z) =
> nez€(n?z). It is known that

. _ C
i) =" (5) ez + ).
We have
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E(k,0,v2) = j(v,2) "E(k,0,2),
E*(k,0,72) = j(7,2) FE*(k,0,2),

where we write vz = (az + b)(cz + d)~1. So, these functions behave like
modular forms of weight —k/2, though they are not holomorphic if o # 0.
For odd k < —5, two holomorphic functions E(—k,0,z) and E*(—k,0, z)
form a basis of the orthogonal complement of cusp forms of weight —k/2
in modular forms of weight —k/2 belonging to I'g(4) (see [19]). After Siegel
and Shimura, we define a confluent hypergeometric function Wy, «, 8) by

Wy, B) = / (u+ 1) eV du,
0

where y > 0 and «, § € C. This converges for Re(5) > 0 and meromorphi-
cally continues to the whole (a,3) € C2. For any integer d and «, 3 € C
with Re(a) >0, Re(B) >0, Re(a + ) > 1, we also define 74(y, o, B) by

7P (2m) =L (@)T (B)7aly, o, B)

da+/3—1e—2”dyW(47rdy,a,[3) (d>0),
= { |d|otB-te= 2y (4n|d]y, B,a) (d < 0),
D(a+ B —1)(4my)' " (d=0).

This is also meromorphically continued. The Fourier expansions of E(k, o, z)
and E*(k,o0,z) are of the following form:

Yy P2E(k,0,2) =1+ Z B(d,o,k)e (d:z)rd(y, J;k, ;),
d=—o00
y—O'/QQO'—k/Qe(g)E*(k’7O'7 z) = dzzooa(d, o,k)e(dx)Ty (y, JT_k, %),

where we put z =z +iy (z, y € R) and

a(d,o, k) = i(%)e;%kﬂ_a;(%)ddm/c),

c=

o 4c
B(d,o, k) = 021(40)16/20;6’” (i:) omimd/dc
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To obtain Fourier coefficients suitable for our purpose, we put
F(k,0,2) = E(k,0,z) + 282 (e(k/8) + e(—k/8))E*(k,0,2).

This kind of linear combination has already been considered by Cohen [3],
Zagier [27], and Sturm [23] for 0 = 0. We need the coefficients also for o # 0,
which was calculated in Goldfeld and Hoffstein [4]. Since we need slightly
different details here, we review this. We write the Fourier expansion of

F(k,o0,z) as
y OPF(ko,z)= Y cqly)e(d)
d=—o0
i c—k o
=1 + Z C(da g, ]{I)G(dl')Td <y7 Ta 5)7

d=—00

where each ¢4(y) is the Fourier coefficient depending on y and d and each
C(d,o,k) is a constant which does not depend on z. Following the method
of Shimura [20] and Sturm [23], we can calculate C(d,0,k) explicitly. For
the convenience of the readers, we sketch the calculation here. By definition,

C(d,0,k) = B(d,0,k) + 2" 72 (1 + i ")a(d, 0, k).

By Sturm [23, Lemma 2, arguments on p. 228|, we have

oo 27 r
C(d,0,k) = a(d,0,k) (2“0(1 R ES I (%)eg)yk/u)r)

=a(d,o,k)A(d, 0, k),
where

A(d, o, k) =282 (1 +47F)
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Assume that d # 0, and put d = 2'dy, where dy is an odd (positive or neg-
ative) integer and ¢ is a nonnegative integer. If ¢ is even, then we see that
Ug(2i) =221 for 1 <i<t/2, Uy(t+3) = (2/dp)2+3/% and Uy(r) = 0 in the
remaining cases and that Vy(t+2) = 2013 (—1/dy), Vy(t+3) = 2173/2(=2/dy),
and Vy(r) =0 for the other r. If ¢ is odd, then Vy(r) =0 for all r, and
Ug(2i) =2%71 for 1 <i < (t—1)/2, Ug(t +1) = =2, and Uy(r) =0 for the
other r. Hence, if ¢ is even, then we have

[e.e]

(1 + i—k)Ud(T)2(k/2—a)r

ﬁ
||
no
N | =

2k—20(1 _ 2(k/2—0+1)t) 2
_ —f 3(k/2—0)+1/2+(k/2—c+1)t [ =
(1+3 )< ko2 T2 (do)>’

[e.9]

Z —(1 =i F)Vy(r)2k/2=e)r

r=2
_ (_1)(k+1)/2(1 + ifk)

—2 1
3(k/2—0)+1/2  o(k/2—o+1)t [ = k—20+(k/2—c+1)t
X<2 2 <d0)+2 (d0)>

l\D}—‘

and if £ is odd, then we have

Z 1 +7f )2(l€/2 0’)7‘

=2
=(1+i~ )(_Qk/27071.2(k/2fa+1)t+

00
r=2

We have (—1)++1/2(—1/dy) =1 or —1, if dy = (—1)*+1/2 mod 4 or not,
respectively. Hence we have the following.

2k:—20(1 _ 2(k—20+2)(t—1)/2)
1 — 2k—20+2 )’

(1 =i F)yVy(r)2k/2=or =,

l\')ll—l

LEmMMA 2.1.
0= (— mod 4, then we have
(1) If do = (—1)*+D/2 mod 4, th h
A(d022t,0', k)22t(0'7k/27175)
t=0
(1 + 2k/2—a+1/2(%)) (1 _ 2043/273/2723(%))
(1 _ 2—23)(1 _ 220—k—2—2s)

— (1 + i—k>2k—2o+1 X
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(2) If do # (—1)*+1/2 mod 4, then we have

2—1—25(1 o 2k—20+1)
(1 _ 2—25)(1 _ 220—k—2—2s)'

ZA d022t 22t(0‘ k/2 1— S)_(1+Z )
t=0
(3) For any odd dy, we have

ZA (do22*, 0, )2(2t+1)(a—kz/2—1—s)
t=0

20’7’?}/272738(1 _ 2k720+1)

=1+ Z'_k) (1 —2725)(1 — 220—k—2-2s)"

By Shimura [20, Proposition 2], for any square-free integer m, we have

o0
ZameO_kaUk 2—2s
f=1

~ Lo(o— (k+1)/2,w1)(2(25)((25 — 20 + k + 2)
G20k —1)La(2s — 0+ (k+3)/2,w1)

where we denote by (2 or Lo the usual zeta or L functions such that their
Euler 2-factors are omitted and where wq is the primitive character defined

. —1\ (k+1)/2 r4m
a@=(7) (%)

for (a,4m) = 1. Here (x/x) is the quadratic residue symbol defined in Shimura
[19]. Now, for any square-free integer m, we calculate the Dirichlet series

S e(B)em o k) fml 21
F=1

By the above formulas (2) and (3) in Lemma 2.1, if f is odd, then we have
C(mf?,0,k) =0 unless m is odd and m = (—1)**t1/2 mod 4. Hence, we
can assume that dg f7 = (—=1)*+D/2m f2 for some integer f; and the fun-
damental discriminant dg of the quadratic field K = Q(y/(—1)*+1/2m)
or dg =1 for m = (—=1)*+t1)/2, Now we are ready to prove the follow-
ing.
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PROPOSITION 2.2. We have
o (F (h+1)/2,7 2 2No—k/2—1—s
> e(5) C(=D "D e 2, 0,) (dicl 1)
f=1

‘G,k/2,1

|drc®

Lo —(k+1)/2,xKk)((25)¢(2s — 20 + k + 2)
(20 —k—1)L(2s—0o+ (k+3)/2,xK)

where x i 1s the Dirichlet character associated with K and regarded as the

— (_1)(k2—1)/82k—2a+3/2 |di

trivial character if dg = 1.

Proof. This can be shown by calculating a kind of convolution product
of the Dirichlet series in Lemma 2.1 and Shimura’s results, noting that

e(k/8)(1+i7) = e(k/8) +e(~k/8) = V(1) ~D/5, 0
PROPOSITION 2.3. If 0 > k/2+1, then we have
(20 —k—2)

C(0,0,k) =2F20+1(1 + i_k)m.

Proof. When d =0, we have V(r) =0 for all r, and U(r) =2""! or 0 for
r even or odd, respectively. Since

o0 ok—20+1
k/2—0)2r
ZUQT)Q( 2o = 1 _ 9k—20+2°
r=1
we have
k—20+1 gy 12kt
A(O,U,k):2 <1+Z )m
On the other hand, by Shimura [20, p. 89, (3.9)], we have
C2(2U —k— 2)
0,0,k)=—————=.
Oé( y 0, ) C2(20'—]€—1)
Hence, we have our results. 0

COROLLARY 2.4. We have
coly) =1+ 23k/2—30+7/2(_1)(k2—1)/8

I(o—k/2—-1)((20 —k—2) y1_0+k/2
((0 = k)/2)I(c/2)((20 =k —1) '

><’7'('F

https://doi.org/10.1017/5S0027763000010643 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010643

280 T. IBUKIYAMA AND H. SAITO

§3. Dirichlet series associated to Eisenstein series

3.1.

First, we prove functional equations between D} ((n+1)/2 — s,d) and
D,,(s,0) only for even n >4 with 6 =+1 or (n,d) = (2,1). The case (n,d) =
(2,—1) is exceptional, so we exclude this case for the moment and treat it
next in Section 5. Our proof is based on the usual argument by Hecke on
functional equations of Mellin transforms of automorphic forms. This type
of functional equation has been more or less calculated by Goldfeld and
Hoffstein [4] for a different purpose, but the modular forms in question are
slightly different, and we need some new calculations here. For any function
f(z) on H, we define two operators f|,W, and f |Uy by

(flsWa)(2) = f(=1/42)(=2i2)"/?,

FlupE =135 (2),
v=0

We define F(z) = F(k,o,z) as in Section 2.

LEMMA 3.1. We have the following relation:
F| Wy = 2k+0/2(_)(F=-D/8p 17,

Proof. This can be proved in the same way as in Kohnen [10], and we
sketch the outline. Put

1= (P o (1Y)

and

wr=3(r(5) +# (12))

Then, F | Uy = g1 + g2. As was shown in Section 2, the coefficients of F'(z) of
e(dz) are 0, unless d =0 or (—1)*+1)/2 mod 4. Since e(d/2) + 1 = e(d/4) +
e(3d/4) if d=0mod 4 or d =1 mod 2, we have g; = g2. Hence, using the
same argument as in Kohnen [10, p. 255], we have
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F|U4 Wy = 291 | Wy

= k/2-1 (F(z - %)e(—k/f%) —|—F<z + i)e(k‘/&)

It is easy to see that e(—d/4)e(—k/8)+e(d/4)e(k/8) = v2(—1)F*~D/8 if g =
0 or (—=1)**+D/2 mod 4. Hence, F|Uy|pWy = 2~ ¢++1/2(—1)**~D/8F and
since W2 acts trivially on F' by Shimura [18, p. 448], we prove our lemma.

i

Now, we put g(z) =y 7/2F(k,0,z) and h(z) = (y~7/2F(k,0,2)) | Us. We
write the Fourier expansion of g(z) as

9= Y caly)e(dn).
d=—0o0
Then we have .
W)= Y caly/Aeldn).
d=—o0

Put G(y) = g(iy), and put H(y) = h(iy). Then, by the above lemma, we have
G(1/4y) = (~1)* D82y =k2H(y) and G(1/2y) = Cry” 2 H(y/2),
where ), = 2+1)/2-0(_1)(**~1/8 Define two Dirichlet series by

bils) = [ " (Gy) - o)y dy,

Wy (s) = /0 T (Hy) - coly/4)y* dy.

Then, by the usual argument of Hecke, we have

2ouste = [ (0(3) ~l3))a
[ (o) =al8))r s [ (EG) )
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[ (ol
v [ (1) ol
—~ /100 co (%)y“ dy + Cy /100 co (%)y”’m’s’l dy.

We have co(y) =1+ c(o)y*~7%/2 for a certain function of ¢(c) of ¢ which
does not depend on y. (The exact value is given in Corollary 2.4.) So, if
s>o0—k/2 and s> 1, then we have

0o 1 .
1 2y 1 8

C(O_)Qafk/Qfl

— 925,
wls)+ s—o+k/2+1
c(o)87H/2-1 1 1
C C
+C 1-—s P ka—k/Q—s

NCOREIRY
e [ () o)

We denote the last line in the above by Ji(o,s). By Shimura [20, (2.2),
Lemma 1], we see that 74(y, «, 8) is holomorphic for (o, 8) € C? and rapidly
decreasing for y — oo unless d = 0. This assures the convergence of the
integrals in Ji (o, s) as far as the integrands are defined. So seeing the loca-
tion of poles of the integrands by Proposition 2.2 as a function of o, it can
be proved that (o — (k+ 3)/2){(20 — k — 1)Ji (0, s) is holomorphic at the
whole o,s € C. Hence, @, ;(s) is meromorphically continued to the whole
(0,8) € C2. By Corollary 2.4, we see easily that ((20 —k — 1)(c — (k +
2)/2)(0 — (k+3)/2)c(o) is holomorphic as a function of o, so

(2o —k—=1)(0c—(k+2)/2)(c — (k+3)/2)
xs(s=1)(s—o+k/2)(s—o+k/24+ 1) 1(s)

is holomorphic on (o, s) € C2. In the same way, we see that
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o= [ (1(3) ()
wot [ (6(3)- co(%))y”"“”‘s-ldy
_/100 (8 Jy oty + / y Ry,

1 C(U)SU k/2-1

1
— J(o.o—k/2—g)— = —
Ck k(’ k/ S) s s—a—{—k‘/2+1

01;1 Ck 0(0)20' k/2—1
o—k/2—s 1—s )

By comparing this to the expression of 2°®, j(s), we have the following
proposition (see [4]).

PROPOSITION 3.2. For a fized odd k, two functions @, 1(s) and ¥, k(s)
are meromorphically continued to the whole (o,s) € C?, and we have the
following functional equation:

q)cr,k(U . k/? . 8) _ 22S_U+k/20k\110,k(3) _ 228—20+l€+1/2(_1)(1{?2—1)/8\110,]6(8).

3.2.

We will apply functional equations between ®, 1 (s) and ¥, ;(s) to obtain
those between D*(s,d) and D(s,d). This can be done by calculating the
Mellin transforms term by term and by specializing ¢ and k. The Mellin
transform of 74(y, (¢ — k)/2,0/2) has been given in [4]. For each a, B € R
and s € C', we consider the following integral:

Y Al
I(s,a, ) —/0 120y du.

This integral converges absolutely when Re(8) > 0 and Re(s) > Re(a) +
Re(B) — 1. This is related with the usual hypergeometric functions. This
can be shown as follows. For any nonnegative integer n and a variable a, we
put (a), =I'(a+n)/I'(a). The Gauss hypergeometric function F'(a,b;c;z)
is by definition

e a)n
F(a,b;c;z) = Z(cnn'

n=0
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and has an integral expression

Fla,bc;2) = —t) /1tb—1(1—t)c—b—1(1—zt)—adt

T()T(c—b) J,

for Re(c) > Re(b) > 0 and |z| < 1. In the integral defining I(s,c, (), by
replacing the variable u with u =v/(2 — 2v), we have

1 /1 a—1
I(s,a,ﬁ):2—6/o vﬁ_l(l—v)s_a_ﬁ(l—g) dv

1 TBr(s—a—-pF+1) ' _
=25 % s —atl) Fl—-a,B;s—a+1;1/2).

Now, we assume that Re(o) >0, Re(o) > k, and Re(s) > Re(o) — k/2 — 1.
Then, the Mellin transforms of the Whittaker functions are given by

o c—k o
||l 5 ) a
e(k/8)(2m)7"*/
- T((o - k)/2)l(0/2)
{d“"“/Q_l(de)_SF(s)I(s, ok gy ifd>0,

|d|a—k/2—1(27[-|d|)—81"(8)[(5’%’Tk) if d<0.

Hence, if d = (—1) *TD/2d, f2 £ 0, we have
/0 caly)y’™" dy

= (£ CDF e 12,0, (i 2

y (2m)0R/2=35T (s) {I(s, (0 —k)/2,0/2) ifd>0,
T((c —k)/2)T(c/2) ~ I(s,0/2,(c —k)/2) ifd<O0.

If Re(s) > —k/2—1, the right-hand side can be continued holomorphically
to 0 = 0. Indeed, under this condition on s and k, I(s,0/2,(0c —k)/2) is
holomorphic at ¢ =0, and we also have

1 o—k o 1 /(0+) (u+ 1)(e=R)/2-1yo/2-1

F(U/Q)I(S’ 2 ’§>:r(a/2)(em—1) o (2u+1)° 4,

and this function is 1 at o =0.
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For the sake of simplicity, we put

Z*(k,o,s,dK)

_ ‘d |a—k/2—1—sL(U — (k + 1)/27XK)C(28)C(23 —20+k+ 2)
K ((20 —k—1)L(2s — o + (k+3)/2, xK)

and
5 ok/2—0+3/20—k/2

[((o = k)/2)l(0/2)

We write Z*(k,0,s,dg) = poja(n)n™*, and we put

Coe = (~1)

)

Z(k,o,s,dg) = ia(

ns
n=1

Then, using Proposition 2.2, we have

By 1 (s) = (%)SF(S)CM( Z Z*(k,o,s, dK)I<37 g ; k, %)

(—=1)(E+1)/2d >0

Y Z*(k,a,s,dK)I(s,%,U;k>>

(—1)(+D/2d <0

and

‘Ifa,k(S) _ (27T)SF(S)CU’I§< Z Z(k,a,s,d}()[<5’ g g k;’ %)

(—=1)(E+1)/2d >0

Y Z(k,a,s,dK)I<s,g,U;k)>.

(—1)(+D/2d 5 <0

We note that the Dirichlet series Z*(k,o,s,dx) and Z(k,o,s,dx) depend
on o — k/2 but not on each ¢ and k separately. But the coefficients of these
in ®, 1 (s) or ¥, x(s) depend on k and o.

Now, in order to give the functional equations we need, we specialize k
and o in two different ways.

Case I. We put k= —(n+ 1) and o0 =0. We assume that n is even and
that n > 4. By definition, we have
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Y Z*(—=(n+1),0,s,dk)
(_1)n/2dK>0

_ (n—1)/2—s L(n/2,XxK)((25)((2s —n +1)
N Z ] ((n)L(2s —n/2+1,xK)

(=1)"/2d >0
=27 (2m)" A (=) T (n/2) 71 (n) 7' D (s, 1).
Hence, we have
Do _p_1(s) = (_1)n(n+2)/8+[n/4]7rn+1/2
x T((n+1)/2) " 'T(n/2)"'¢(n) = (27)~*T(s) D (s, 1).
In the same way, we have
W, _p_1(s) = (=1)"(n+2)/8+ /4] pn+1/2
xT((n+1)/2) " 'T(n/2)~'¢(n) " (27)~*T(5)Dn(s,1).

Hence, by Proposition 3.2, we have

o een ()i (1 -

= 225~ ("t D/2(91) =D () Dy, (5, 1) Ch,,
where Cj, = 27/2(—1)™"+2)/8 _Since
T((n+1)/2—s) " = (=127 Y(cosms)T(s — (n— 1)/2),

we have the following proposition.

PROPOSITION 3.3. For any even positive integer n >4, we have

1
D:(% — s, 1) — (_1)TL(TL—Q)/S2—n/27r—28+(n—1)/2

n—1

X I‘(s)F(s - ?> (cosms)Dy,(s,1).

When n =2 and § = —1, we need some modification of the definition
of the zeta function and the functional equation, since L(1,xx) = oo if
K =Q® Q. But if § =1, the definitions of Dy(s,1) and D3(s,1) are the
same as in the case n >4, and we have the following result.
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ProOPOSITION 3.4. We have
D3(3/2 —s,1) =271 7Y/2725D(s)0(s — 1/2) (cos(ms) Da(s, 1) — ¢(25 — 1)).

The Dirichlet series D3(s,1) and Dy(s,1) are continued meromorphically
to the whole s plane and are holomorphic for s #1, s # 3/2. The residue
is —=1/2 or —1/4 at s=1 for Da(s,1) or D3(s,1), respectively, and 7/3 or
w/12 at s =3/2, respectively.

This proposition was first proved by Siegel [22] and Shintani [21] with-
out using Eisenstein series. (Incidentally, in Shintani’s notation, Da(s,1) =
225¢* (s) and D3(s,1) = &_(s).) Later, an alternative proof in the case n = 2
is obtained by Sturm [23]. His argument is to use the Eisenstein series
above, noting that, in the above calculation, I(s,0,3/2) is holomorphic for
s>1/2 and that ((c + 1)/T'(¢/2) is holomorphic at o = 0. For the case
(n,d) = (2,—1), we need a modification of the definition, which will be
explained in Section 5.

Case II. We put k= —n+ 3 and o =2 with even n > 4. By changing the
variable u by v = 2u(2u + 1)~!, we have

1
I(s, 1, %—1) - 2—(n—1)/2/ ,U(n—3)/2(1 _ Q})S—(nﬂ—l)/z dv
0

- 2*("*1)/2F(s)*1r(”T_1)r(s _n 5 1).

On the other hand, the function I(s,(n —1)/2,1) can be continued mero-
morphically to the whole s plane and satisfies

n—1 n+1 n—1
I<7 71) I( 9 a]->
%y R T

(1) (e 25

This can be proved easily by using the Pochhammer integral formula for
the beta function. Indeed, put v = (1 + 2u)/(2 + 2u). Then,

1
I(s, n_—l’ 1) = 2_("_1)/2/ v (1 — )~ (/2 gy,
2 1/2

Now, for a, 8 >0, put f(z)=2*"1(1 — 2)?~!. Take a positive branch at
x =1/2, and take an analytic continuation along the path starting at 1/2,
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encircling 1 and 0 in the positive direction and then encircling 1 and 0 in
the negative direction. Then,

(1+,0+,1—-,0-) 5 1
/1/2 (1 — )P do = (1_62ﬂia)(1_62ﬂiB)B(a,ﬁ),

where B(a,8) = T'(a)I(8)'(a + B)~! is the usual beta function. We also
have

1 1 (1+) (1-)
a1 — N8 dy =
/1/21) (1—v)fdv= (1= c2rio) (1 = ¢279) (/1/2 f(z)dx + /1/2 f(x) da:)

and

1/2 1 (0+) (0-)
a1 —a\8 dy —
/0 v¥(1—v)’dv = (1= i) (1 = 2 ) </1/2 f(z) dac+/1/2 f(zx) d:r:),

and we obtain the above functional equation of I(s,(n —1)/2,1). By virtue
of the integral expressions above, I'(s — (n —1)/2)'I(s,(n —1)/2,1) is an
entire function, and we see that I(s,(n—1)/2,1) has simple poles only

at s=(n+1)/2—m (m=1,2,...). The residue for each m is given by
(=) 127 D0 (m — (n = 1)/2)0((3 = n)/2) 7T (m) 7.
By definition, we have

Py _pts(s) = (—1)Mnt2)/8+1+[n/4] pnt1/2
x D(n/2)7'T((n —1)/2)""¢(n) ™" (2m) T (s)
X (D:L(Sa 1)1(5, n; 1,1) + D; (s, 71)I<s, 1, n; 1))

and
Uy _pi3(s) = (_1)"("+2)/8+1+[n/4}7rn+1/2
x D(n/2)7'T((n—1)/2) ' ¢(n) ™ (2m) T (s)
x <Dn($7 1)I<S, nT_l, 1) + Dy (s, —1)[(8, 1, n ; 1)> .

Hence, by Proposition 3.2, we have

https://doi.org/10.1017/5S0027763000010643 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010643

ZETA OF SYMMETRIC MATRICES II 289

(%)s—<n+1>/2p<”_“>

2
L(nt+1 n+1 n—1
X<D"(T_S’1>I< 2 ¥ ’1>
o(ntl _) (”_“_ ”_—1>
+ 05 (" = s )P s,

_ 2237n71/2(_1)n(n+2)/8+1(27T)73F(8)
n—1 n—1
X (Dn(s, 1)[(3, — 1) + Dy (s, fl)I(s, 1, T))

Here, using the functional equation between Dj (s,1) and D, (s,1) and the
formulas for I(s,1,(n—1)/2) and I(s,(n—1)/2,1), we have

<27r>s—<n+1>/22—<n—1>/2r(”T‘l)m —s0;("s L)

— 225—71—1/2(_1)n(n+2)/8+1(27_‘_)—31-\(5)2—(71—1)/2

g <F<3_Tn>_an(37 nr - 8)F<3 _ n?—1>

n—1

+T ("5 ) Dals, ~10(s) T (s = 1)>

Since I'(s)I'(1 — s) =7/sinms and I'((n — 1)/2)((3 —n)/2) ==/ sin(((n —
1)/2)m) = 7(—1)"?*1 we have the following proposition.

PROPOSITION 3.5. For even n >4, we have

* n+1 _ o—n/2,__—2s+(n—1)/2 n(n+2)/8+1 n—1
Di( 2 7 1) =2/ (=1) Os)T (s 2 )

X ((sin7s) Dy (s, —1) + (=1)"/*71 D, (5,1)).

For the necessary modification in case n =2, see Section 5.

For later use, we will give poles and residues of D (s,d) and D,(s,d)
(0==+1). If 0 =0 and k= —(n+ 1), then ¢y(y) =1. So Py x(s) or ¥gx(s)
has simple poles only at s =0 and (n+1)/2.

PROPOSITION 3.6. The Dirichlet series D} (s,1) or Dy(s,1) is holomor-
phic except for a simple pole at s = (n + 1)/2 with the residue (—1)"/4 x
(2m)~"20(n/2)¢(n) or (—1)M420/27=7/2D(n/2)¢(n), respectively. The

https://doi.org/10.1017/5S0027763000010643 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010643

290 T. IBUKIYAMA AND H. SAITO

Dirichlet series D} (s,—1) or Dy(s,—1) is holomorphic except for simple
poles at s=1 and s = (n +1)/2. The residue at s =1 is 7~ ""1/2I'(n/2) x
L((n—1)/2)¢(n—1) or2r~ " Y20 (n/2)T'((n—1)/2){(n—1), and the residue
at s = (n+1)/2 is (=1)/4(27)="/2D(n/2)¢(n) or (—1)/42n/27=1/2D(n
2)¢(n), respectively.

Proof. Since ®g _,,—1(s) or ¥o_pn_1(s) has a simple pole at s =0,
Do, —n—1(5)/I'(s) or ¥o,_p—1(s)/I'(s) is holomorphic at s = 0. Hence, D};(s, 1)
or D, (s,1) is holomorphic for s # (n+1)/2. At s = (n+ 1)/2, the residue
of ®g_p_1(s) or o _,_1(s) is 27"~ V2(=1)Mn+2/8 op 2-1/2(_1)n(n+2)/8,
Hence, we have our results for D} (s,d) and D,(s,d) for 6 = 1. Next, we
treat the case § = —1. By the results in Section 3.1, for even n >4, we
see that ®o _,,13(s) and Wy _,43(s) are holomorphic except for s =0, 1,
(n—1)/2, and (n+1)/2 and that I'(s)D}(s,1) or I'(s)Dy(s,1) has simple
poles only at s =0, (n+1)/2. Since I'(s — (n —1))/2) (s, (n —1)/2,1) is
entire, it is easy to see that D} (s,—1) and D,(s,—1) are holomorphic at
s#0, 1, and (n+ 1)/2. Now, by Proposition 3.3 and the above result, we
have

D;(0,1) = Dy (0,1) = (— 1) +2)/BHH/ Al =n=1/2D (5 9)T (0 + 1) /2) ¢ (n).

Since the residue of ®3 _,,13(s) and WUy _,,13(s) at s=01is —1 and I(0, (n —
1)/2,1) = —2/(n—1), we see that D} (s,—1) and D,(s,—1) are holomor-
phic at s =0. The residue of ®3 _,,43(s) or Yo _p43(s) at s=(n+1)/2 is
2—n—1/2(_1)n(n+2)/8+1 or 2—1/2(_1)n(n+2)/8+1 and at s =1 is 2—(+1)/2 o
C(n—1)¢(n)~" or 20=M/2¢(n — 1)¢(n) ™!, respectively. Using I((n+1)/2,
(n—1)/2,1) =2 x (1 -20-7/2)/(n — 1) and the estimates of residues of
Dy, (s,1) and D} (s,1) at s = (n+ 1)/2 just obtained, we can easily obtain
the residues for = —1. [

3.3. Functional equation of Dirichlet series of two variables

In [21] Shintani introduced certain Dirichlet series of two variables
&i(s1,s2) and £ (s1,52) and used the functional equation between them to
derive a similar result on Dirichlet series of one variable such as those in
Section 3.2 (see [21]). In the review of this paper, the referee asked if we can
prove his functional equation of two variables by our method. Indeed, we can
prove it, and we sketch the proof here. For a positive integer m and an inte-
ger n, we write A(m,n) the number of x mod m such that z? =n mod m.

https://doi.org/10.1017/5S0027763000010643 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010643

ZETA OF SYMMETRIC MATRICES II 291

For i =1, 2, following Shintani [21], we define

6;(81,82) = Z A(ma(—l)i_l)m_sl(éln)_”.

m,n=1

(Note that in [21] there is a typo in the introduction and that the definition
at [21, p. 35] is the correct one.) We also put

n;(o,s) = Z Z*(k,a—l—%,sjcl[(),
(—1)i—1dg>0

ni(o,s) = Z Z(k,cr—l—k;Ll,s,dK)
(=1)i=1dyk >0

We note that these series do not depend on k, while the coefficients in
Doy (kt1)/2,0 a0d Wi (41)/2. do so. By applying [27], we see easily that

M(05)=Clo) (o5 + 5~ o),

ni(o,s) = 22°¢ (o)L <a, s+ % - a).

Our aim here is to reprove the functional equation in [21, Theorem 1], which
is equivalent to the following.

PRrRoOPOSITION 3.7. We have

<77’1k (0,0 + % — s)) _ L(s)'(s+ % — O’)M(S) <171(0, s)) 7

lro 0 T

where we put

M(s) = <COS7T(S - %) sin 12 ) |

cos 75 —sinw(s—%)

By virtue of Proposition 3.2, we can obtain the functional equation
between nf and 7; as far as we have relations between I (*, «, ) and I (x, a, 3)
for (a,B8) = ((6/2) + (=k+1)/4,(c/2) + (k+1)/4) which appear in
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Poikr1)/2k OF Woi(kt1)/2,k- Now such relations are obtained as follows.

The following relations of the hypergeometric functions are well known:

L(e)'(c—a—Db)

I'(c—a)l(c—b)

cfafbr(c)r(a +b— C)
['(a)I'(b)

X F(c—a,c—bjc—a—b+1;1—2z)

F(a,bjc: z) = F(a,b:a+b—c+1,1-2)

+(1—=2)

and
F(a,b;c;2) = (1—2) % "F(c—a,c—b;c;2).

By taking z =1/2 in the above relations, we have

I(s,a,ﬁ):%((SS;B)F(I—@,B;B—S—%I;I/Q)
Q%F(S_a;(ff;))r(ﬂ_s)F(l—5,04;3—B+1;1/2).

Here the first term is equal to

I(s—BLB-s+1)
L(s)I'(1—s)

Ia+p—s,a,pB),

and the second term is equal to

NpB—s)'(s—p+1)
I'l—-a)l'(«a)

I(s,p,q).

Hence, we have

I(s—BrB-s+1)

I(s,a, ) = T(s)T(1=) I(a+ B —s,a,p)
L(B—=s)(s=5+1)
T Ta—ar@ L&A
Since I'(s = B)I'(B—s+1)=x/(sinm(s — ) =-T(B—s)['(s — B+ 1), we
have
Hatp-s)=—tCUZ8) _p o gy TOTAZ9) p g

I(s—p)L(B—s+1) I'(1—a)'(a)
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L(s)I'(1—s)
I(s—a)l(a—s+1)

I(s)D(1 — s)
(1 -8)r(B)

I(OL—FB-S)Z 1(8,5,06)4-

In other words, if we put

N(s,a, 8) = (sinﬂ(s - 5) sinmf3 > ,

sina sinm(s — «)
then we have
(I(Oé—Fﬁ—S,a,ﬁ),[(@—kﬂ—S,B,O&))

:(I(S,Oé,ﬂ),l(s,ﬁ,a)) XN(S,O[,B)X 1

sinms’

By taking £k =7mod 8 and a = (¢/2) + (1/2) mod 2, = 0/2 mod 2, we

have
N(s, 0, 8) = <sin7r(s - %) sin 7 ) '

cosg—" —cosw(s—%)

By noting that
. . ( +1 ) . To 7ra+ . < a) ( a)
SIN7TSSINT\{ S — — 0 | =811 — COS — SIN7T{S— — |J]COSTT|S — —
> 2 STy €08 9) P 2)

we have )
sinﬂ'ssinw(s + 5~ 0)]\7(8,(1,5)_1 = M(s).

We can do the same calculation for each odd k mod 8. Denote by v(k) a 2-
dimensional vector whose components are coefficients (including C, 4 (441 /2,k)
of ni(0,s) and n3(0,s) in P (441y/2(s). Then for k1 =7 mod 8 and ky =
3 mod 8, two vectors v(ky) and v(kg) are linearly independent over mero-
morphic functions as is shown in the argument in Section 3.2. Then by
using the functional equation in Proposition 3.2 and the above formula for
N(s,a,3), we can easily prove Proposition 3.7 by direct calculation. Propo-
sitions 3.3 and 3.5 can be seen as special cases of Proposition 3.7. We omit
the details here.

84. Proof of functional equations for n >3

The functional equations for the case where n > 3, as well as the residues,
are easily obtained from the well-known facts on the Riemann zeta function
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and results on D*(s, ) and D(s, ) in Section 3. We carry out this calculation
in this section. By using the well-known functional equation

1= o (et

= r5l=s (cos %S) '(s)¢(s),

we have

<<2(";1 —s) —(2i—1)>

. 1
::W—%+n—m+U2p<3+i__g>r<s+d——E%;—)CCB—+2i—1z—l)

(=1)= D2 cos s if n is odd,
X i—n/2 o o
(—1) sinms if n is even,

eyt

. 1
_ 7T72s+n72171/2r<8 +i— g)r(s 44— nT)C(QS + 24 — n)

(=1)"==D2gin7s if n is odd,
X i—n/2 : :
(—1) COS TS if n is even.

Hence, for even n > 4, we have

n+1 n{n— —(n—242)s+n{n—
An( y _S) — (< 1)-2)/8 = (n-2)stn(n=3)/4+1/2

cosms)z ! fyn(s—
< ) F(S)F(s — Tl)

n+1 _ _ (_1\n(n—2)/8,_—ns+n(n—1)/4 _Tl—l—]_ . n/2
Bn( 5 s)f( 1) s ’yn(s 5 )(SIII?TS) By (s).

)

An(s)a

Using Propositions 3.3 and 3.5, we have

n+1 n+1
D; (T — 1) (5 )
5 ° 7 °

n

= 97/ 2pmnstn(n=D/4 (cog rs)™ 2y, (s - H?H)An(s)Dn(s, 1),
()
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_ 9—n/2_—ns+n(n—1)/4 _n+1
2~/ (5= "5 ) Ans)

X ((—1)”2/4+1(cos7r5)”/2_1(Sinws)Dn(s, —1)
+ (coss)271 D, (s, 1)).
For odd n > 3, we have

n+1

- _ —nstn(n—1)/49l—s/_1\(n?-1)/8
Qu(*5=—s)=n 27 (1)

n+1

) (cos ?) (cosms)" V2R, (s),

Rn(n +1 S) _ pnstn(n—1)/49(n+1)/2-s

X’yn<s—

n+1

) (sinms) ™ 1/2Q, (s)

" cosy if n=1mod 4,
sin5  if n =23 mod 4.

.

Now, the functional equations in Section 1 are proved as follows. We put
€= 65(n—i—1)/2'

When n is odd, then for L = L} or L,, the zeta function ((s,L,e€,d)
depends only on €. For the sake of simplicity, we put (s, L,¢,0) = (s, L)
or ((s,L), if e=1 or —1, respectively. We have

C(ngl —s,LZ,é,e)
_ 9= D((n+1)/29) (Qn<”; 1_ ) + a1V, (”?“ _ 3>>

_ _—ns+n(n—1)/49—ns+(n?+1)/2 - n+1
" 2 (s 2 )

X (cos %8 (cosms)mV/2R, (s)
+ (= 1) =D/Bo(n=1)/2 (i ) (n=1)/2 f(s)Qn(s)),

where we denote f(s)=cos(mws/2) or sin(ms/2), if n =1 mod 4 or 3 mod 4,
respectively. We have the following equalities easily from the definitions:

Qn(s) = by, 127 FD/2(¢H (s, L) + ¢ (s, Ln)),
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Rn(s) = by 1271 (¢ (s, L) = ¢ (5, Ln)).
Hence, we have
=(ntl s
¢ ( 2 S’L”>
_ (2m) s gnin-D/gnP-D/2, <S _ n; 1)
X <(cos g(COS ms)n /2 4 (—1)(”2*1)/8(8111 713)("71)/2]”(3)) ¢t (s,Ly)
+ (—eos ™ eonms) /2 & (1) D (sin ) D12 (5))

X C_(S,Ln)>.

Thus, we have proved Theorem 1.

Next, we treat the case when n is even. We prove the functional equation
for each ¢ and n.

Case I. Let § =1, and let n =0 mod 4. Then, §,, =1, and

bn(_l)[n/4]Dn(S7 ].)An(S) = 271(4-(87 LTL7 ]-7 1) + C(Sa LTL7 ]-7 _1))7
n(n+2)/82|B7/z/2| —n/2—1
bn(—1) TBn(s) =2 (¢(s,Ln,1,1) = (s, Ly, 1,-1)).

So, we have

1
c(% — s, Lk 1 e)

ny -

S — —

2
X (((:0871'55)"/2 X (C(s,Lp,1,1) +((s,Lp,1,—-1))

+e(=1)" DB (sin )™ x (¢(s, Ly 1,1) — (5, L, 1,—1))).

_ 27n3+n2/271Trfns+n(n71)/4,yn( n+ 1)

Case II. Let 6 = —1, and let n =0 mod 4. Then 4, =0, and the zeta
functions do not depend on €:

1
C(n; _ S,sz—l,e)
_ 2_ns_n2/2ﬂ__ns+n(n—l)/4,yn (S _ nTH)
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x (1) (cos ws)™ > Y (sinms)C (s, Ln, —1, €)
+ (cosms)™ 21271 (¢ (s, Ln,y 1,1) — ((5, Ln, 1, —1))).

Case III. Let 6 =1, and let n =2 mod 4 with n > 4. Then, the zeta
functions do not depend on e. In this case, we have

n+1 * _ on(n+1/2— s) —n/2,_—ns+n(n—1)/4
C( 5 —s,L 16) 2 s

ny -

x (coss)™ %, (s — n?ﬂ) C(s,Ly,1¢€).

Case IV. Let § = —1, and let n =2 mod 4 with n > 4. In this case, 6, =1
and

1
C(% - SaL;kw _176)

_ 2—nsfn2/2ﬂ_fns+n(nfl)/4,yn (S _ n_+1>

2

(-1) n?/Atlg- Ycosms)™? (sinms)

(

X (C(S Lnu -1 1)+C(5 Lny 7_1))
+(=
+(

X

1>n n—2) /82 (Sinﬂ'S)n/Q(C(syLna —1, 1) — C(57Ln7 _17 _1))
cosrrs)"/2 1{(8 Ln7175))

Hence, we have proved Theorem 3.

As is well known, ((s) has a simple pole at s = 1 with residue 1 and is holo-
morphic for the other s. Also, we have ((—2m) = 0 for all positive integers m.
Theorem 2 follows very easily from these facts and the explicit formula of
the zeta functions. We can prove Theorem 4 by using Proposition 3.6.

§5. Functional equation for n =2

When n = 2, we need some modification of the definition of our zeta
functions since the volume p(z) in the definition of zeta functions for n >3
is infinite for some x € V' when n = 2. Shintani [21] has given a modified
definition of the zeta function and has shown the functional equations for
such zeta functions. Later, Sato [16] gave a more theoretical definition of
Shintani’s modification by using a zeta function of two variables which is
naturally obtained by applying the general theory of the prehomogeneous
vector spaces for (GLg x GL1,V x C?), and also gave an alternative proof
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of the functional equation. Here we give the third alternative proof of Shin-
tani’s results above by using real analytic Eisenstein series of half-integral
weight. More precisely, we give a natural modification of the definition from
our standpoint, show the functional equation of our zeta functions, and give
the location of poles and the principal parts of the Laurent expansion there.
For the zeta function of definite symmetric matrices (i.e., (2(s,L,1,1)), this
approach has already been used by Sturm [23]. So the main point is the
case for indefinite symmetric matrices (i.e. ((s,L,—1,—1)). Our idea is as
follows. When we fix an odd integer k, the functional equation of the Mellin
transforms of Eisenstein series in the previous section is valid as a mero-
morphic function of s and ¢ for the whole C? plane. Now we fix k to be 1
throughout this section. Then each side of the functional equation between
®,1 and ¥, has a pole at 0 =2, and this is the reason that the origi-
nal definition of our zeta function cannot be applied in the case n =2. In
fact, most of the coefficients of the Dirichlet series @, 1(s) and ¥, 1(s) with
respect to s have definite values at o = 2, which form the main part of our
zeta function of the prehomogeneous vector space, but the modified terms
come from the coefficients which have a pole at o = 2. Even if they have a
pole, each term of the Laurent expansions of ®, 1 (s) and ¥, (s) along o =2
still satisfies the functional equation. So by comparing the constant terms of
the Laurent expansion of both sides of the above functional equation associ-
ated with Eisenstein series at 0 =2, we give a suitable modification of zeta
functions and the functional equation at the same time. By the way, it is
easy to see that both coefficients of (¢ —2)~! in the Laurent expansions are

Co1(2) 1257272750 (5 — 1/2)¢ (25 — 1),

and this gives us nothing new. Now we define the main part of our zeta
functions. Define four Dirichlet series

(e 9]
—S

€M (s h(d)log(ea)d ™,
1

“ My o h(4d)log(esa) | a5~ h(4d + 1)log(esatr)
+M(S)—C(25)<ZTS4‘1+2 2 Z (4d+1)s4d+1 >,

d=1 d=1

g

§(s)=2¢(28) S h(~dywhd ",
d

I
-
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o

gi(S) :2C(28) (ZM +2—ZSZ h(_4d+1) )’

= woyq(4d)® = wogat1(4d —1)°

where h(d) is the class number in the narrow sense of the order Oy of dis-
criminant d in a quadratic field, ¢; is the fundamental unit of norm 1 of
Oy, and wy is the number of units of O4;. When d is a square or not a
discriminant, we regard h(d) =0.

Then, by the classical class number formula, we can show that

é:{i\-/[(s): Z C(Q)Z*(l,Q,S,dK),

dr>0,dx#1

e (s)= 3 C(2)27(1,2,5,dx).

dg <0

Now we consider Z(1,0,s,1) or Z*(1,0,s,1), the terms corresponding to
di = 1. If we write

n

€(25)¢(2s —20 +3) <= a(n)
C(2s—0+2) _nzz:l s’

then we have

o0

a(4n) . C(?S)C(?S — 20+ 3) 19024 920—3 _ 9—2s4+20—3
7;1 nt ((2s—0+2) % 1 _9 2sto—2 .
So we put
_ ((25)¢(25 — 20+ 3)
h(o,s) = (20 —2) (25 —o + 2)1(5,0—/2, (0 —1)/2),
h*(O' S) _ C(QS)C(QS — 20+ 3) (1 _ 902 + 920-3 _ 2725+2073)

(20 —2)¢(2s — 0 +2) (1 —2-2s+0-2)
xI(s,0/2,(c—1)/2).

We define two functions g(o, s) and g*(o, s) so that the following equalities
hold:

)°I(s) (g(a, s)+ (o —1)h(o, s)),

By (5) = Oy (27)”
= C,1(27) T (s) (g (0, 5) + C(0 — 1)h*(0,5)).

\IIU,I(S) cr,l(

Then, we have
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9(2,5) = C(2) 7 (€M ()1 (5,1,1/2) + 7 (5)I(s,1/2,1)),
g"(2,5) = 22°¢(2) (&M ()1 (s, 1,1/2) + 7€ ()1(5,1/2,1)).

To obtain the functional equation which coincides with Shintani’s original
version (see [21]), it is convenient to multiply both sides of the functional
equation between @, 1(c —s —1/2) and ¥, 1(s) in Proposition 3.2 by

e(0,5) = C,1(2m)7~*"H2200"D/2¢ (26 —2)P (0 —1)/2) " 'T(1 —s) L.

To rewrite the functional equation in this form, we put

25 ¢(20-2) T(o—s—3) 1
Alers) = n(L) r(1—s)2 9(”"’_3_§>’
A*(O',S) _ %;1)_2) . 2—0—1—17I_¢7—25—1/21_‘(1_1‘(7i)8)g*(0_,S)7
_ T(o—s5—3)¢(20 — 1 —25)((2 — 2s)
Blos)= F(UT“—;) C(o+1-2s)
x Fy(o,s),

L(s)I'(s—o+3)
F(1-s'(s—§+1)

<(25)C(28 — 20+ 3) 1902 + 920—3 _ 9—2s+20-3

B* (0’, S) _ 2—0—1—171.0—25—1/2

T @s—at2) 1— 2 2sto—2
XFI(Uas)a
where we put
o o—1 o 1
Fl(O',S):F(l—g,T,S—5"‘1,5),

-1 1 1
FQ(U,S):F(lfU 7 ol >

22 g %)
Then we have
1
€(0,5)Ps1 <J —s— 5) = A(o,s) + B(o,s)((c — 1),

22572043/2¢ (5 5\ W, (s) = A*(0,5) + C(0 — 1) B* (0, 5).
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So the functional equation in Proposition 3.2 reads
A(o,s) + B(o,5)((0 —1) = A%(0,s) + ((0 — 1) B"(0, 3).

The residue of each side at o =2 is given by B(2,s) or B*(2,s). But
since F1(2,s) = F5(2,s) = 1, we have B(2,s) = ((2 — 2s) and B*(2,s) =
73/2725 (s — 1/2)¢(25 — 1) /T(1 — ), so B(2,s) = B*(2,s) by the functional
equation of the Riemann zeta function. Comparing the constant terms of
the above functional equation at ¢ = 2, we have

d
A(2,s) + %B(O’, S)|o=2 + B(2,5)y

d

=A"(2,s)+ %B*(a, $)|o=2 + B*(2, )7,

where 7y is the Euler constant. As is well known, we have ((¢ —1)=1/(0 —
2)+v+4+O(c —2) and v = —I"(1). Since we have B(2,s) = B*(2,s), the last
terms cancel each other out. Since I(s,1,1/2) = /7['(s — 1/2)/v/2T(s), we
can show easily that

A2,5)=¢Y(3/2 - s)

'3/2—s)
+ \/ﬂm@(:&/z —5)I(3/2—5,1/2,1),

A*(2,5) = 221l /2725 (6) D (s — 1/2)

€2 (s)
(s —1/2)I'(1—s)

X (sin(ﬂs)gi’M(s) —|—7r3/2\/§r I(s,1/2,1)).

It was proved in Section 3.2 that
£_(3/2—5) =22 17 B H2D ()T (s — 1/2) cos(ms)E* (s)
— 27 g 22D ()0 (s — 1/2)¢ (25 — 1).
Using this functional equation and the well-known fact that
cos(ms) = —m/T(s —1/2)['(3/2 — s),
we have
A2,5) =& (3/2 - s)
— 9% L2225 ()0 (1 — ) TLE () I(3/2 — 5,1/2,1)
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— 2712712 () (s — 1/2)[(3/2 — )T (1 — s)
x ((2s —1)I(3/2—s,1/2,1).

Hence, by using the formula

I'(1—-s)I'(s—1/2)

I(s,1/2,1) +1(3/2 —5,1/2,1) = Vo

and applying the functional equation, we have
d
EM(3/2-5) + = B(0,5)|o=
= 225 L= 22D (6)D (5 — 1/2) {sin(ms)€2M (s) + w€* (s)}
=2 T(s)T(s — 1/2)T(3/2 — s)
V2 I'(l-s)

3 1 d .
X ((2s — 1)[(5 —3,5,1> —I—%B (0,5)]o=2-

In order to write the functional equation more explicitly, we must calcu-
late the difference

d d

—B*(0,8)|p=2 — o

7 B(o,5)|s=2.

When we differentiate B(o,s) and B*(o,s), we regard these roughly as
products of functions of o which are powers of 2, the shifted Riemann zeta
functions, gamma factors, and hypergeometric functions. We have

d - ((B3-25) (2-25)\

- B(o8)lom2 = 2 25) 50 25 )+¢2-29)
1 I'(3/2 —s)
30225y

+ C(Q - 28)%FQ(U, S)|U:2

and

d *
=B (0,5)lo=

9 (s—1/2) ¢'(2s) ('(2s—1) /
=i T(1—s) (C(Qs_l)(g(zs) - g(zs—l)) —< (28_1)>
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+ (log m)m3/2725¢ (25 — 1)711&8(1__12)2)
I'(s—1/2 25 —1
+ (log2)m?/22 I(‘(l - é)) 2% - 221)
9~ 171/2-23¢ (25 _ 1)1 (s)T(s — 1/2)(sins) (I;((SS)) P/S__ 11//22)))

B 27171_1/2—25((23 —1)I(s)I(s — 1/2)(Sinﬂs)1£,/((j__11//22))

+ 7r3/2_25C(28 _ 1)%%}7‘1(0; 5)|0:2.

By the functional equation of the Riemann zeta function and the well-known
formula I'(s)I'(1 — s) = 7/ sin(7s), we have
_ I'(s—1/2)
(2~ 28) = /22 (2s = )L
/2725 (sinws) ¢ (25 — D) (s)(s — 1/2).

Now we will calculate
d
¢(2- 23)% (Fi(o,s) = F2(0,5))|o=2.

The following formula of the hypergeometric functions is well known:

F(a,b;c,z) = ?E?{g;é:ZgF(a,b;a—i-b—c%— 1;1—2)

c—apl(©T(a+b—c)
HO= T T
X F(c—a,c—bjc—a—b+1;1—2z).
So, we have

I(s—a/2+1)'(s—(0—1)/2)

Fi(o,5)= T(s)T(s — o +3/2)
+ogste-nlls—0/24+ Dl (s + (0 —1)/2)

Il1—0/2)T'((c —1)/2)

><F(s,5—0+3/2;s—(0—3)/2;%).

FQ(O’,S)
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Now, we differentiate at o =2 both sides of the above formula. Since I'(1 —
o/2)~! has a simple zero at 0 =2 and (d/do)T'(1 —0/2) 7 |,=2 = —1/2, the
differential coefficient at ¢ = 2 of the second term of the right-hand side is

—1/2—5F(5)F(1/2 —5) F

-2 T(1/2)

(s,s—1/2;s+1/2;1/2),

but we see that

L L1 _F(S"'%) 1s—3/2 -
F(S,S*5,5+§,§) F(S_%) . t (]. t) dt
1 1
_25—1/2F(8+?)/ (1—11)8_3/21}_8dt
P(s—3) Jiy
s llst3) 0 1
—2 F(s_%)1<s,§,1)

Hence, we have

d 1/T'(s) T'(s—1/2)
%(Fl_&)"’:?:_%(r(s) - F(s—1/2))

- _12T(s)I(1/2 = s)I'(s +1/2)

~ (2m) =12 I(s,1/2,1).

Using the notation of Shintani [21], we define

¢'(25) (25— 1))

((2s)  ((2s—1)/"

w0\ e M 1-2s ('(2s)  ('(2s-1)
€1() =€)+ 2722 - V(5 — S5 1))

+27%(log2)(1 —272%)71¢(25 — 1).

E4(s) = €4 (s) + ¢(25 = 1)

We prepare two more relations. By differentiating the usual functional
equation of the Riemann zeta function, we have

(2 — 2s) 1T(s—1/2) 1T(1—s) ('(2s—1)
>~ =logm — = — = - :
C(2—2s) 9T(s—1/2) 2T(1—s) C((2s—1)
On the other hand, by differentiating the relations I'(s)['(1 — s) = 7/sinws
and I'(s — 1/2)I'(3/2 — s) = —m/ cos s, we have
IMs—1/2) TI'(1-s) T I(s) T'(3/2—5s)

T(s—1/2)  T(1—s) (cosns)(sinms)  T(s)  T(3/2—3)
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By comparing all the equalities we obtained above, we have the alternative
proof of the functional equation in Proposition 5.1 below. This was first
obtained by Shintani [21] by using Dirichlet series of two variables attached
to quadratic forms. These Dirichlet series of two variables are natural objects
corresponding to the theory of quadratic forms, but his method of the proof
itself is somewhat more technical and not necessarily easy to understand
conceptually.

PROPOSITION 5.1 (Shintani [21], Sato [16]). Two zeta functions &y (s)
and & (s) are meromorphically continued to the whole s plane and satisfy
the following functional equation:

£+(3/2—5s)
= 2%~ L= 22D ()0 (s — 1/2) ((sin7s) % (s) + € (s))

1 I(s) T'(s—1/2)
27 BT ()0 (s — 1/2)(25 — 1)(sins) (1o ).
+27°m (s)I'(s —1/2)¢(2s — 1)(sinms) Ts)  T(s=1/2)
Next, for the sake of completeness, we will calculate the principal part
of the Laurent expansion at poles of &, (s) and &% (s) by our method. For
that purpose, we need more precise information on the location of poles and
their residues of the functions which appear in ®,1(s) and ¥, 1(s).
We define
re/2-s [t _
Ir(s) = ———~ 2(1 —u)"*log(1 — u/2) du.
2(8) = g [ A= ) log(1 — /) du
This function converges when Re(s) < 1. Differentiating the integral expres-
sion of the beta function

1 D(t+1/2)0(1 —s) /1 _1/2 _
B(t —,1—): [ w21 — )

ol T(t+3/2—s) v (lmu) T du
at £ =0 under the integral sign, we have

TG/2=9) M 120 _ - lop(w) du
T [ gy d
CT(1/2)T(3/2 — 5) — D(1/2)1"(3/2 — 5)
B VTL(3/2 — ) ‘

Using this relation, and differentiating under the integral sign, we have

L (Fa(0,9) o2 = o),
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d 3
%(Fl(a, s)) lg=2 = 12(5 — s).

As before, for a nonnegative integer n and a variable number a, we put
(a)p, =T(a 4+ n)/T'(a). We define the Barnes generalized hypergeometric
function 3F5 as usual by

e}
sFy(a1, 0, 03; 81, Bo; 2) = ) ) =

Then, we also have

[e.9]

- 1 T(n+1/2)T(3/2—s)
L(s)==) s VAl (n+3/2 - s)

n=1
N _%3@(1, 1,3/2;2,5/2 — 5;1/2).

Since Ia(s) is holomorphic for Re(s) <1 and I2(3/2 — s) for Re(s) > 1/2,
I(s) is meromorphically continued to the whole s plane by virtue of the
formula for I5(3/2 — s) — I2(s) that we gave before. It is also easy to show
that Io(s) has simple poles at s=1/2+m (m=1,2,...) with residues

(=)™ 12=2m 0m) (m!) 2mI(1/2 4 m,1/2,1)

and that it is holomorphic for all other s. We have

d _ ((3=25) ¢(2=29)\
o BOlem =2 =295 50 gy ) TR 2)
+ %g(z — 23)% + (2 —25)Ih(s).

We write U,(a) = {0 € C;|oc —a| < r}. Then it was shown in Section 3
that the function

(60 —2)s(s—0o+1/2)(s— o +3/2)e(0,5)Ps1(0 —1/2 —5)

is holomorphic on (o, s) € Us5(2) x C. Now, notation being as in Section 3,
we put
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J(0,s) = 2°F1/27%¢(0, )

([ (Gat/2 = otwr2)y ¥ dy
0 [ (Hawr2) ~ colu/s)y dy)

Then, (o — 2)I'(1 — 5).J (0, s) is holomorphic on (o, s) € Us/2(2) x C. Using
the Hecke-type integral expression of ®, ;,(s) obtained in Section 3 for k =1,
we have

A(o,s)+ (0 —1)B(o,s)

(o -3/20(20—3) ( 2771 g1-0f2
I'((c—1)/2)L(1 =) (3_0+3/2+ 1—3)
_I(0/2)((20 —2) y <2(U3)/2 9(30-5)/2 )

r'1-s) s +0—1/2—5 '

=J(o,s) —7'*

We compare the constant term of the Laurent expansion at o =2 of the
above equality. We write the Laurent expansion of J (0,s) at 0 =2 as
J_1(8)/(0 —2)+ Jo(s)+O(c —2). Here J_1(s) and Jy(s) are entire functions
of s. Then the constant term of the left-hand side is given by

f(s)=A(2,s)+ %B(a, $)|g=2 +vB(2,5)

=§+(3/2—5)
+V2r (32/2 8)) _(3/2—9)1(3/2—15,1/2,1) +('(2 — 25)
4 ;g@ 2 )FF/((S//;__S)) + (2= 25)Ia(s) +7C(2 — 25).

We calculate the constant term g(s) of the right-hand side. We have

(20 =8) = 5 +1+ 0o =)

1

oy, i =(s—1/2)" "+ (s—1/2)"*(0 —2) + O((0 — 2)?),

20/2—1 =14+ %10g(2)(0 — 2) + O((U - 2)2)’

https://doi.org/10.1017/5S0027763000010643 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010643

308 T. IBUKIYAMA AND H. SAITO

Tle-8/2) TR, o
Mo 12— Taraa) PO —27)

Here it is well known that I'(1/2) = /7 and that I7(1/2)/T'(1/2) = —y —
2log(2). Hence, we have

B L@ /1 V2
g(s)=Jo(s) =7 L(1-s) <\/§S * 3/2 — S)
wl=s I'1/2) 1
TT(1-s)(1-9) <4r(1/2) ~1loe +’y>
1—s

w1 Ge) )
F(1—-s)(s—1/2) 2\2(s—1/2)T(1—s) (s—1/2)T(1—s)/"

We have f(s) = g(s) by definition. We compare the principal part of the
Laurent expansion of f(s) =g(s) at s=1/2. First, we see that the order of
the pole of £,(3/2 —s) at s =1/2 is at most 2, so we write the principal
part of the Laurent expansion of &, (s) at s=1 by £ (s) =a_s(s—1)"2 +
a_1(s—1)"1 +O(1). Then we have £, (3/2—5s)=a_a(s—1/2)"2 —a_1(s —
1/2)71 + O(1). We compare the coefficients of (s —1/2)~2. Then, since

¢'(2—2s)= —i(s ~1/2)2 44+ 0(s — 1/2),

we have a_9 —1/4=—1/2 and a_y = —1/4. Next, we compare the residues
at s = 1/2. Using the values I(1,1/2,1) = v2log(v/2 + 1) and I5(1/2) =
—27131log(2) +log(v/2+ 1) and the fact that £ (3/2—s)=4"1(s—1/2)"1 +
O(1), we see that the residue of f(s) at s =1/2 is given by

1 3
—a1— vty log(2).

Since we have

7Tlfs /
ri—s =" (?((11//22; ~log(m)) (s - %) * O<(S - %)2>

the residue of g(s) at s=1/2is

5 (3 + 3 108(2) — (— ~ 210g(2) ~ log() )
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Hence, we have a_1 = —2 ! log(27).

Next, we see the principal part around s = 3/2. We denote the residue of

&+(s)at s=3/2byd.Since_(3/2—s) = —m/(12s)+--- and 1(3/2,1/2,1) =
— /2, comparing the residues of f(s) and g(s) at s =0, we see that —d —
(vV2)71(7%/12)(2 — V2) = —7%/61/2. So we have d = 72/12.

Now, we will show that £;(s) is holomorphic for all s # 1, 3/2. Since
(1 —s)"tI(3/2 —5,1/2,1) is entire, and since I5(s) has poles only at s =
1/24+m (m=1,2,...), we see that £ (3/2—s) is holomorphic for s # 0,1/2,
1/2 4 m. Since the residue of I'(1/2 —s) at s=m+1/2is (=1)™/T'(m+1),
we see that the residue at s =m +1/2 of I5(s)/2 is

(=127 270 (m) " T (m 4 1/2)1(1/2 +m, 1/2,1).

The residue of I'(3/2 — s) /T'(3/2 — s) at m+1/2 is —1/2. By the functional
equation for £_(s), we see that £ (1 —m)=—2"1(=1)"((1 — 2m) for posi-
tive integers m > 2 and £_(0) = 271¢(—1)+1/12. We have I(1—m,1/2,1)+
I(m +1/2,1/2,1) = (2m)7'T(1/2 — m)T'(m) and 1(3/2,1/2,1) =2 — /2,
1(0,1/2,1) = —2. So, comparing the Laurent expansions at s =m + 1/2
of f(s) and g(s), it is easy to see that £, (3/2 — s) is holomorphic also at
s=m+ 1/2 for positive integers m. Thus, we obtained all the locations of
poles of &, (s) and its principal part of the Laurent expansion at each pole.
For &7 (s), if we denote by f*(s) the constant term of the Laurent expansion
of A*(0,s) + ((oc —1)B*(0,s) at o =2, then we have

2125725 73/20(1 — )T(s — 1/2) 7L f*(s)
=619+ () (915,12,
—21725¢(25 — 1) 4 2172 log(m) ¢ (25 — 1) + 217 25y¢ (25 — 1)

12720 (25 — 1 (F, 2P/(5_1/2))
)

r I(s—1/2)
+21725¢(25 — 1) x I(3/2 — s).

By the functional equation, we have £* (1 —m) = (—1)mT122m=2((1 — 2m)
for m=2,3,... and £* (0) = 0. Using this and comparing with the integral
expression of the Hecke type in Section 3, we have the location of poles and
the expansion of &% (s) at poles almost in the same way as before. We omit
the details here. Thus, we have the alternative proof of the following results
first obtained by Shintani [21] and Sato [16].
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PROPOSITION 5.2. Both zeta functions £, (s) and &3 (s) are holomorphic
except for s =1 and s = 3/2. The principal part of the Laurent expan-
sions are given as follows. At s =1, we have £, (s) = —471(s —1)72 —
27 og(2m)(s — 1)7  + -+ and & (s) = —871(s —1)7? — 47 log(2m)(s —
D)7+ At s =3/2, we have &.(s) =127n%(s — 3/2) + -+ and &.(s) =
247172 (s —3/2) 7 4.

86. Special values of zeta functions and dimensions of Siegel cusp
forms

The values ¢(1 —m,L},1,1) for positive integers m are related with
dimension formulas of Siegel cusp forms and are important. In this sec-
tion, first we give the formulas for the values of ((s,L,1,1) at nonpositive
integers for L = L}, or L,. These are rational and are described by Bernoulli
numbers explicitly. Second, we apply these results to the dimension formu-
las of Siegel cusp forms. The results in this section have been announced in
[6], but we reproduce them with more detailed explanation and the proof.

For each nonnegative integer m, we denote by B,, the Bernoulli number
defined by
tet SN
-1 Z Bmﬁ'
m=0

Now, we will give special values of the above zeta functions.

THEOREM 5. When n is odd (including the case n=1), for each positive
integer number m, we have

¢1—m,L; 1,1)

(=1)("*+1/2| By B, - "Bn71|Bm+nT—1B2mB2m+2 -+ Bomin—s3
2Cm D =D/2 (D) im(m 4 1) - (m + 251) ’

C(1=m, Ly, 1,1) =20 D0=D/2¢(1 — i L¥ 1,1).

ny

THEOREM 6. When n is even, for each positive integer m with nm # 2,
we have

(—1)laHmm/2 1By By - By By, jo| Bam Bam+2 - Bamn—2
2nm+(n—2)/2(%)!m(m+ 1) (m+ an2) ’

C1—m,L,1,1)=

ny

C(1=m,Ly,1,1) =2"""2¢(1 —m, L¥,1,1).

ny
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When nm = 2, which means that (n,m) = (2,1), we have ((0,L5,1,1) =
1/48, ¢(0,L2,1,1) =0. In particular, if n =2 mod 4 and n > 2, then ((1 —
m, L%, 1,1) = C(1 —m, Ly,1,1) = 0.

ny

Proofs of Theorems 5 and 6. The case when n is odd is obvious, noting
the well-known relation ((1 —m) = —B,,/m for the Riemann zeta func-
tion. Now, assume that n is even. By Propositions 3.3 and 3.4, D} (s,1)
and D, (s,1) are holomorphic at 1 —m (m=1,2,...). When n =2, we have
C(s,L3,1,1) =2%71D3(s,1) and ((s,L2,1,1) =271 Dy(s,1). So, our results
easily follow from Proposition 3.4. When n > 4, using notation as in Sec-
tion 1, we have A, (1 —m)=0 and

n/2
By(1—m) = (—1)""? ][ Bam+2i-2/(2m + 2i — 2),
i=1
and we obtain the special values. 0

REMARK. When n =2, these values have been essentially known by the
functional equation. When n = 3, as a special case of the above results, we
have ¢(0, L%) = 1/3456. This value has been obtained by an indirect method
by Hashimoto and Tsushima. They compared two complicated expressions
of the dimension of Siegel cusp forms of degree 3, one by the Selberg trace
formula and the other by the Riemann-Roch theorem.

Next, we will give explicit values of the contribution of “central” unipo-
tent elements to the dimension of Siegel cusp forms. For any positive integers
n and N, we denote by I'y,(1) = Sp(n,Z) the full Siegel modular group of
size 2n and by T',,(N) the principal congruence subgroup of level N of degree
n defined as usual by

I (N)={g€Sp(n,Z);g=1s, mod N}.

For a positive integer k, we denote by Si(I',,(IN)) the space of Siegel cusp
forms of weight k£ belonging to I',,(N). First, we review the Godement
dimension formula.

THEOREM 7 (Godement). For any integer k > 2n, we have

dim S (T (V) :% /F . S H,(2)dz,

yel'y
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where dZ = (det(Y)) ™"~ tdX dY,

—k _
H,(Z)= det(Z 2ZVZ ) det(CZ + D) " (det Y)*,

and
_ 1
_n-1l _)
_ 3 2
an(k) - 2 n (n+1)/ 1;[0 —n+ %)

= 1 2k —2 L+ 97— 2

= on?t2ngn(nt1)/2 [T @k-2n+it+j-2)
1<i<j<n

Now, for each integer r with 0 <r <mn, let I, be the set of elements u
of I',(N) such that u is Sp(n, Z)-conjugate to a matrix of the form (7 ),
where x € L,, and is of rank r. When r = 0, this is nothing but 19,,. When
r > 1, we call such unipotent elements central because they are Sp(n,Q)-
conjugate to some elements of the center of the unipotent radical of a max-
imal parabolic subgroup of Sp(n,Q). Using Shintani’s notation, we denote

by I,,(II,, N, k) the contribution of II, to dim S(T',,(N)). That is, we put

LI, N, k) = / H,(Z)dZ.
Lo\, wen

Shintani [21] has given a formula to express each I,,(Il,., N, k) as a product
of some elementary factors and a special value of ((s,L},1,1) as follows.

For each positive integer [, we put

and

THEOREM 8 (Shintani [21]). For each positive integer n and each integer
k > 2n, we have

n i—1

I,(Tlp, N, k) = [T (1) : Fn(N)]W HUHO (2k —n — i +2§),
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and for each v with 1 <r <n—1, we have

wn—r

L (I, Ny k) = [T (1) : T (V)] U,y (4m) (- D=1/

n—ri—1

< [T T2k —n—i+24)¢(r —n, L}, 1,1).

i=1j=0

REMARK. In Shintani’s original theorem, he assumed that k& > 2n+ 3, but
it is easy to show that this also holds for k > 2n + 1 by applying carefully
the estimation he used. Incidentally, ((s,L},1,1) =('(s) in his notation.

ny -

Using Theorem 8, we obtain an explicit formula for I,,(II,, N, k) as a
corollary to our Theorems 5 and 6. We state this below.

Before stating this result, we prepare more notation. For each nonnegative
integer r with 0 <r <n, we set

Cnr= nfr(ki7N)
—rn—r e k‘_l__"i'i
— [Sp(n, Z) : T (V)N "¢ 1>/2H2t_1,,< t )
t=1

where, for any positive integer ¢, we denote by ( ) the binomial coefficient

<oz> ala—1)-(a—t+1)

t ]~ 7 ’

and (2t —1)!'=1-3---(2t — 1) =27"¢!(?%'). When r = n, the product part
in the above definition of C),_, is regarded as 1.

THEOREM 9. For any positive integers n, N, k with k > 2n, the contri-
bution I,(I1,,k, N) is given as follows.
(1) For odd r with 1 <r <n,

ntl
(—1)[ 2 ]|Bn7%B2B4'"Br71B2B4'"B2n727‘B2n727‘+2BQn72'r+4"'B2n7r71
T—1 — r_ .
T (n— ()

In particular, if n — (r — 1)/2 is an odd number greater than 1, then I, (11,
k,N) =0.
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(2) For even r with 0 <r <mn,

I, k,N)
= Cn—T
(—1)T(1+6"’T)/2|BQB4 s Br—2Bg | . \B2B4 -+ Bapn_2rBan_2r42Bon_or4a--- BQn—r|
A ) |

X

where 0y, is the Kronecker symbol. In particular, for r such that r =2 mod 4
with v # 2, we have I, (Il k, N) = 0.

The proof is straightforward if we note that 7 'I'(i)((2i) = ((2"71)/
(20 — 1)) 7| Bail.

When N > 3, it is conjectured, independently by several mathematicians,
that any contribution to dim Sk (I',,(IV)) of conjugacy classes other than cen-
tral unipotent conjugacy classes and the identity element should vanish. So,
we are naturally led to the following conjecture. The point of our conjecture
is that everything is explicit.

CONJECTURE. When N >3 and k > 2n,

n

r=0

where each I,(I1.,k,N) is as given explicitly in Theorem 5 above.

This conjecture is known to be true for n <3 by Christian [1] and [2],
Morita [11], Yamazaki [25], and Tsushima [24].

Numerical examples of the conjecture
We assume that N > 3 hereafter.
(1) When n =4 and k > 8, the conjecture reads

=[Sp(4,Z) : T4(N)]
x(?igégjﬁ@k—ka—ka—®2
X (2k —5)%(2k —6)2(2k — 7)(2k — 8)
+§Zx§F3%E;7@k—@@k—@@k—5f@k—@@k—n
1 1 1 1
— 7 X g g 2k — )2k = 5)(2k — 6) + 5 x 212‘34-5).
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(2) When n =15 and k > 10, the conjecture reads

dim Sy, (I'5(N))
= [Sp(5,Z) : T's (N)]

(2k — 2)(2k — 3)(2k — 4)%(2k — 5)%(2k — 6)3(2k — 7)%(2k — 8)%(2k — 9)(2k — 10)
X( 233 .312 .55 .73 . 11

1 1
1 1

1 1
+ X g2 0).
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