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1. Introduction. The problem of determining whether or not two operators are
unitarily equivalent has been around for many years and considerable work has been done
in attempting to solve this problem (see for example [1], [3], [5], [6], [7], [10], [11], [12],
[15], [16], [17], [18], [19], [20], [21] and [22]). In many cases, a complete set of unitary
invariants is furnished for a certain class of operators. Here we just mention two of such
results which are related to what we are going to discuss. The first one was due to
Arveson, who showed that two irreducible compact operators are unitarily equivalent if
and only if they have the same nth algebraic matricial ranges, for each n =S 1 ([1] and
Theorem 2.4.3 of [3]). The second one was due to Parrott, who showed that two compact
operators with zero reducing null spaces are unitarily equivalent if and only if they have
the same nth spatial matricial ranges, for each n § 1 ([5, p. 146]). In this paper, we
investigate the closures of the spatial matricial ranges of compact operators and obtain a
complete set of unitary invariants for compact operators, from which Parrott's result
follows easily.

2. Main theorems. Two operators S and T acting on a Hilbert space H are said to
be unitarily equivalent if there exists a unitary operator U on H such that S= U*TU;
they are approximately equivalent if there is a sequence {Un} of unitary operators such
that {U*TUn} converges to S in norm (cf. [13]).

The purpose of this paper is to prove the following two theorems.

THEOREM 1. Two compact operators on an infinite-dimensional separable Hilbert space
are approximately equivalent if and only if, for each n i£ 1, their nth spatial matricial ranges
have the same closure.

THEOREM 2. Two compact operators on an infinite-dimensional separable Hilbert space
are unitarily equivalent if and only if their reducing null-spaces have the same dimension
and, for each i t g l , their nth spatial matricial ranges have the same closure.

3. Notations. Let H and K be two Hilbert spaces. We denote by %{H, K) the
Banach space of all (bounded) linear transformations from H into K, and by S6(H) the
C*-algebra of all (bounded) operators on H. For r>0 , let S£r(H, K) be the set of all S in
5£{H, K) whose norm is less than or equal to r, and let i?r(H) be defined similarly.

A net {£„} of vectors in H is said to converge to the vector £ weakly if lim(4,, TJ) =
Of

(£, TJ), for all T) in H, where (•, •) denotes the inner product. Let {FJ be a net in 5£{H, K).
We say that {FJ converges to an operator F strongly (respectively, weakly) if {Fa£}
converges to F£ strongly (respectively, weakly) in K, for all £ in H.

If si is a unital C*-algebra, we denote by CP(sd, H) the set of all unital completely
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positive linear maps of sd into S£(H). Given a positive integer n, let Hn denote the
n-dimensional Hilbert space of all n-tuples of complex numbers. We identify the n by n
matrices with the operators on Hn. For T in Z£(H), let

Wn(T) = {V*TV: V is an isometry from Hn into H},

Wn(T) = {<MT):<MCP(C*(T),HB)},
where C*(T) denotes the unital C*-subalgebra of i?(H) generated by T and the identity
operator.

The sets Wn(T) and Wn(T) are called the nth spatial matricial ranges and the nth
algebraic matricial ranges of T respectively ([1], [3] and [5]). Note that W|(T) equals the
numerical range of T and WA(T) equals the closure of WX(T). So we may regard these
matricial ranges as generalizations of the numerical range and its closure.

4. Proofs. For the rest of this paper, H will denote an infinite-dimensional separa-
ble Hilbert space. We first consider the closures of the spatial matricial ranges of a
compact operator on H. The proof of the following lemma employs one of the deep
results on C*-algebras due to Voiculescu [23].

LEMMA 1. Let T be a compact operator on H, let K be a finite-dimensional or
infinite-dimensional separable Hilbert space and let Se££(K). Then the following conditions
on S are equivalent.

(i) S is a norm limit of a sequence {V*TV,J, where each Vn is an isometry from K
into H.

(ii) S is a weak limit of a net {V^TV^, where each Va is an isometry from K into H.
(iii) S=F*TF, where

Proof. The implication (i) ̂  (ii) is trivial.
(ii)=£>(iii). Suppose S is the weak limit of a net {V^TV^, where each Va is an

isometry from K into H. By the weak compactness of ££\(K, H), the net {V.J has a subnet
{Va<) which converges weakly to some F in Z£X{K, H). The compactness of T then implies
that {V^TVy converges to F*TF weakly. Consequently S = F*TF.

(iii)^(i). Suppose that S = F*TF, where F is in i£^{K,H). Let Q be the positive
square root of IK-F*F. Define TT to be the ^representation of C*(T) in K such that
TT(T) is the zero operator on K and TT{IH)-IK. Put

= F*AF+QTT(A)Q

for A in C*(T). Then 6 is in CP(C*(T), K). Indeed, 6(A)=W*<r(A)W, where W is the
isometry from K into H®K given by

W£
for £ in K, and

a = id

where id is the identity representation of C*(T) on H. Note that a is approximately
equivalent to id because TT annihilates the compact operators in C*{T) ([4], [23]). In other
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words there exist unitary operators Un ( n ^ l ) from H(BK into H such that {U*TUn}
converges to a{T) in norm. Thus S = F*TF= 0(T)=W*a(T)W is the norm limit of
W*UtTUnW, so that (i) holds. This completes the proof.

Let W(T) (respectively, U(T)) denote the set of all operators on H of the form
V*TV, where V is an isometry (respectively, a unitary operator) on H, and let
(respectively, ~w) denote the closure in norm (respectively, in the weak operator
topology).

COROLLARY. Let T be a compact operator on H. Then

1(Hni H)}
and

W(T)~ = W(T)~W = U(T)~W = {G*TG:Ge ^ , (

Proof. In view of Lemma 1, it remains to show that W(T)~W = U(T)~W. To this end, it
suffices to prove that W(T) <= l/(T)~w. Let V be a given isometry on H and let {en} be an
orthonormal basis for H. For each n, let Un be a unitary operator on H with Unek = Vek,
where lS lcSn . Then the sequence {£/„} converges to V strongly so that {U*TUn}
converges to V*TV weakly. This completes the proof.

Arveson [3, Theorem 2.4.2] showed that Wn(S)<= Wn(T) for all n ^ l if and only if
there exists 4> in CP(C*(T), H) such that <£(T) = S. In Lemma 3 we shall prove a similar
result for compact operators S and T on H; namely, Wn(S)~<= Wn(T)~ for all n S 1 if and
only if S = F*TF, where F is in $8X{H) (see also [5, p. 144]). We also note from the proof
of Lemma 1 that S is in fact the image of T under a unital completely positive linear map
which is of a particular form.

In the following two lemmas we assume that S and T are operators on H and that T
is compact.

LEMMA 2. // n is a positive integer and if Wn(S)~<= Wn(T)~, then for each projection P
ofHof rank n, there exists F in ̂ , (H) such that PSP = F*TF.

Proof. Note that P = WW* for some isometry W in £6{Hn, H). Since W*SW belongs
to Wn(T)~, it follows from the corollary to Lemma 1 that there exists V in !£\{Hn, H) such
that W*SW= V*TV. Now let F= VW*. Then F belongs to i?,(H) and PSP = F*TF.

LEMMA 3. If Wn(S)~^ Wn(T)~ for all n g 1, then S is compact and S e W(T)~.

Proof. By Lemma 1, it suffices to show that S = F*TF for some F in i?,(H). To this
end, let {P,,} be a sequence of projections of finite rank which converges to I strongly. By
Lemma 2, for each n g l , there exists Fn in Z£\(H) such that PnSPn = F*TFn. The sequence
{Fj has a subnet {F11=} which converges to some F in i?,(H). Now since T is compact, it
follows that F*TF,^ converges weakly to F*TF. On the other hand, the sequence {P,,SPn}
converges to S weakly. Hence S = F*TF and the result follows.

COROLLARY 1. Let S and T be two compact operators on H. Then Wn(S)~ = Wn(T)~ for
all n g l if and only if W(S)~= W(T)~.
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Proof. It is clear that the condition W(S)~ = W(T)~ implies that Wn(S)~ = Wn(T)' for
all n g l . The converse is an immediate consequence of Lemma 3.

Combining Theorem 3 of [14] and the corollaries to Lemma 1 and 3 we arrive at the
following result, from which Theorem 1 follows immediately.

COROLLARY 2. Let S and T be two compact operators on H. Then the following
conditions are equivalent.

(i) S is approximately equivalent to T.
(ii) U(S)-=U(T)~.
(ii') U(S)-W = U(T)~W.

(iii) W(S)-=W(T)-.
(iii') W(S)'W = W(T)-W.
(iv) Wn(S)- = Wn(T)~ for alln^l.

Note that {W^T)', W2{T)~,...} gives a complete set of invariants for the approxi-
mate equivalence for a compact operator T. We now turn to the problem of unitary
equivalence of compact operators.

For any operator T, we define the reducing null-space of T to be the intersection of
the null-spaces of T and T* and define the essential subspace for T to be the subspace
spanned by the ranges of all compact operators in C*(T). We note that for any compact
operator T, the reducing null-space of T is the orthogonal complement of the essential
subspace of T and that both subspaces reduce T.

Proof of Theorem 2. Let Te and T" be the restrictions of T to the essential subspace
and the reducing null-space of T respectively. Then T is unitarily equivalent to Te©T"
and T" is a zero operator. We decompose S in a similar way. Now if Wn(S)~ = Wn(T)~ for
all n S 1, it follows from Theorem 1 that S is approximately equivalent to T. According to
Theorem 5 of [4], this implies that Se is unitarily equivalent to Te (cf. [13], [23]). Also
since the reducing null-spaces of S and T have the same dimension, we see that S is
indeed unitarily equivalent to T.

We remark that the collection {Wn(T):n^l} together with the dimension of the
reducing null-space of T constitute a complete set of unitary invariants for a compact
operator T.

COROLLARY (Parrott). Let S and T be compact operators with zero reducing null-
spaces. Then S is unitarily equivalent to T if and only if Wn(S) = Wn(T) for all n § 1.
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