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Abstract

Let N be a fixed positive integer and f : R — C. As a generalisation of the superstability of the exponential
functional equation we consider the functional inequalities

|F(xN + V) = FfO)] < o),
|F(VxN + V) = FfO)] < w(x,y)

for all x,y € R, where ¢ : R — R* is an arbitrary function and ¢ : R? — R* satisfies a certain condition.
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1. Introduction

Throughout, R, R* and C denote the sets of real numbers, nonnegative real numbers
and complex numbers respectively and 6 > 0. A function £ : R — C is called an
exponential function if E(x +y) = E(x)E(y) for all x,y € R.

The Ulam problem for functional equations goes back to 1940.

ProBLEM 1.1 (Ulam [11]). Suppose that f is a mapping from a group G; to a metric
group G, with metric d(-, -) such that

d(f(xy), fx)f()) <6 forall x,y € G.

Does there exist a group homomorphism /4 and 65 > 0 such that
d(f(x),h(x)) <05 forallxe G;?

This problem was solved affirmatively by Hyers under the assumption that G, is a
Banach space (see Hyers [7], Hyers et al. [8]). In the case of functions f: R — R, it
is known that if f satisfies

lf(x+y) = ffWI <6 (1.1)
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for all x,y € R, then f is either a bounded function satisfying |f(x)| < %(1 + V1 + 46)
for all x € R or an exponential function (see Baker [1], Baker et al. [2]). Székelyhidi
[10] generalised this result to the case when the difference in (1.1) is bounded for each
fixed y (or, equivalently, for each fixed x).

During the thirty-first International Symposium on Functional Equations,
Th. M. Rassias posed a problem concerning the behaviour of solutions of the functional
inequality

If e+ ) = Ff DI < 01X + 1yI7) (1.2)

for all x,y € R and for some 6 > 0, p > 0 (see [9, page 211]). In response, Gavruta
investigated the stability of (1.2) in [6] (see also [9, Theorem 9.6]). A refined version
of the result can be found in [5].

We consider the Hyers—Ulam stability of the N-radical functional equation

SN + V) = F0 £ () (1.3)

for all x, y € R, that is, we consider the functional inequalities
[F(VY +3N) = F) )] < (), (1.4)
LFV +3) = ff )] < v, y) (1.5)

for all x,y € R, where ¢ : R — R* is an arbitrary function and ¢ : RY — R* is a
symmetric even function in each variable such that there exist positive constants ay, a;

with
W(x,y) < ar(@(x, X) + ¥y, ), (1.6)
YV + 3V, 2) < ax(W(x,2) + Yy, 2)) (1.7)

for all x,y,z € R. In Section 2, we consider the functional inequality (1.4) and, in
Section 3, we consider the functional inequality (1.5).

Remark 1.2. It is easy to see that if i satisfies (1.6) and (1.7), then there exist positive
constants ¢y, ¢, such that

tﬁ(%x, I\V/Ex) < c(x, x), (1.8)
Y(V2xN + 3V, 2) < eop(x, ) + B, 2) (1.9)

for all x,y,z € R, where 8 : R — R™ is an appropriately chosen function.

2. Stability with perturbations of one variable

In this section, we consider the functional equation (1.3) and the functional
inequality (1.4). We first exhibit in Lemma 2.1 the general solutions of the functional
equation (1.3). We exclude the trivial case when f(x) = 0 for all x € R.

A slightly different description of the solutions to (1.3) is given in [3, Corollary
2.2].
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A mapping f: R — C is called a general monomial of degree N 1if it satisfies the
functional equation

N -

AYf(x) - N1 f(5) =0 @.1)
for all x,y € R, where the difference operator A, is defined by A, f(x) = f(x +y) — f(x)
for all x,y € R and AY is defined by Af,“f = Ay(AYf) forn=1,2,.... Using iteration,

we can see that
N

N

AYfx) =) (k)(—l)"f(x + (N = K)y)
k=0

for all x,y e R.

Lemma 2.1. All nontrivial solutions of the functional equation (1.3) are of the form

1’ = 09
f(x) =Y forallxeR, or f(x)= {0 i 20 (2.2)

where py : R — R is a monomial function of degree N.

Proor. Replacing y by —y in (1.3) shows that f is an even function if N is even.
Replacing y by x in (1.3) gives f(x)? = f(V2xV) for all x € R and it follows that
f(x) > 0forall x € R. Putting x =y =01in (1.3) gives f(0) =0or f(0) = 1. If £(0) =0,
putting y = 0 in (1.3) gives f(Vx¥) = f(x)£(0) = 0 for all x € R, which implies that
f(x) =0 for all x € R. Thus, we have f(0) = 1.

First, we assume that f(a) =0 for some a € R. Putting y =a in (1.3) gives
f(‘NVxN +aV) = f(x)f(a) = 0 for all x € R, which implies that f(x) = 0 for all x > |al.
Putting x = y = |a|/V2 in (1.3) gives f(lal/N¥2)* = f(VlalV) = 0. By induction,
f(al/ ’\V/Ek) = 0 for all positive integers k. Let ¢ > 0 be given. Since we can choose
a positive integer k so that |a|/ %k < ¢, we have f(c¢) = 0. Thus, we have f(x) = 0 for
all x # 0, which gives the second case of (2.2).

Now we assume that f(x) > 0 for all x # 0. Set g(x) = In f(x) for all x € R, so that

gV +yV) = g(x) + 807) (2.3)
for all x,y € R. Putting y = x = 0 in (2.3) shows that g(0) = 0 and so putting y = —x in
(2.3) shows that g is even if N is even and odd if N is odd. By iteration,

SO+ o+ ) = g0) + g + -+ glwnn) (24)
for all xg, x1, ..., x,—1 € R. Putting xyg = x; =+ = x,,-1 = xin (2.4) gives
g(Vmx) = g(VimxV) = mg(x) (2.5)

for all x € R and all positive integers m. We first consider the case when N is odd.
Since g(x) = xV satisfies the functional equation (2.1),

\ N
Z(—l)k( )(x + (N —ky)¥ = NyY (2.6)
k=0 k
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for all x,y €R. In (24), set m=N+1 and x = (-D(Y)" (x + (V = kyy) for
k=0,1,...,N. By (2.5) and (2.6),

N
v =T = (e -

k=0
N
VI[N
= g1 ( k)(x +(V=k)
k=0
Y N
= Z(—l)"( k)g(x + (N = by) = AYg(x) @.7)
k=0
for all x, y € R. Now we consider the case when N is even. From (2.4),
g(x1)+g(x3)+-~-+g(xN_1)+g(’(/x3/+x’2\’+-~-+x%—x’1v—x§'—---—x%_l)

=g((/x6v+xlzv+--~+x%)
= g(xo) + g(x2) + -+ - + glxn)

for all xo, x1,...,xy € R with x + x) + -+ + &) = x¥ = x{' —--. = x| >0, which
implies that
N 1/N N
(D))= D nteen 2.8)
k=0 k=0

1/N
for all X, x1,...,xy € R with 32 ((~1)*xY > 0. Putting x; = (’,j) N (x + (N = kyy) for
k=0,1,2,...,Nin (2.8), we again get (2.7). Thus, g is a monomial function of degree
N and f(x) = e’¥™, which gives the first case of (2.2). This completes the proof. O

THEOREM 2.2. Suppose that f : R — R satisfies the functional inequality

Ff) = FAN + V)] < ¢(x) 2.9)
for all x,y € R. Then either f is a bounded function satisfying
IOl < 2(1 + /T + 4¢(x)) (2.10)

for all x € R or f satisfies the functional equation (1.3).

Proor. First, we assume that f is bounded. Using the triangle inequality with (2.9) and
letting M := sup . | (x)],

LFFOI < IFEN + 3V + ¢(x) < M + ¢(x) 2.11)
for all x,y € R. Taking the supremum of the left-hand side of (2.11) with respect to y,

If(OIM < M + ¢(x)
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for all x € R, which implies that

M(f)l = 1) < ¢(x)

for all x € R. The inequality (2.10) holds for all x € R such that |f(x)| < 1. If | f(x)| > 1,
then

FOIf Ol = 1) < ¢(x) (2.12)

for all x € R. Fixing x and solving the quadratic inequality (2.12) gives (2.10).

Now we assume that f is unbounded. Choosing a sequence y, € R,n=1,2,3,...,
such that [f(y,)] = o0 as n — oo, putting y = y,,n =1,2,3,..., in (2.9), dividing the
result by |f(y,)| and letting n — oo gives

SN +y7)
S )
for all y,, x € R. Multiplying both sides of (2.13) by f(y) and using (2.9) and (2.13),

FOVF NN +yY) SN + 5N+ y)) + ROyn, x,y)

f(x) = lim (2.13)

=1 =1li 2.14
for all y,, x,y € R, where R(y,, x,y) = fO)f(VxN +yY) = FQIYN + xV +y¥). From
(2.9),

RO, %, )| < [ (Y + )| (2.15)
for all y,,, x, y € R. Dividing (2.15) by |f(y,)| gives
R—(;"(;)j;y) —0 asn— .
Thus, from (2.13) and (2.14),
SR VWV 43y
FO)f) = lim J o = FV )N
for all x,y € R. The proof is complete. O

RemMark 2.3. An analogous result to Theorem 2.2 can be derived from the much more
involved [4, Theorem 2]. The estimation resulting from [4, (18)] is better than (2.11)
when the parameter d(¢) satisfies 5(f) < M?> — M.

3. Stability with perturbations of all variables

In this section, we consider the functional inequality (1.5).
LetR* = {x e R: ¢(x, x) # 0}. From (1.8), sup, p+ t//(%x, %x)/:,[/(x, x) < c0. From
now on, we set A = max{1, sup, g+ W(V2x, V2x)/u(x, x)}.
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TueorREM 3.1. Assume that f : R — R satisfies the functional inequality

A+ yN) = fQf ) < v, )
forall x,y € R. Then either f satisfies

f) < J(VA+ A+ 4y(x, x))

for all x € R or f satisfies the functional equation (1.3).

(3.1)

(3.2)

Proor. Let L > 0 be a positive real number and let @, (x) = max{1, Ly(x, x)}. Then

@, (V2x
R
for all L > 0. Also, it is easy to see that
min{1, L}®;(x) < ®;(x) < max{l, L}®(x)
for all x € R and L > 0. From (3.4), either

|f (ol
=M, oo forallL>0
GV R orafL>
or
[f(ol

=oo forall L>0.

su
xe]g vV @L(x)

(3.3)

3.4

(3.5)

(3.6)

First, we assume that (3.5) holds. Replacing y by x in (3.1) and using the triangle

inequality in the result,
N N 1
P < 1A (V2] + g(x, x) < | F(V2xV)] + 701

for all x € R and L > 0. Dividing (3.7) by ®;(x) and using (3.3) and (3.5),

reol y O 1 o2
(\/QJL(x)) T Ou(x) +Z_ ) +Z

O, (V2x) 1 1
<M A2 oM VA =
=N o0 L™ LV L

for all x € R and L > 0. Taking the supremum of the left-hand side of (3.8),
1
M? — NaM,, — 7 <0.

Solving the quadratic inequality (3.9),

1 4
MLSE(\/L /l+z).
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From (3.5) and (3.10),

1 4
1f(x)] < E(\/Z+ A+ Z) max{1, Ly(x, x)} 3.11)

for all xe R and L > 0. Fix an xg € R. If ¢(xp, xo) > 0, then applying (3.11) with
L :=1/¥(xo, x9) gives

()] < %(\/Z + N+ 2o, %0)) \/max{l y(x x) } (3.12)

" Y(x0, Xo)
for all x € R. Putting x = x¢ in (3.12),

LfGxol < (VA + VA +4y(x0, %)) (3.13)

On the other hand, if ¥/(xy, xo) = 0, then, from (3.11),

1 [ 4
If(xo)lsz(«/h “Z) (3.14)

for all L > 0. Letting L — oo in (3.14),

If(xo)l < VA = (VA + A+ 49 (x0, x0)). (3.15)

Thus, from (3.13) and (3.15) we reach the alternative (3.2) in the theorem.
Secondly, we assume that (3.6) holds. Then we can choose a sequence x, € R for
n=1,2,...such that

lﬁ(xn,xn)+ 1
el 1f ()P

Replacing (x,y) by (\/xV + yV,z) in (3.1),
PN +3M)f @) = FAY + 38+ 2N < u(Val +37.2) (3.17)
for all x, y, z € R. Multiplying both sides of (3.1) by |f(2)],

FCFOf@ = FRY + ) f Q)] < v If @) (3.18)
for all x, y, z € R. Using the triangle inequality with (3.17) and (3.18),

FQFDF@) = FERN + 3 + N < y(VaV +3Y,2) + (e plf@) - (3.19)

for all x,y,z € R.
Replacing both x and y by x, in (3.19), dividing the result by |f(x,)* and using

— 0 asn— oo. (3.16)

(1.9),
f(\N/ZxQ’ + ZN) B f(z) < lﬁ(%xm Z) + w(xn’ xn)lf(z)l
P2 = FGnP
(c2 + [f DY Coms 1) +B(0,2)
< 3.20
= FaP (5.20)
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for all x,,z € R and ¢, a positive constant. Letting n — oo in (3.20) and using (3.16),

SN2 +2V)

(z) = lim (3.21)
f n—oo f(xn)2
for all x,,, z € R. Multiplying both sides of (3.21) by f(w) and using (3.1),
\ 2xl[’>, N \ lel’lv N N R ns <%
@00y = tim TYZ X ENOD) _ SN2+ A W) 4RG3 55,
=00 S(xn) n—co S ()
for all x,,z,w€R, where R(x,,z,w) = f(V2xY + M) f(w) — F(V2xY + 2V + wh).
Using (1.9),
IR, 2 W) < (20 + 2V, W) < o, 30) + Bz, W) (3.23)
for all x,,,z, w € R. Using (3.16) in (3.23),
ROmZ W) 0 s n s oo
J(xn)? '
Thus, from (3.21) and (3.22),
V2xY +ZV + wN v
@) = tim - Z)2 D AR )
n—oo Xn
for all z, w € R. The proof is complete. O

REMARK 3.2. As a matter of fact, fixing x € R and taking the infimum of the right-hand
side of (3.11) with respect to L > 0 we get the inequality (3.2).

Remark 3.3. Let pj,qj,aj, j=1,2,...,m, be sequences of nonnegative real numbers.
Then

m
wxy) = Y @l

j=1
satisfies (1.6) and (1.7) and, if p = max{p; +¢q;: j=1,2,...,m}, then A = \2r.

As a direct consequence of Theorem 3.1, we obtain the Hyers—Ulam—Rassias
stability of the Gaussian functional equation, which is the case N = 2 of the following
corollary.

CoroLLARY 3.4. Let p,q,r, 0,6, be given nonnegative real numbers. Assume that
f : R — R satisfies the functional inequality

[FOf) = F(VY + yN)| < 1yl + a1 + 1)
forall x,y € R. Then either f satisfies

lfool < 3(V2e + \/ V2K + 46, |x|P4 + 86, |x]")
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for all x € R, where

max{p +q,r} if6,6,#0,
H=3p+gq if6; #0,6, =0,
r if61 =0,6, #0,

or f satisfies the functional equation (1.3).

Remark 3.5. Corollary 3.4 reduces to Hyers—Ulam—Rassias stability if 6; = 0, to
Ulam—Gavruta—Rassias stability if 8, = 0 and to Ulam—Rassias stability if 6, = 6.
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