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POSITIVE DEFINITE FUNCTIONS
FOR THE CLASS Z,(G)

T. HUSAIN AND S. A. WARSI

1. Introduction. There are several notions of positive definiteness for
functions on topological groups, the two of which are: Bochner type positive
definite functions and integrally positive definite functions. The class P (F)
of positive definite functions for the class F can be defined more generally and
it is interesting to observe that a change in F produces a different class P (F)
of positive definite functions. The purpose of this paper is to study the func-
tions in P (L,(G)) which are positive definite for the class L,(G) (1 < p < ),
where G is a compact or locally compact group. The relevant information
about the class P(F) can be found in [1; 2; 3 and 8].

2. P(L,(G)), when G is a compact group.

Definition 2.1. Let G be a Hausdorff locally compact group with the left
Haar measure N\ (normalized by N(G) = 1 if G is compact). For brevity we
shall write dx in place of d\(x) and d(x, y) in place of d(A X \) (x, v). Let F
be a set of complex-valued measurable functions on G. A complex-valued
Borel measurable function ¢ on G is called positive definite for F if

S 1o aie@lac, » <o,

and

f o PO, 5) 2 Oforall f € F.

The class of functions which are positive definite for F will be denoted by
P(F). Clearly F; C F. implies that P(F,) D P(F,).
We have the following:

THEOREM 2.2. If G s a compact Hausdorff topological group, then for 1 < p <
0 and p~' 4+ ¢t =1,

P(Cu) N L, = P(L) N L,

where Coo denotes the set of all complex-valued continuous functions on G with
compact support and q is defined 0 if p = 1.

Received August 20, 1974 and in revised form, January 10, 1975. The research of the first
named author was supported by an N.R.C. grant A3029.

1149

https://doi.org/10.4153/CJM-1975-120-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-120-8

1150 T. HUSAIN AND S. A. WARSI

The proof of this result is based on the following two lemmas.

LeEmMA 1. Let G be a compact topological group and 1 < p < 0. If f, = fin
L, and g, — g in L,, then f, * g, — f % g in L,, where * denotes the convolution.

Proof. Since G is compact, L,(G) is, by Theorem 2.8. 46 [5], a Banach
algebra. Hence

fux gn = Fglly < Ifullollgn — gl + 11f0 — flllglls

gives the result.

LEMMA 2. If the function (x, v) — ¢(y~x) f(y) f(x) isin Li(G X G, A X \),
then

f o PO @), ) = f AlOLIOLES
where f*(x) = f(x™) and f € Li(G).

Proof. By Fubini’s theorem, the left-side integral of the equation in the
lemma can be re-written as

fG fG ¢ (v x)f (y)df (x)dy = fG fG & (®)f (yx)dxf (y)dy

= f . f TR (0)dyé(x)dx.

Since by Theorem 8, page 119 [6] every compact Hausdorff topological
group is unimodular, by Theorem 20.10 [4], we have:

s = f T )y

Hence again by Fubini’s theorem, f* * f is in L;(G) and

. somoieyeiey = [ s

Proof of Theorem 2.2. Since by Theorem 13.21 [3], Coo C L,(G),1 < g < o0,
we get P(Cy) DO P(L,) and hence P(Co) M L, D P(L,) M L,.

To prove the opposite inclusion, suppose ¢ is in P(Co) M L,and letf € L,
C L1 by [4, Theorem 15.9]. The denseness of Cy in L, ensures the existence of
a sequence {f,} in Co such that ||f, — f||,— 0 and hence ||f,* — f*||,— 0.
Since ¢ € P(Cy), we have

. 1s0mRmn @l <o

and

fGXG (%) 3)fu(x)d (x, ¥) Z 0 for each f, € Coo.
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By Lemma 2,

f o PET RGN ()dxdy = f it ful)g()dx 2 0

for each #n.
Next we claim thatif f € L, C L, and ¢ € L,, then the integral

/ o | 20T ON @], ) < 0.
By Corollary 2.14 [4].

Fx o) = f 090 )y

exists and is finite for M-almost all x € G and is a function in L,(G). Since
f € L, it follows by Holder’s inequality that the integral

f . f @I 6™yl i) lds < co.

Fubini’s theorem implies that the integral

S leemroie e »

exists and is finite for ¢ € L, and f € L,. Hence by Lemma 2,

fG f SO @dsdy = [ oo,

It remains to show that the above integral is non-negative. To see this we
appeal to Lemma 1. By Hoélder’s inequality,

‘fG (% % £,) ddN — fg <f**f)¢dx'

< ¥ fo — f** fllol @], > 0asn — 0.
Hence

f f** f(x)¢(x)dx = 0.
G
Consequently ¢ € P(L,) M L, and this proves the theorem.

Remark 2.3. It may be noted that the above theorem remains valid if Cy, is
replaced by any dense subspace of L,.
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CorOLLARY 2.4. If 1 £ p £ 2and q = p/p — 1, then
P(Coo) YLy = P(Ly) "L, = P(L,) N L,

Proof. G being compact with Haar measure \, we have by Theorem 13.17
(3], Coo C Ly C L, so that

P(Co) YL, D P(L:) YL, D P(L,) N\ L,

Following the method of proof in Theorem 2.2, it can be shown that
P(Co) YL, C P(L,) N Ly,

and hence the equality follows.

Remark 2.5. For 1 < p < o and compact G, Theorem 2.2 provides another
way of looking at the theorem of Weil [7, p. 1311], replacing P(Co) M L,
by the class P(L,) M L,, where p~! 4+ ¢! = 1.

The following theorem is proved in case p and g are not necessarily con-
jugate real numbers.

THEOREM 2.6. Let G be a compact topological group with Haar measure \.
Let1 = p =2and q = p/2(p — 1). Then

P(Copo) YL, = P(Ls) YL, = P(L,) N\ L,.

Proof. Consider the case 1 < p < 2. By Theorems 13.17 [3] and 13.21 [3],
we have Cop C Ly C L,. Hence

P(Co) N L, D P(Ly) "L, D P(L,) N L,

Let ¢ € P(Cy) M L, and let f € L,. If we let p’ = p in Theorem 20.18 [4],
then

20— 1)

) .
Hence 1/r = 1 — 1/g, i.e., r and ¢ are conjugate real numbers greater than 1.
Theorem 20.2 [4] implies that if G is compactand g € L,(G), then g* € L,(G).
Now letting ¢ = f*, we conclude by Theorem 20.18 [4] that the function
f % f* exists, is finite and belongs to L,(G). Since ¢ € L,(G), it follows by
Hélder’s inequality that the integral

1/r=2/p—1=1—2—=2/p)=1—

J rer@owas

exists and is finite for A-almost all x € G and for all f € L,(G). As in Theorem
2.2

f . f OO ()f )dxdy = f RATMOTIOLE
for all f € L,(G).
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It remains to show that the above integral is non-negative. To see this let
{f} be a sequence in Coyo such that

fu—fl| =0. Alsolim | |f* — *
V4 n-yco

Since ¢ € P(Cy) M L,, it follows as before that

= 0.

4

lim
n->oo

(a) f ) f SO0 ()dxdy

= f fox ¥ (x)p(x)dx = 0 for each f, € Coo.
G
Theorem 20.18 [4] says that f, * f,* is in L,(G) and by Minkowski’s inequality
) N faxfu* = [ fHlr = M fu = fllollf*alls + [ ALIFF = £l

Since the sequence {||f,*||,} is bounded, the limit of the last line in (b) is zero.
By Holder’s inequality

‘ fG (fu % f*) dN — fG (f*f*)d’d)‘! S lfaxf* = F2 L lle
By (a) and (b) it follows that [¢f % f*(x)¢(x) dx is non-negative for all
f € L,(G) which implies ¢ € P(L,) M L,. This proves the result.

Remark. Forp = 1,q = o0 and p = 2, ¢ = 1, the result follows by Theorem
2.2 and Corollary 20.14 [4].

THEOREM 2.7. For 1 £ p < 0 and p~' 4+ ¢' = 1, P(L,) M L,is a w*-closed
set in L,(G), where G is a compact group.

Proof. Let ¢ € P(L,) M L,. Define T': L,(G) — R by

1) - [ P f ) 8.

Clearly T is a linear functional on L,(G). It is easy to see that T is continuous
in the weak=x-topology and hence P(L,) M L, is wx-closed in L,(G).

Remark. In [8] a similar result is proved for p = 1, ¢ = oo with locally
compact G.

COROLLARY 2.8. The set of all normalized functions in L,(G) which are positive
definite for the class L,(G) 1s a wx-compact subset of L,(G).

Proof. By Alaoglu’s theorem, the unit ball B = {¢ € L,: ||¢||, = 1} is com-
pact in the wx*-topology of L,. Denoting 4 = P(L,) M L,, we observe that
A M B is a wx-closed subset of the compact set B and hence 4 M B is compact
in the wx-topology of L,.
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3. P(L,(G)), where G is a locally compact group. We shall throughout in
this section assume that ¢ € P(F). We wish to prove the following:

THEOREM 3.1. Let G be a locally compact group and let A=2¢ € L,(G), where
A is the modular function for G. If ¢ 1s positive definite for the class Li(G) M
Ly(G), then it is positive definite for the class Lq(G).

Proof. 1t is well known that for 1 < p < o0, L; M L, is a dense subset of L,.
Hence L, N L, C L, implies that

P(Ly M La) D P(L).

Let ¢ € P(LiM L;) and suppose f € L.. There exists a sequence {f,} in
L, M Ly such that

@) tim [1f, = fll: = 0.
Also
St nmn @l <,
and
G J SO X)) (x, ¥) = 0

for each f, € L1 M L,.
We claim that the integral

fGXG 166 )f0)f )| d(x, y) < o0

for all f € L,. By Corollary 20.14 [4], the function

fro@) = fcf'(y)qb(y— x)dy
exists, is finite for A-almost all x € G and is a function in Ly(G) for which

(iii) [[f*alle = [Ifl2[|A=2¢][1.
By Holder’s inequality,

fG f TeG™ ) ldylf @)ldx < oo.

By Fubini’s theorem the integral

f . f . ¢ (v %)f (9)f (x)dxdy
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exists and is finite for all f € L,. Hence we can write

f oy $OTRFOIf A, 9) = f (7 o)an

It remains to show that the above integral is non-negative. To see this, we
have, by (iii) and Hoélder’s inequality,

‘ f , ux @)udh — f _ (Fx )fax
= (allollfa = 12+ [1fa = fALIAI A7 811

By (i) and (ii) on taking limit as n — o0, fG(f * ¢)fd\ is the limit of the non-
negative sequence fg(f,, * ¢)fd\. Hence we have shown that fg(f *¢)fd\ = 0
for all f € L, and this implies ¢ € P(L,) which proves the theorem.

COROLLARY 3.2. Let G be a locally compact group, p a real number greater than
1 and q conjugate to p. Let ¢ € P(L, M L, M L,) be such that A=12¢ € L,(G).
Then ¢ € P(L, N\ L,).

Proof. Let f € L, M L,. There always exists a sequence {f,} of functions in
Ly L, N L, such that

lim an_f”P =}Ll_)r2 an_qu = 0.

n-co

For example we may choose {f,} to be a sequence of simple functions which
are dense in L,. Now essentially the same proof of Theorem 3.1 goes for this
corollary.

CoROLLARY 3.3. If ¢ € P(Cy) satisfies the condition A—12 ¢ € L,(G), then
¢ € P(L,N\L,).

Proof. Let f € L, M L,. We can find a sequence {f,} in Coo C L, N L, such
that

tim |[fu = fllp = Tim {|fu = ]l = 0.
The proof now follows as before.
COROLLARY 3.4. If G is a compact group, then
P(Co) YLy = P(L,N L) M L.
In particular, P(Coo) M Ly = P(Ls) M L.
Proof. Immediate.

COROLLARY 3.5. Suppose A™2¢ € Li(G) and G a locally compact group.
If 1 = p <2 < q, where p and q are conjugate real numbers, then ¢ € P(Coo)
implies ¢ € P(L,).

Proof. By Theorem 13.19 [3], we have Copo C L, N\ L, C Ls. As Theorem
3.1, we prove the corollary.
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