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Sea-ice mechanical energy balance: nearshore
Chukchi Sea, 1982

ROBERT S. PRITCHARD
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ABSTRACT. The mechanical energy balance of sea ice provides information
about ice dynamic behavior, driving forces and the constitutive law. The energy
balance equation, formed as the product of ice velocity with the ice momentum
balance equation, describes changes to the kinetic and potential energy densities
as power is input to the ice by wind and current. The momentum balance equation
may also be used to describe the ice-stress divergence, air stress, and water stress,
but the scalar form of the energy balance is simpler to understand. This paper
provides new interpretations of several terms in the energy balance equation, in
particular power input by air and water stress and by sca-surface tilt. Barometric
pressure fields and drifting buoys deployed on the Chukchi Sea ice cover during
1982 provide wind, ice motion and current measurements that allow cach term in
the energy balance equation to be cvaluated as a function of time. Magnitudes
of power input by wind and current show how the energy balance is decomposed
and help describe the relative importance of these driving forces. In the nearshore
Chukchi Sea during February, March and April 1982, both wind and current pro-
vided significant forcing of the ice. Ice stress was also important and, at times,
dominated other terms in the mechanical energy balance.

INTRODUCTION

The purposes of this study are to understand how me-
chanical energy is transferred from the atmosphere into
the ice and ocean by dynamical processes; to understand
ice behavior off the northwest coast of Alaska, where
the nearshore Chukchi Sea ice is very dynamic and the
ice is heavily ridged; and to estimate the relative im-
portance of wind, current, and ice stress on ice motion.
This study uses the sea-ice energy balance equation in-
troduced by Coon and Pritchard (1979) as a simple way
to understand how power input by wind and current is
transferred between the atmosphere, ice and ocean.
Three ARGOS buoys deployed on the Chukchi Sea
ice cover about 50 km offshore between Wainwright and
Point Hope in late January 1982 provide data for this
study. In addition to transmitting their positions, each
buoy contained a current meter tethered 10 m below the
waterline to measure current relative to the drifting buoy.
Ice position and relative current estimates were obtained
at 6h intervals using optimal interpolation, and filtered
using a 48 h cosine bell filter to remove tidal and inertial
oscillations. Ice motion showed three general trends. Ice
in the central Chukchi Basin (further than about 200 km
from shore) drifted about 650 km toward the northwest
from December 1981 until June 1982. Ice in Hope Basin
drifted about 500 km toward the north-northwest during
these six months. Ice nearer to shore between Cape Lis-
burne and Barrow drifted back-and-forth alongshore, in
episodes lasting about ten days, with typical daily dis-
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placements of § to 10 km and monthly displacements of
about 200 km, but accumulating only about 100 km dur-
ing the six month period (Pritchard and Hanzlick, 1988).
Trajectories of the three buoys are presented in Figure 1
from February through April 1982, when wind and cur-
rent data are available. Buoys 3623 and 3625 were lo-
cated near Wainwright and Point Lay, respectively, and
buoy 3624 was near Point Hope. All three buoys had sim-
ilar motions, although buoy 3624 appeared to be affected
more by current through the Bering Strait. Buoys 3623
and 3625 provided current measurcments from approxi-
mately 15 February (Julian day 46) to 1 March (Julian
day 60), after which the current meters were destroyed by
heavy ridging. During the period for which current data
are available, these two buoys moved primarily along-
shore toward the northeast, with buoy 3623 undergoing
two rapid reversals that were about three days apart.
Buoy 3624 reported both position and current data from
15 February (Julian day 46) until 1 May (Julian day
121). This buoy exhibited predominantly north-south
motions and displayed several reversals. Stick plots of
ice velocity, wind, current and relative current histories
are presented for each buoy by Pritchard and Hanzlick
(1988).

It is generally accepted that Chukchi Sea ice motion
is driven primarily by wind (e.g. Aagaard and oth-
ers, 1985; Kozo and others, 1987). These compar-
isons of wind and current forcing usually involve a com-
parison between wind and current velocity, or between
forces in the momentum balance. Pritchard and Han-
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Fig. 1. Trajectories of buoys in nearshore Chukchi Sea, February-April 1982.

zlick (1988) and Pritchard (1988) used the fact that
the free-drift ice velocity relative to geostrophic current
(v —¢g) is the only velocity term that is wind-driven
(e.g. Pritchard, 1984a), and decomposed the ice velocity
v into the sum of this relative velocity and geostrophic
current v = (v —¢g) + ¢;. From December 1981 un-
til June 1982, current described from 44 to 93% of the
ice-velocity variance, depending on location, whereas the
wind-driven component described from 0 to 77%. The
present study was conducted to learn why different in-
vestigators reached different conclusions about the im-
portance of winds and currents in moving the Chukchi
Sea ice cover.

MECHANICAL ENERGY BALANCE

The mechanical energy budget of the sea-ice cover was
derived by Coon and Pritchard (1979) by forming an in-
ner product between the ice velocity and the momentum
balance equation. This approach is again followed, but
several of the terms are redefined and reinterpreted in
the light of improved understanding and the notation is
changed slightly to conform to more recent ice dynamic
models. The momentum balance equation for sea ice is
(c.g. Coon and others, 1974; Pritchard, 1981)
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d
m(d_:+kav+gvn):A(Tn+7w)+v'o-1 (1)

where m is mass per unit arca of the ice, v is ice veloc-
ity, f = 2Qsin ¢ is the Coriolis parameter, §2 is Earth’s
rotation rate, ¢ is latitude, k is an upward unit vec-
tor, g is acceleration due to gravity, n is sea-surface dy-
namic height, A is ice compactness, T, is air stress, Ty
is water stress, and ¢ is internal ice stress. The areal
mass density m depends on the ice-thickness distribution
(Thorndike and others, 1975)

Wi = fp-,h.g(h)dh, (2)

where p; is ice density, h is thickness, and g(h) is ice-
thickness probability-density distribution. In general,
mass density increases or decreases with thermal growth
or decay, but the calculations presented here assume
a constant thickness distribution, where m = 1.92 x
10® kgm™2,

Air stress T, is estimated as a quadratic function of
surface wind Uy

Ta = £aC10|U10|Uno, (3)
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where p, = 1.4kgm™ is air density and Cjp = 2 x 1073
is a drag coefficient (Leavitt, 1980). Gradient wind was
estimated from National Meteorological Center sea-level
pressure data archived at the Pacific Marine Environ-
mental Laboratory (METLIB software, Macklin and oth-
ers, 1984), multiplied by 0.70, and turned leftward 30°
to estimate surface wind.

The oceanic mixed-layer is described by a shallow log-
layer with linearly increasing eddy viscosity overlying an
Ekman layer (McPhee, 1982) and forced at the surface
by water stress T,. This two-layer model describes the
velocity profile as a function of water stress, allowing
current beneath the mixed layer to be inferred from the
10 m-deep current measurements (see Appendix A). Wa-
ter stress Ty is a function of ice velocity v relative to
current beneath the mixed layer cg, which is assumed to
be geostrophic

Tw = Tw(cg — V), (4)

where the sign of ¢; — v is chosen to describe traction
acting on the ice, as in Equation (1).

Pre-multiplying all terms in the momentum balance
Equation (1) by v and forming the inner product trans-
forms the tractions and acceleration into power and en-
ergy rate terms

v-m((jl—:+kav+gVn) = v-A(Ta+7w)+v(V-0). (5)

The inertial acceleration term v-mdv/dt is the substan-
tial derivative of kinetic energy density KX = 1/2mv - v,
which is (e.g. Malvern, 1969)

. dv

K=mv. e (6)
The Coriolis acceleration term is zero because ice ve-
locity is orthogonal to the Coriolis acceleration. The
sea-surface tilt acceleration term v - mgVn is the advec-
tive part of the substantial derivative of potential energy
density P = mgn, which is

P=mg(mp+v-Vn), (7)

where 7, is the partial time derivative. The advective
term contributes to the mechanical energy balance as

pg = mgv - V1. (8)

The remaining non-steady change of potential energy
mgn; does not appear in Equation (5); it requires consid-
cration of the ocean energy balance. Although it is about
20Wm™2 for a 2m thick ice cover raised 10cmd™?, a
substantial value, the present analysis is valid because
Pg appears in this formulation of the ice mechanical en-
ergy balance, not dP/dt.
Power input by air stress to the ice is

PR =" A'rm (9)

where the air stress can be estimated from Equation (3).
Power input by water stress on the ice is

Py = v ATy, (10)
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which is the negative of power input to the ocean. The
definition of this term differs from Coon and Pritchard
(1979) because the sign is changed and p, is now iden-
tified with changes in potential energy. The effect of ice
stress on the energy balance is represented by the rate
at which work is done by ice-stress divergence

pi=-v-(V-o). (11)
This definition follows Coon and Pritchard (1979), who
used p; = —pr + pqy, where pr = V - (v - @) is horizontal

stress-flux divergence and pg = tr(eD) is the inner prod-
uct of stress and stretching, D. In this present paper, the
analysis is focused on the air and water stress terms and
only the total effect of ice stress p; is estimated. Separa-
tion of p; into pr and py requires that the stress field be
determined using a complete ice dynamics model.

Combining all terms defined above provides the en-
ergy balance equation

K + pg = pa + pv — bi- (12)
Both kinetic encrgy and potential energy increase as the
atmosphere does work on the upper ice surface, increase
as the ocean does work on the ice, and decrease as ice
stress dissipates energy by deformation and fluxes en-
ergy away by the stress gradient. Power input by the
atmosphere p, and the ocean p, provide measures of the
relative importance of wind and current.

Terms in the energy balance Equation (12) are esti-
mated using a combination of local measurements and
models. Wind is estimated from the barometric pressure
field, ice motion and current are measured, and ice con-
dition describes compactness and mean thickness. The
time history of kinetic energy and its material rate are
estimated from knowledge of the buoy velocity history.
The potential energy term p; is estimated assuming that
current beneath the mixed layer ¢, is geostrophic

mgVn = —mfk x cg. (13)

Power input by air stress p, and by water stress p,, are es-
timated using the air and water stress laws, ice velocity,
and current. The remaining term p; cannot be estimated
by local measurements because stress depends on defor-
mation, which cannot be determined by a single buoy.
However, as the only unknown term in the energy bal-
ance, it can be estimated as the remainder in Equation
(12). Since time histories of each term are determined,
the energy balance equation can also be integrated over
any time interval to estimate the accumulated work done
on the ice.

Figures 2, 3 and 4 present the observed energy bud-
gets (g, Pa, Pw and p;) for the three buoys shown in
Figure 1. Plots of all variables are presented at the same
scale, a compromise chosen to allow a simple compari-
son between the different contributors to the energy bal-
ance, while presenting both the typical variations and
the largest storms (which exceed the scale). The maxi-
mum value of the kinetic energy term dK /dt is negligible
compared to all other terms in the energy balance, so it
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Fig. 2. Mechanical energy balance of buoy 3624. Power terms have units of m Wm™.

Time

is given in day of the year. The four panels, from top to bottom, are: (a) advective part of the
substantial derivative of potential energy density p,, (b) power input by air stress pa, (c) power
input by water stress p,, and (d) the effect of ice stress p;.

is not shown. In these calculations, compact ice is as-
sumed, where A = 1.

Energy is input by wind in episodes lasting on the
order of a few days, which is typical for storm events.
Power is input to the ice by wind most frequently in
these cases (the positive events), but in two cases (around
days 47 and 80) extremely large amounts of energy were
removed from the ice by wind. During both events, the
ice was transported southward by current in opposition
to large southerly winds (Pritchard and Hanzlick, 1988).
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The events are so big that the cumulative total wind-
energy integrated over time is roughly —30kJm=2 at
buoy 3624. Wind histories at each of the three buoys
are different; small at buoys 3623 and 3625, but signif-
icant at buoy 3624. This difference was not expected
because the buoys are only about 150 km apart. How-
ever, since winds were calculated using software that has
been tested thoroughly by its developers (Macklin and
others, 1984), we can only assume that these are real-
istic estimates of actual winds. Power input by water
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Fig. 3. Mechanical energy balance of buoy
3625. Power terms have units of m Wm™2.
Time is given in day of the year. The four
panels, from top to bottom, are: (a) advective
part of the substantial derivative of potential
energy density py, (b) power input by air stress
Pa, (¢) power input by water stress p,, and (d)
the effect of ice stress p;.

stress on the ice is smaller than power input by wind
for buoys 3624 and 3625, but the general characteristics
are similar. At buoy 3623, much more power is input by
water stress than by air stress. The effect of ice stress
pi at each buoy is similar to power input by air stress,
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Fig. 4. Mechanical energy balance of buoy
3623. Power terms have units of m Wm™2,
Time is given in day of the year. The four
panels, from top to bottom, are: (a) advective
part of the substantial derivative of potential
energy density p,, (b) power input by air stress
Pa, (¢) power input by water stress p,, and (d)
the effect of ice stress p;.

indicating that the stress divergence is important during
this period.

The drag cocfficient Cyy affects p, linearly, and an
error in the former introduces the same percentage er-
ror into the latter. These changes in p, introduce equal

s
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changes to p;, since it is determined as the residual in
the energy balance equation.

Although p, is power input by air stress on the moving
ice, and p,, is power input by water stress on the mov-
ing ice, these terms do not discriminate between power
input by different processes, namely, between forcing by
local wind and by current driven by large-scale pressure
systems and guided by topography. Since the ice veloc-
ity is affected simultaneously by wind and current, both
pa and py are affected by all processes. Furthermore,
the ice response is strongly non-linear, which makes it
impossible to decompose the ice velocity uniquely into
terms forced by wind, current and ice stress. However,
some guidance has come from re-stating the mechanical
cnergy balance as viewed by an observer moving with
the geostrophic current.

WIND AND CURRENT PROCESSES

If ice behavior was linecar, as for Newtonian fluid, solu-
tions could be obtained for each separate forcing func-
tion. Lacking this linearity, it is not possible to define
unique measures of forcing by wind and current. In pur-
suit of this goal, however, we rewrite the momentum bal-
ance Equation (1) and mechanical energy balance Equa-
tion (5) using a reference frame that translates with the
geostrophic current while continuing to rotate with the
Earth. In the new frame, observed ice velocity is v — cg.
Assuming all forces and tractions are frame-indifferent,
air and water stress and stress divergence are unchanged.
Thus, the mechanical energy balance Equation (5) be-
comes

(v—cg)-m(w+‘f}{x(v—cg))

=(v-cg) ATa+7w) +(v—cg) - (V-0), (14)
where sea-surface tilt again is assumed to satisfy Equa-
tion (13), and the substantial derivative of ¢, is ne-
glected. The second term (v — ¢g) - mfk X (v — ¢;)
is zero, but has been included for clarity to suggest the
form of the momentum balance equation. A word of cau-
tion is in order because the geostrophic current field is
not necessarily uniform, but it is not meaningful to use
a different reference frame at each location. Equation
(14) strictly makes sense only in free drift, where ice at a
location drifts independently of its neighbors. The new
expression provides useful descriptions of several phys-
ical processes affected by wind and current, as seen in
the next section. As we shall see, neither Equation (5)
nor Equation (14) is able to identify all the processes
uniquely. Because of this shortcoming, we present only
sample data for buoy 3624 in the remainder of this sec-
tion, rather than the complete set for all three buoys.

Local wind forcing

To help define terms that describe the power input by
local wind forcing, consider free drift, where ice-stress
divergence is neglected. Air stress is a known func-
tion of the local wind Uy, and water stress depends on
geostrophic current relative to ice velocity cg—vgg. In free
drift, Equation (14) is therefore a relationship between
relative velocity and wind velocity Uy (e.g. Pritchard,
1984b). The free-drift wind power available is

68

https://doi.org/10.3189/1991A0G15-1-63-72 Published online by Cambridge University Press

P = (via — ¢g) - AT (15)
This definition describes the power available only from
wind and properly excludes the effect of current advec-
tion. Wind moves the ice, which shears the mixed layer,
but it does not affect the deep current, as shown in Equa-
tion (14). Free-drift power is presented in Figure 5a.
This term is roughly proportional to wind speed cubed
and, therefore, it varies quickly as wind speed changes. It
is non-negative because viy — ¢z and Ujg form an acute
angle. Comparing Figure 5a with Figure 2 shows that
there was far more energy available in the wind than was
transferred to the ice by pa, which demonstrates that ice-
stress divergence and/or current effects were important
during this period.

Since local winds generate relative velocity in free
drift, it seems reasonable to use a similar definition when
ice-stress effects are present. Therefore, power input by
local wind is defined as

py = (v —¢g) - ATa. (16)
This differs from power input by air stress p, because of
advection by the ocean current. Local wind forcing p,
(Fig. 5b) is less than power input by air stress p, (Fig.
2b), which shows how current influences behavior.

This measure of local wind power is meaningful dur-
ing free drift. However, if ice-stress divergence holds the
ice stationary while wind and current are non-zero, local
wind forcing becomes p, = —¢; - Tw(cg), which suggests
that current forcing alone contributes to local wind fore-
ing. This result is nonsensical and, unfortunately, shows
that p, is not an ideal measure of local wind power.

Mixed-layer shearing

Energy dissipated by vertical shearing of the mixed layer
pm is determined by integrating the product of current
velocity gradient and viscous stress over the mixed-layer

depth
s
P = f d_c -rdz.

- (17)

Since current velocity appears only as a derivative, the
relative current ¢ — ¢ may replace c. This relative cur-
rent is the natural variable in the translating reference
frame. Integrate by parts, assume viscous stress to be
zero at the bottom of the mixed layer, and assume ice ve-
locity equals surface current v = ¢g at the interface depth
zp (see Appendix for the mixed-layer model). Then, since
the viscous stress gradient is orthogonal to relative cur-
rent velocity (Equation (24)), power dissipated by the
mixed layer is
Pm = (v —¢g) - A(—Tw), (18)
which is a non-negative function of the relative velocity.
The minus sign appears because —Ty, is traction acting
on the ocean. Dissipation by mixed-layer shearing is
power input by water stress on ice moving relative to
geostrophic current, as seen by an observer moving with
the translating reference frame.
Mixed-layer shearing dissipation, shown in Figure 5,
has a moderate magnitude. These values depend only on
the current relative to ice velocity. The large difference
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Fig. 5. Alternate mechanical energy balance terms for buoy 3624: (a) power input by air stress in
free drift pra, (b) power input by local wind p,, (¢) power dissipated by mized-layer shearing pm,
(d) power input by current advection of air and water stress p., and (e) power input by current
advection of water stress p,.
69

https://doi.org/10.3189/1991A0G15-1-63-72 Published online by Cambridge University Press


https://doi.org/10.3189/1991AoG15-1-63-72

Pritchard: Sea-ice mechanical energy balance

between power available in free drift and dissipated by
mixed-layer shearing shows the importance of ice-stress
divergence because these two measures are equal in free
drift.

Measurements of current from meters tethered under
drifting sea ice are generally thought to be inaccurate,
because the relative current ¢ — v is often small and cur-
rent meters have a threshold on the order of 3cms™'.
Mixed-layer shearing dissipation at this threshold is less
than 0.2mWm™2. Estimates of both relative current
and absolute current, determined as ¢ = (c —v) + v,
are adequate for this study. When relative current is too
small to be estimated, then its effect is small, and any
correction to v is negligible. When ice velocity is small
and absolute current is also small, then estimates of di-
rection are likely to be in error, but this error is unimpor-
tant because current is then small. When relative current
is large, absolute current is estimated accurately. Rela-
tive current affects p, roughly as a cubic function, and
an error in the former introduces three times the percent-
age error into the latter. These changes in py, introduce
equal changes to p;.

ALTERNATE ENERGY FORMULATIONS

The mechanical energy balance referred to the translat-
ing frame Equation (14) provides a natural way to define
local wind power and mixed-layer shearing dissipation,
but it is more useful to introduce these terms into the
basic mechanical energy balance Equation (5), replacing
Equation (12) with terms that better describe wind and
current forcing. To this end, introduce power input by
local wind p, and power dissipated by mixed-layer shear-
ing pm, and the mechanical energy balance becomes
K+ py =Py = Pm + Pc = B, (19)
where the remaining term is power input by current ad-
vection of air and water stress
Pe =Cg- AlTa+ Tw). (20)
Power input by total advection by current p., shown in
Figure 5d, is quite similar to power input by air stress
pa, Which suggests that ice velocity is nearly equal to
current, making water stress small.
Earlier, p, was shown to describe free drift well, but
to be inadequate to describe fast-ice conditions. As a
compromise, re-introduce power input by wind stress p,
instead of p,, because p, correctly describes power input
by wind even though it is affected by both wind and
current. The mechanical energy balance then becomes

I.{+1‘Jg =Pa— Pm +pn_pia (21)

where the remaining term is power input by current ad-
vection of water stress

By = Gy AT (22)

Power input by ocean advection p,, shown in Figure 5e,
is also similar to power input by water stress, which sup-
ports the observations that ice velocity and current are
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nearly equal. This ocean advection term provides a mea-
sure of power input to the ocean system by current that
may be independent of local wind-driven effects. This
formulation appears to be a reasonable way to decom-
pose wind and current forcing, even though it seems ar-
bitrary to consider only advection of water stress, rather
than both air and water stress, but either of these ex-
pressions of mechanical energy balance would have more
physical meaning if defined from the mechanical energy
balance of an ocean dynamics model.

It is worthwhile to reconsider the two extreme condi-
tions: free drift and fast ice. During free drift, power is
input by air stress p,, and encrgy is dissipated by mixed-
layer shearing py,. Although p, is not power input by
local wind p,, it is the measure of actual power input by
wind forcing as the ice moves. Under fast-ice conditions,
power input by air stress p, is zero, power is input by cur-
rent moving the ice (relative to the observer moving with
the current) p,, and energy is dissipated by mixed-layer
shearing py,. Under both of these extreme conditions,
the energy balance given by Equation (21) appears to be
reasonable. Neither p, nor p, is an entirely satisfactory
measure of power input by local wind, however, because
each can be affected by current forcing. The large differ-
ence between p, and p, does show, however, that current
forcing contributed substantially to the energy balance
in the nearshore Chukchi Sea.

CONCLUSION

This study extends the work of Coon and Pritchard
(1979). Several terms in the mechanical energy bal-
ance equation are reinterpreted, and a new way to usc
ice-motion observations directly to estimate the energy
budget is presented. The energy terms are easier to un-
derstand than the time-varying two-dimensional fields of
velocity, deformation, stress and ice condition, with their
multiple components. They are scalar variables, formed
as combinations of two vectors (four pieces of informa-
tion collapsed into one). This simplicity is a strength,
but the reduced amount of information requires that we
look into other variables to help explain the behavior.
Thus, cnergy studies are helpful, but complement rather
than replace studies of force and velocity.

The present study uses buoy data exclusively to est-
imate all terms in the mechanical energy balance, and
estimates the effect of ice stress as a remainder in the
equation. An alternative approach is to perform an ice
dynamics simulation, and to determine each term in the
mechanical energy balance from velocity, stress, current
and ice-condition fields simulated by the model. This
approach has the advantage that both stress and defor-
mation are determined, making it possible to determine
how much of the ice-stress effect is dissipated locally and
how much is transferred to other locations by stress-flux
divergence.

A unique set of terms has not been found to isolate
forcing by wind and current. Three sets have been in-
troduced; each appears to have some value but none is
ideal. A full ocean model (perhaps a simple barotropic
model) is needed to separate the effects of wind and cur-
rent. We have learned, however, that both current and
wind play important roles in forcing the Chukchi Sea ice.
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It is possible to separate the part of the current ¢, that
is correlated with local winds from the remainder and to
decompose the energy balance in this way. However, it is
unclear if the ice velocity should be similarly decomposed
because of the non-linear behavior of the ice.

These energetics arguments can be applied in other
regions, and for other purposes, e.g. during CEAREX in
the eastern Arctic and northern Barents Sea, and for the
purpose of developing models to help understand and
forecast noise generated by sea ice (Pritchard, 1984a,
1990).
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APPENDIX A
OCEAN MIXED-LAYER MODEL

The oceanic mixed-layer model assumes a shallow log-
layer with linearly increasing eddy viscosity and con-
stant stress, overlying an Ekman layer (McPhee, 1982).
This model was introduced originally in a complex
number representation, which is retained for simplicity.
Throughout this appendix, boldface type variables repre-
sent complex numbers, and the same symbols with abso-
lute values represent the magnitude of the complex num-
ber. Momentum balance of the ice, however, with its
internal ice-stress divergence term, must be presented as
a tensor equation.

Water stress applied by ice on the ocean surface T
= — Ty, the negative of water stress applied by the ocean
on the ice, is the viscous stress at the water-ice surface
20, To = T(z). Friction velocity u, is aligned with the
water stress 7y and has magnitude equal to the square
root of its magnitude

=1/2
(mg " 7,
U = | — =
Pw Pw
Current ¢y = ¢(z) at some small depth, zp = 8.5¢cm,

equals ice velocity v. The momentum balance and vis-
cous stress laws are

(23)

: dr
ipwfle—cg) = 5T, (24)
- (25)
T dz’
where i = (—1)'/2, ¢ is current velocity at depth z
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(measured positive upward), ¢; is geostrophic current,
and 7 is the horizontal component of viscous stress.
Eddy viscosity K increases linearly in the upper layer
2 < —z < 2y, remains constant in the lower layer
—2z > zy and varies linearly with friction velocity

K = pyklu.min(-z, 2x). (26)
Depth of the lower layer zy = |u.|én/f, where én =
0.045 is a non-dimensional constant (McPhee, 1982), and
k = 0.4 is the von Karman constant. This formulation
assumes that motion is steady, the Coriolis force bal-
ances the horizontal pressure-gradient force, and hori-
zontal viscous effects are negligible.

In the lower layer, the constant eddy viscosity pro-
duces a classical Ekman layer. Simultaneous solution of
the momentum balance and viscous-stress law give the
current velocity and viscous-stress profiles

WOTE
Pir|11‘li:c| exp [6f(z + 2n)/|usl ]

7(2) = e exp [§f (2 + 2x)/w.|]-

C— gy =—

(27)

The complex coefficient § = (2kéx)~"/2(1 + i) describes
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both decay and rotation of the current vector with depth
from the interface —z = 2n.

In the surface layer, where eddy viscosity is linear,
turbulent stress is assumed constant for the purpose of
determining current. Under these assumptions, integra-
tion of the viscous stress law gives the current profile

To
cyg—c=———In(—2/z), 28
0 T (—2/20) (28)
where ¢y = c¢(zp) is current at the surface. Integrating
the momentum equation across the surface layer, this

velocity profile gives

[1 + ﬂ'(»‘:51\1 — 20)|TE

||
if

=Ty (1 o W[(ZN — Z[)) -2 ln(zN/z())]) . (29)

If water stress is specified, Equation (23) can be solved
algebraically for u., Equation (29) for 7, and Equa-
tions (27) and (28) for ¢ — ¢y at any depth. If the ice
velocity relative to the deep current v — ¢, is specified,
non-linearities require that the equations be solved nu-
merically.
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