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The (y,r) summation method, 0 < r < 1 , is the "circle 
method11 employed by G. H. Hardy and J. E. Littlewood. It is 
also known as the Taylor method. Its Lebesgue constants, say 
L.(T ,n), n = 1, 2, . . . , were studied by K. Ishiguro [l] in 

* 
the notation L» (n;l-r). He noted that 

1 

(1) L(T , n ) = l / - 4 - r I I m { ( - ^ - ) n + e ( 2 n + 1 ) i t} | dt , 
r TT *J sin t ' , 2it 

0 1-re 

where Im{ z} denotes the imaginary part of the complex 
number z , and proved that 

(2) L(T ,n ) =Ar l o g — + <* + o ( l ) , 0 < r < l . 
r c. r — 

IT 

H e r e 
1 oo 

2 ^ 2 / sin t , 2 r 1 r 2 , . n n 

(3) a = - - r C + - / — — d t - - / r ( ~ - s i n t > d t > 
TT 0 1 

where C = . 577 . . . is EulerT s constant. 

In this note, we provide an alternative derivation of (2), 
relating it to the computation of an asymptotic expression for 

1 The participation of the first-named author was supported by 
the National Science Foundation through Research Grant NSF-
G18650 to the Courant Institute of Mathematical Sciences, 
New York University. 
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the L e b e s g u e c o n s t a n t s , L ( F , d ), for the [ F , d ] m e a n s of 
n . n 

F o u r i e r s e r i e s [2] . T h i s i s done by r e p r e s e n t i n g (1), wi th 
e r r o r o ( l ) , in t e r m s of an e x p r e s s i o n [2, (5. 2)] wh ich y i e l d s 
a l s o an a s y m p t o t i c eva lua t i on of L,(F,d ) [ 2 , ( 5 . 4 ) ] . 

n 

F i r s t , us ing the expans ion for log (1-x) and exponen t i 
a t ing , we note 

1-r 1 

2 it r , 2 it 
1- re 1 + (1 -e ) 

1-r 

1 - 7 ^ - ( 2 i t - 2 t 2 ) + 0 ( t 3 ) 
1-r — 

2 2 
2r 2 4r 2 3 

= 1 + (it - t ) + (it - t ) + 0 ( t ) 
1 _ r IA \ ~ 

( 1 - r ) 

r 2r , z, Z*Z , 2 A , 3v 
= exp {- (it - t ) + r - (it - t ) } + 0 ( t ) 

1 _ r ( 1 - r f 

, 2 i r Zr 2.. ^ , 3, 
= exp {- 1 t } + 0 ( t ) . 

( 1 - r r 

And so, by the L e m m a of [2, § 2 ] , 

. n+1 2 2 3 
(4) ( — ^ r t ) = exp { ( n + l ) [ ^ t - *— t ]} + 0 (n t ) . 

1-re ( 1 - r ) 

A s for L ( F , d ), we need a l s o an e s t i m a t e p a r t i c u l a r l y 

su i ted for t ou t s ide a ne ighbourhood of the o r i g i n . T h i s is 

n+1 c 2 
1-r - ont 1 

(5) ( —— ) = Q(e ) , for some 6 > 0, ° £ t < - TT . 
1- re 

1 2 1 
Proof of (5): Now, cuo 2 t < l - ~ t , 0 < t < —IT , am; so 
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2 2 2 
1 - r - ( 1 - r ) ( 1 - r ) 

2 i t ' 2 - 2 2 
1 - r e 1 - 2 r c o s 2t + r ( 1 - r ) + r t 

- 2 2 
1 4- r ( l - r ) t 

- 2 ô t 
a n d t h i s i s c l e a r l y < e f o r s o m e ô > 0 , s i n c e 

0 < t < { * . 

A n a l o g o u s l y t o w h a t w a s d o n e [ 2 , § 3] in c o n n e c t i o n w i t h 

L ( F , d ), w e d e c o m p o s e L ( T , n ) a n d t h e n i n t r o d u c e s i m p l i f y i n g 

, - 3 / 8 
e s t i m a t e s . A s t h e r e , w e w r i t e , w i t h § = n 

2 , e 2 / . 2 i r 

L ( T , n ) = - / + - / 
r TT J TT J 

o I 
'I/O A 

a n d i n f e r , a s in [ 2 , § 3 ] , t h a t t h e i n t e g r a l f r o m n to —• TT 

i s o ( l ) , f r o m (5 ) . L i k e w i s e , t h e r e m a i n d e r t e r m in (4) 

c o n t r i b u t e s o n l y o ( l ) t o t h e f i r s t i n t e g r a l . M o r e o v e r , s i n t 

c a n b e r e p l a c e d by t w i t h a n e r r o r of o ( l ) . F i n a l l y , t h e 

- 3 / 8 1 
u p p e r l i m i t of i n t e g r a t i o n , £ = n , c a n b e r e p l a c e d by — TT 2 
w i t h a n e r r o r of o ( l ) . 

T h i s d o n e , w e h a v e 

27 1 , s i n U ! t , 

(6) L ( T , n ) = - / e x p { - S , t } ' - ' d t + o ( l ) , 

w h e r e 

( 7 ) s- = ^ ^ and U- = ^ ± ^ £ . 
n ( 1 - r ) 2 n 4 " r 

N o w , p u t t i n g S ! = s , Uf = u , f o r m u l a (6 ) , w i t h t h e 
n n n n 

e r r o r t e r m o ( l ) d i s r e g a r d e d , b e c o m e s V(n) d e f i n e d by 
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[2 , (5 .2)] . This identification is permiss ib le since (7) clearly 
implies that the res t r ic t ions [2,(5.3)1 placed on s and u 

n n 
are satisfied also by S1 and U' . 

n. n 

This done, formula (5. 4) of [2] for \ (n) becomes 
Ishiguro' s formula (2) above and the derivation is complete. 
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