ON INVARIANT CONNECTIONS OVER
A PRINCIPAL FIBRE BUNDLE*

HSIEN-CHUNG WANG

1. Introduction

The invariant affine connection over a coset space G/J of a Lie group G
have been discussed by various authors. Recently, Nomizu [8] gave a systematic
study of this problem when J is reductible in G. Among other results, he
established a 1-1 correspondence between the invariant affine connections and
certain multilinear mappings, and calculated the torsion and curvature. For
canonical affine connection of the second kind, the holonomy group was also
given.

It is the purpose of this paper to discuss the connections over a principal
fibre bundle which admit a fibre transitive™ Lie group of automorphisms without
restricting to the reductible case. In fact, let {E, S} be a differentiable principal
fibre bundle with total space E, structural group S, and base space B. Suppose
G to be a Lie group of automorphisms of {E, S}, and J the subgroup leaving
a fibre F, invariant. There is a natural homomorphism ¢ : J—> S. If we regard
G as a transformation group of the base space B, then J is the isotropic sub-
group at the point b, € B which corresponds to F,. (In the particular case that
E is the bundle of frames of B, then ¢ is nothing but the linear representation
of J on the tangent space of B at b,.) Let us denote by G, S, J the Lie

algebras of G, S, J respectively. The main results can be stated as follows:

(A) Suppose G to be transitive on the fibves of E. Then there is a 1-1
correspondence between the G-invariant connections over E and the linear
mappings ¥ : G- S such that (1) o Ad.j=Ad.¢(j) > ¥, jE ], and (2) ¥(j)
= ¢(} ), ; € J where we use ¢ to denote both the group homomorphism: J— S

mentioned above and the Lie algebra homomorphism: § - S it induces.
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1) By fibre transitive, we mean that, given any two fibres, there exists an element of
the group carrying one to the other.

https://doi.org/10.1017/50027763000023461 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000023461

2 HSIEN-CHUNG WANG

(B) Suppose, moreover, that E satisfies the second countability axiom. Let
V denote the lLinear subspace of S spanned by all the vectors of the form
v[g,, &.1-[¥g,, ¥&:), &, &€ G. Then the Lie algebra of the holonomy
group of the connection whiclh corresponds to ¥ is given by

VIP(6), V1+¥(6), [#(6), V11+ . ..

In the discussion of the holonomy group of a G-invariant connection (G
not necessarily fibre-transitive), we introduce a subgroup 4 of S which depends
on G. The group 4 contains both the holonomy group and the group ¢(J).
Elements of 4 was first used by Nomizu [9], and the Lie algebra of 4 is closely
related with a tensor studied by Kostant [12] when {E, S} is the bundle of

frames of a manifold. Interpreting some known results in terms of 4, we get
the following :

Let G be a connected group of isometries of a compact Riemannian manifold
B. Then, at each point of B, the linear isotropic subgroup is contained in the

holonomy group. Moreover, each parallel tensor field over B is invariant under G.

When B is homogeneous, this has been proved by B. Kostant [13].

2. Some conventions

Throughout this paper, all differentiable menifolds and mappings are under-
stood to be of class C”.

Let E be a differentiable manifold and x a point of £. We shall always
use T(E) to denote the tangent bundle of E, and T:(E) the tangent space of
E at x. Suppose f: E- M to be a differentiable mapping of E into a differ-
entiable manifold M. Then f induces a mapping f' : T(E)-> T(M) which is
called the differential of /. Restricted to Tx(£), f' is linear. Let V be a vector
space over the reals. We denote by Oz and @i, respectively, the sets of linear
combinations of V-valued differential forms over E and over M. They are
graded algebras with differential operator. The dual of /' gives a homomorphism
760y O,

For the sake of simplicity, we shall use, in what follows, the same symbol
J/ to denote the differential f’ of a differentiable mapping f.

Let G be a Lie group and G its (left) Lie algebra. We identify G with
the tangent space T.(G) of G at the identify ¢ of G. For ¢E€ G, Lg and R,
denote, respectively, the left and right translations induced by g. The composite
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Lg ° Ry is called the adjoint transformation and is denoted by Ad.g. It carries
- Te(G) into itself and is an automorphism of the Lie algebra of G. By left
Maurer-Cartan form, we mean the G-valued linear differential form o over G
such that w(&)= (Lg-)(&) for & € T,(G). Right Maurer-Cartan form is
defined in the similar manner.

Let ¢ be a linear representatiori of a Lie group G on a linear space V, and
H a closed subgroup of G. Suppose 2 : Te(G) - V to be a linear mapping such
that 2° Ad.h=¢(h) o} for all he H. We can extend A to a V-valued linear
differential form @ over G by putting

F3(8)=¢(@A((Lg-)(&)), & ETLG), g€G.

Its differentiability follows from the differentiability of the group multiplication
of G. For any k€ G, and h € H, we find by a direct calculation that

(2.1) (Lp)* o = ¢(k), (Ad. W) "o =¢(h) .

This & will be called the ¢-invariant extension of 2. We note that @& is the
only V-valued differential form which extends 2 and satisfies the first part of
the conditions (2.1).

3. ¢-invariant differential forms

Suppose that a Lie group G acts on a differentiable manifold £ differ-
entiably. Then the mapping G x E— E given by (g, x) > g(x), g€ G, x€ E,
is differentiable [7, p.212]. Choose a point %, of E, and define p : G—» E by
plg) = glx). This mapping # is differentiable and the subgroup H={g: g€ G,
g(%0) =%} is a closed subgroup of G. For any g€ G, and h € H, we find
immediately that the diagrams

¢k ¢tE
(3.1) L'l lg Ad. k| | h
p ¥ v ) N
G—F G—F
are commutative, and hence
(3.2) (L)% p* = p*g™, (Ad. )*p* = p™n*.

Let ¢ be a linear representation of G over a linear space V. A V-valued
differential form w over E is called ¢-invariant under G if g'w = ¢(g)w for all
g of G.
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(3.3) Let @ =p"w where w is a ¢-invariant, V-valued linear difierential
forim over E. Then (i) L¥o=c¢(@), (Ad. W) *®=¢(h)d for g€ G, h € H, and
(il) #(1) =0 for I € To(H).

Proof. Property (i) follows directly from (3.2). To see property (ii), we
note that p(H) = x,. Hence, for i € Te(H), p(J;) =0 and

3(h) = (") (k) =w(p(h))=0.

(3.4) Suppose that G acts on E transitively, and that & is a V-valued,
linear form over G having the properties (i) and (ii) in (3.3). There exists

then a unique v-invariant, V-valued differential from o over E such that & = p*o.

Proof. The uniqueness follows from the fact that p is an onto mapping.
To see the existence, let us consider the restriction of p on T.(G). This is a
linear mapping: 7.(G) » Tx(E). From the theory of Lie groups, we know
that this mapping is onto and has T.(H) as its kernel. Let @. denote the
restriction of @ on T.(G). Since @. vanishes in T.(H), there exists a linear

mapping 2 : T%(E) - V such that
(3.5) (R =2p(E)), EeTG).

For any x € Tw(E), we choose % € T.(G) with the property that PE)=1%.
From the commutativity of the diagrams (3.1) and the property (i) of &, it

follows that S

(3.6) AR(x)) = 2(R(p(E)) = 2(p(Ad. ) (k) = @e((Ad. ) (%))
((Ad.R)*&)(E) =) a(k) =¢(M) (%), hEH.

Let y be any point of E, and ¥ € Ty(E). Since G is transitive on E, there
exists an element g of G such that g(y) =x,. Hence g(¥) & T, (E), and Ag(¥))
has a meaning. We shall see that the expression ¢(g ) A(g(¥)) is independent
of the choice of g Suppose that g; also carries y to x. Then g = hg for a

certain .z of H. From (3.6), we have
@M@ =¢(@ ) e 2(h(g(F)) = ¢(h™) a(g(F ).

Thus ¢(g™")4(g(¥)) depends only on . Defining w(¥ ) =¢(g)(g(¥)), we
get a V-valued linear form w over E. Its' differentiability follows from the

differentiability of the transformation mapping: G x E - E, while its ¢-invari-
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ance under G follows from its definition. Furthermore, we can easily verift

that @ =p*» by using (3.5), the ¢-invariance of w and the property (i) of @.

4. Automorphisms of a principal fibre space

Let S be a topological transformation group of a space E acting from the
left. The system {E, S} is said to form a principal fibre space if the following
two conditions are satisfied :

1) Given any two points x, y of E, there exists at most one element of S
carrying x to y.

2) The set R={(x, y): there exists s of S carrying x into y} is closed in
E x E, and the mapping of R into S defined by (x, y) - s is continuous.

The group S, the orbits under S, and the space B of orbits are called,
respectively, the structure group, fibres, and the base space. From condition
2), it follows that fibres are closed in E and are all homeomorphic with S.
Here, contrary to convention, we assume the group S to act on E from the left.
This has some advantages in our further discussions.

A principal fibre space will be called differentiable if all the spaces in-
volved in the definition are differentiable manifolds and all the mappings are
differentiable.

Let {E, S} be a differentiable principal fibre space. Then S is a Lie group
acting on E differentiably. From Frobenius Theorem, we know that local differ-
entiable cross section exists. Then the base space B has a natural differentiable
structure, and E is a differentiable fibre bundle over B. A transformation of
E is called an automorphism if it is bi-differentiable and it permutes with every
element of S. Hence an automorphism carries fibres into fibres. Now suppose
G to be a Lie group of automorphisms of E. Choose a fibre Fy of E and a
point %y in F;. Consider the subgroup J={g: g€ G, g(F) = F). For j& ],
7 (x0) € Fy,. There exists then a unique element, say ¢(j), of S such that
¢(7) (%) = 7' (x0). Since elements of J and elements of S permute, the mapping
¢ : J— S preserves the group multiplication. It is, moreover, continuous on
account of the property 2) in the definition of a principal fibre space. We note
that for different choice of the point x,, the homomorphisms obtained differ
only by an inner automorphism of S.

Let @ =G x S be the direct product of G and S. In the natural manner,
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Q acts on E as a differentiable transformation group (@ is not necessarily
effective even if both G and S are so). The isotropic subgroup of @ at x, is
then H=1{(j, ¢(j)) : jeJ). Let J, S, fi denote the Lie algebras of J, S, H
respectively. Following our convention, we use the same letter ¢ to denote the
algebra homomorphism: J - S induced by the group homomorphism ¢.
Then

(4.1) A={7+¢():je i

In particular, suppose E to be the bundle of frames of a differentiable
manifold B of dimension ». Then the structure group S is the general real
linear group GL(R, n). Let G be a differentiable transformation group of B,
and J' the isotropic subgroup at a point & of B. Each j of J' induces a linear
transformation ; of the tangent space Ts(B). Thus we have a homomorphism
j— j of J into GL(R, »). On the other hand, G can be regarded as a group
of automorphisms of the bundle E of frames. Let F, be the fibre of E corre-
sponding to &, and J, ¢ have the same meaning as in the preceding paragraph.
Then we see readily that f=]' and that ¢ is nothing but the linear represen-

tation 7 - ;.

5. Invariant connections

Let {E, S} be a differentiable principal fibre space, and § the Lie algebra
of S. A connection over E is, by definition [2, p. 511, an S-valued linear differ-
ential form « over E such that (a) s*w= (Ad.s)w, s€ S; and (b) if y is any
point of E and = : S - E is defined by z(s) = s(y), then =" w is the right Maurer-
Cartan form of S. Here, we have Ad.s and right Maurer-Cartan form instead
of Ad.s”! and left Maurer-Cartan form as in the classical definition. This is
due to our assumption that S acts on E from the left.

Let w be a connection over E, and G a Lie group of automorphisms of
E leaving o invariant. Consider the direct product @ =G x S, and denote by
¢ the representation of @ on § defined by ¢(g, s) =Ad.s, g€G, s€ S. Then
the form w is ¢-invariant under @. Choose a fibre F, of E, and a point ¥, in
Fy,. Let

J={g:g€G, g(F) =F), H={q: q€Q, a(x) = %},

and p : @ —» E be defined by p(q) = g(x).
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(5.1) Denote by ¥ the restriction of —p*w on Te(G). Then
o (Ad./)=Ad.¢(j) o ¥,  ¥(j)=9¢(F)
for all j = J and ;E J, where ¢ is the homomorphism discussed in § 4.
Proof. Since w is ¢-invariant under @, we have from (3.3)
(5.2)  (Ad.B)*(p*0) = ¢(W)(p*0), (p'0)(k)=0, heH, hreN.

Let £€ G =T.G), and j€ J. The element % =(Jj, ¢(j)) belongs to H. (5.2)
then implies that

T((Ad.W)(&)) =¢(W)W(&) = Ad. o(/)) W(&).

From the permutability of elements of G and S, we know (Ad.h)(&)=(Ad.7)(&).
Hence #((Ad./)(&)) = Ad. ¢() ¥(&).

Let j€J. From (4.1), 7 4+ ¢(j) & T.(H), and hence by (5.2), we have
(p*w)(? +</)(;‘)) =0. In other words, W(}) = (p*w)(gb(;')). By definition of
a connection, the restriction of p*w on S is the right Maurer-Cartan form of S.
From the fact ¢)(;’) € T.(S), it follows then that (p'?'m)(t,b(; )) = </'(7 ). There-
fore, #(7)=¢(j) for j & §. Proposition (5.1) is thus proved.

(5.2) Let 2 be the curvature form of a connection w over E invariant

under G. Then the restriction of p*2 in T.(G) is given by
200°0)(&:, &) =¥[&y, &:1-[¥(&), ¥(&)], &, &.€ T.G).
Proof. From equations of Cartan, we know that
202=2dw+[v, ol
It follows that 2p*2 =2d(p*w) +[p*w, p*»], and hence
200*2)(81, &) =2d(p*0)( &, &) +[¥(&)), ¥(&)], &1, &€& Te(G).

The linear form w over E is ¢-invariant. We have therefore, from (3.3) that
LY (p*w) = ¢(g)(p*w) =p*w for every g of G. In other words, the restriction
of p*w on G is invariant under left translations. Hence

2d(p*0) (&1, &) + (p*w)[ &, &51=0
and hence

20" 2)( 81, &) =[¥(&), ¥(&)]1—-V[&,, &)
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6. Fibre-transitive case

Suppose that E, S, G, %, J, ¢, ... have the same meaning as in the
preceding section. We see immediately that the following three conditions are
equivalent: (i) G is transitive on the fibres of E; (ii) the group @ =G x S is
transitive on E; and (iii) G, when regarded as a transformation group of the
base space B, is transitive. Moreover, if this is the case, then B is homeo-

morphic with the coset space G/J.

TueoreM 1. Let G be a Lie group of automorphisms of a differentiable
principal fibre space {E, S}, transitive on the fibres. Then there is a one-to-one
correspondence between the invariant connections o over E and the linear
mappings ¥ . G~ S such that

To(Ad.j)=Ad.¢(j) oW, w(j)=¢(}), je], jei.

Let 2 denote the curvature form of w. Then the restriction of p*2 on G is
given by

A

20p*0)(&4, &) =[W(&)), ¥(&)]1-¥[&,, &.], &1, &€ G.

Proof. On account of (5.1) and (5.2), it suffices to prove that to a linear
mapping ¥ : G- § with the two properties mentioned in the Theorem, there
corresponds an invariant connection «» under G. For this purpose, we extend

— ¥ to a linear mapping 1 : Te(Q) - S by putting

>

WE€+s)=5s-w¢&), &G se8.

Let % be an element of H. There exists j & J such that &= (j, ¢(5)). Taking

account of the fact that G and S are elementwise permutable, we have

A(AA. B)(Z + $)) = A((Ad. H(Z)) + ((Ad. ¢()N)(3))
=Ad. ¢()(s) —7((Ad. ) (&))
=Ad. ¢(H)(s) = (Ad. ¢ T(EZ) = Ad. ¢(j) A(& + 5).

In other words, 4 ° Ad.h=¢(h) o 2 for he H. Therefore 2 has a ¢-invariant
extension @ over the entire tangent space T(Q) of @ as defined is §2. This

@ is an S-valued linear differential form over @ with the following properties :

2 The Lie algebra G is always identified with T¢(G).
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-

6.1) Lio=¢@, (AdW'G=¢cha, o(s)=s
q€Q, heH g6, se8.

Let , € T.(H) =¥i. From (4.1), we can find ; € § such that 7 = 7 +¢(7).
Then

(6.2) o) =¢(G)—w(F) =0.

Taking account of (6.1) and (6.2), we have from (3.4) that there exists an
S-valued linear form o over E which is ¢-invariant under @ and satisfies
& =p*0. We shall see that this » is a connection over E invariant under the
group G.

For g€ G, s S, we have from the definition of ¢ that ¢(g) = identity,

and ¢(s) = Ad.s. Therefore, the ¢-invariance of w under @ accounts to

(6.3) go = o, stw = (Ad. s)w.

Let § be the restriction of @ on S. From (6.1), we have
Li6=(Ad.s)f, 6(s)=5, s€S se8.

These two equalities imply that 6 is the right Maurer-Cartan form of S. Now
let » be any point of E, and = : S— E be defined by =(s) =s(y), s€S. Since
G is transitive on the fibres of E, @ is transitive on E. There exist g of G

and s, of S such that g;'so(x%) =». From the commutativity of the diagram

S->E

Rsol , lgo,

S—F

it follows that n*w=r"giw=S&p"0=R:E0=0, and hence =*w is the right
Maurer-Cartan form of S. Combining this with (6.8), we know that o is a

connection over E invariant under G. Theorem I is thus proved.

CororrarY 1. In Theorem 1, the connection w is locally flat if and only

if the linear mapping ¥ : G > S is a Lie algebra homomorphism.

Proof. The “only if” part is a direct consequence of Theorem 1. To see
the “if” part, let us assume that ¥ is a Lie algebra homomorphism. We take
any two horizontal vectors %, X, of E at the point x,. Since the mapping
D : @ > E is onto, there exist g&,€G, 5,8 such that p(é;;—i- si) = :?,-, i=1, 2.

The vectors p(s;) are vertical. Hence p(&;) and %; have the same horizontal
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component, and hence
20(%1, %2) =22(p(&)), p(8)) =[¥(&)), ¥(&:)]1-V[&,, &:1=0.

The curvature form £ vanishes at x, and then must vanish everywhere on

account of the homogeneity. The connection o is locally flat.

CoroLLARY 2. Let G be a Lie group acting differentiably and transitively
on an n-dimensional manifold B with ] as the isotropic subgroup at a point b
of B. Denste by B the natural linear representation of J on Ts(B). Then there
is a 1-1 correspondence between invariant linear connections over B and linear
mappings ¥ of G into the Lie algebra of GL(R, n) such that

ToAdj=Adg(j)o¥ ¥()=p(]), jel, jei.

CoroLLARY 3. Let E, S, G, J, ¢ have the same meaning as in Theorem 1.
Suppose that J is reductible in G (ie., G has a linear subspace M such that
G=F+M INM=0, Ad. J(M) =M). Then E always has connections invariant
under G. Moreover, these connections are in 1-1 correspondence with the linear
mappings a : M~ 8§ such that a o (Ad.j) =Ad. ¢(j) o a, jE J.

Corollaries 2, 3 are particular cases of Theorem 1. Both of them can be
regarded as a generalization of a theorem of Nomizu [8]. It is to be noted
that the existence of an invariant linear connection does not imply that J is

reductible in G. A criterion of this reductibility will be given in §9.

7. Definition of the group 4

To discuss the holonomy group 2 of an invariant connection, we find it
convenient to introduce a subgroup 4 of S. This group 4 contains both X and
¢(J), and is, in general, larger than ¢(J) + 2. Elements of 4 have been used
by K. Nomizu [9] to study the affine collineations of Riemannian manifolds.
This section and the next are devoted to the discussion of 4.

Let w be a connection over {E, S}, and G a group of automorphisms of
{E, S} leaving o invariant, not necessarily fibre transitive. From now on, E is
assumed to satisfy the second axiom of countability. For each point x of E,
we denote by 2, the holonomy group at x and by 9. the set of all points
which can be joined to x by horizontal curves. These $’s are submanifolds of

E which we shall call horizontal manifolds. We note that 9. is, in general,
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not closed in E. Since elements of both G and S carry horizontal curves into

horizontal curves, we have
&(D:) = Dgix)s s(9) =Hsr, BEG, sES.

Now fix a point ¥ of E. Consider the orbit €. =G(9:) of Hr under G.
For each # of G, let us put

du={s:seES s(u) e E,)}.

We shall see that 4, forms a group. In fact, let s, t € 4,. Thereexist g hE€ G,
¥, 2E€ 9, such that s(u) = g(y), t(x) = h(z). It follows that
S—l@x = S—lsf)y =gy = g—’ Du.
Hence
s—lt(u) = s—lh(z) = hS_l(Z) (S hs_l@x = hgq@u - G(©u\’ = @.\';

and hence 4, forms a subgroup of S. It is easy to verify that 4. is independent
of the choice of # in &,. Nevertheless, if ¥ is changed, 4, is changed into one
of its conjugate subgroups in S.

Let r € 3y, and s& 4,. There exist y € 9. g€ G such that s(u) = g(y).
Since 7(y) € 9y, we have

sTlrs(u) = s rg(P) = g5 () € g5 Dy = 287 Du = Du.

This tells us that s™'7s & 9,. In other words, 5, is a normal subgroup of 4.
Thus we have proved

(7.1) For each x of E, dx is a subgroup of S and contains 5. as a normal
subgroup.

The group 4. can also be defined in terms of the parallel displacements.
In fact, let F be the fibre containing %, and g an element of G. Then g(F) is
a fibre, and there exists a parallel displacement ¢ (not unique) carrying g(F)
to F. Let s=s(g o) be the element in S such that s(#) =og(%#). Then 4,
consists of the elements s(g, o) for all the possible pairs (g, o).

Since 4. is a subgroup of the Lie group S, we can talk about its Lie
algebra (i.e., the Lie algebra of its arcwise connected component of identity)

and its linear adjoint representation. The following property will be found
useful :

(7.2) Suppose that E, S, G, %, H, p, v, ¥ have the same meaning as in
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(5.1). If G is transitive on the fibres of E, then G, =G4y (%), and ¥(G) is
contained in the Lie algebra of dx,.

Proof. For simplicity, we write €, 4, 9, & instead of Gy, dv,, Dxy -
It is evident that G4(x) C G(9H) =6. To see the equality, let y = €. There
exist z€ 9, g€ G such that g(z) =y. Since G is fibre-transitive, we can find
g1 < G such that x, and g7'g(z) are in the same fibre. There exists then s€ S
with the property that s(x,) =gr'g(x) € G(H) =€. By definition of 4, s€ 4.
Therefore y = g(z) = gis(%) € G4(x). This shows the equality G4(x,) = E.

Since 4 is a subgroup of the Lie group S, we can give it a stronger topo-
logical structure to render it a Lie group 4' in such a manner that 4 and 4'
have the same arcwise connected components. Let us consider the Lie group
G x 4'. It contains H as a closed subgroup. Denote by &' the coset space
(G x 4')/H. There is a 1-1 continuous mapping 7 of €' onto €. In the natural
manner, {€', 4’} forms a differentiable principal fibre space. We can readily
verify that {E', 4'} together with 7 is a reduced bundle of {E, S} in the sense
of Nomizu [10, p.37]. Thus both € and 4(x,) are submanifolds of E.

Since $ C €, the connection w on {E, S} can be reduced to a connection
on {€, 4’} [10, p.27]. In other words, any horizontal vector at a point of €
is tangent to 6. Let & & G, then p(&) € Ty, (G). From the definition of ¥
(cf. §5), the horizontal and vertical components of (&) are, respectively,
P& +w(8)) and —p(W(&)). Since P& +¥(&)) T.(E), we know that
V(&) € Ty(E). The vector p¥ (&), being vertical, then must be tangent to
the orbit 4(x) of x, under 4. There exists s €4 such that p(s) = p¥(&).
We know that, restricted to §, p is one to one. Hence ¥(s)=3s 4. The
proof is thus completed.

Professor Nomizu has communicated to me that #(G) CJ still holds if G

is not fibre-transitive.

8. Some remarks about the group 4

We shall give, in this section, three remarks about 4 which will not be
used in the rest of this paper.

Remark 1. Let N be the normaliser of 3y in S, and

M=N(D:)={n(y) : nEN, y € H,}.
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Then M ‘is a closed submanifold of E, and {M, N} together with the identity
mapping forms a reduced bundle of {E, S}. For each ye M, , CM. Since
any two horizontal manifolds are either disjoint or identical, we can decompose
M by horizontal manifolds. Let A7 denote the decomposition space. This space
may not be Hausdorff as the holonomy group 5. may not be closed in N. The
group N acts on A7 in the natural manner as a transitive topological transfor-
mation group. Let ¥ € M be the image of x under the decomposition mapping.
Then the isotropic subgroup of N at ¥ is the holonomy group 3% at x (in fact,
X, leaves every point of M fixed). There is a 1-1 continuous mapping a of
the factor group N/ onto M. We note that /3, is, in general, non-Hausdorff.
The mapping « is, moreover, a homeomorphism. This follows from the fact

that, given any open subset U of S, the set
UG ={uly) :uc U, yE 9.}

is open in E.

On the other hand, we have the group G of automorphisms of {E, S, w}
(not necessarily fibre-transitive). Since 4. C N, G carries M into itself. Each
g of G permutes the horizontal manifolds Thus G acts on the decomposition
space M in the natural manner as a topological transformation group. Define
B:C-N/Z: by (@ =a"'g(X), gEG. Then B is continuous. From the
commutativity of elements of G and elements of S, we know that 3 is a homo-

morphism. Moreover, 5(G) = 4,/2:. In other words,

The group dx is an extension of the holonomy group . by a homomorphic
image B(G) of G.

An example: Let B, be the n-dimensional ordinary affine space deprived
of the origin, and G the group of all affine collineation of B,. Since the con-
nection is flat, the holonomy group contains only the identity. Both G and 4
are isomorphic with the general real linear group GL(R, n), and B is an iso-
morphism. The isotropic subgroup J is of dimension #*— n.

Remark 2. Suppose that {E, S} is the bundle of frames of a differentiable
manifold B. Then w is the linear connection over B. From the second definition
of 4 and the fact that 4. C IV, we have the following:¥

% This has been proved in [5].
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Let T be a parallel tensor field over B. If at a point b of B, Ty is invariant
under (the connected component of identity of) the normalizer of the holonomy
group at b, then T is invariant under (the connected component of identity of)

the group of all affine collineations of B.

Remark 3. Let {E, S} be a differentiable principal fibre bundle with a
connection. It is well-known that the holonomy group can be regarded as either
a subgroup of the structure group S or a group of automorphisms of a fibre
F which commutes with S elementwise. Used in the former sense, it depends
on a point x of reference, and we shall denote it by J;. Used in the latter
sense, it depends on the fibre F, and we shall denote it by J». The situation
is similar for the group 4. In the above discussions, we fix a point x¥ of E, and
consider 4. as a subgroup of S. If we use the second definition of 4, we can
also interprete it as a group of automorphisms of F which commute elementwise
with S. Thus 4 depends on F. When used in this sense, it will be denoted
by 4r. For each €, = G(9,) and each fibre F, the intersection €; N F is an
orbit of 4r. Here we note that infinitesimal trnasformations" of 4r have a
meaning. They are vector fields over F and are invariant under the translations

of the structure group S.

If G is connected, then the following four conditions are equivalent: (a)
G leaves invariant the horizontal manifold Hx: (b) Zx=4.; (c) at each point
of Dz, every infinitesimal transformation of G is tangent to Hx; (d) on any
fibre F of E, the field of vertical components of each infinitesimal transformation

of G is an infinitesimal transformation of Zr.

Proof. The equivalence of (a) and (b) is evident while the equivalence
of (a) and (c) follows from the fact that G is generated by its infinitesimal
transformations. To discuss condition (d), let Z be an infinitesimal transfor-
mation of G, and denote by Z, the field of vertical components of Z. Since G
and S commute elementwise, the vector field Z, and hence Z,, is invarant under
S. Choose a fibre F, a point ¥ on F, and denote by Z(y), Z,(y), respectively,
the values of Z, Z, at y. Suppose that (c) holds. Then Z(y) & Ty(9,). Since

9) Vector fields and infinitesimal transformations on a differentiable manifold are
synonymous. By an infinltesimal transformation of a differentiable transformation group,

we mean the infinitesimal transformation induced by a one-parameter subgroup of that
transformation group.
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et
[$2)

75(9y) contains all the horizontal vectors of E at v, we have
Zp(y) ©= Ty(sjy) m Ty(F) - Ty(sf.)y f\ P‘)

There exists then an infinitesimal trnasformation W of X+ such that Z,(y)
= W(y). Both vector fields Z, and W are invariant under S, and S is transitive
on F. It follows that Z, and W coincide at every point of F. In other words,
condition (d) holds. Conversely, suppose that (d) holds. Then Z, is tangent
to horizontal manifolds 9, at every point y of E. Since 7y($,) contains all

the horizontal vectors at y, we have Z(») & Ty(9,). This completes the proof.

Remark 4. Let B be a differentiable manifold and E the bundle of frames
over E. Choose a point b of B, and denote by F the corresponding fibre in E.
Since E is the principal fibre bundle associated with the tangent bundle of B,
there is a one-to-one correspondence between automorphisms of 73(B) and
automorphisms of £ commuting with all elements of S. Passing to the infini-
tesimal transformations, we have a correspondence L between endomorphisms
of Ts»(B) and vector fields over F invariant under S. This correspondence L
is bijective, linear and preserve the bracket operation. L also gives a corre-
spondence® between tensor fields of type (1,1) on B and vertical vector fields
on E which are invariant under S.

Now suppose that B has a linear connection without torsion. For each
vector field X on B, Kostant [12] defined a field ax of endomorphisms of the
tangent spaces of B by putting ax(v) = -F,X, v & T(B), where F denotes the
" covariant differentiation. This field ay has a very simple geometrical meaning
in the bundle £ of frames. In fact, X, being an infinitesimal transformation on
B, gives in the natural manner an inﬁnitesimal transformation X on the bundle
E of frames. Let ¥, be the field of vertical components of X. By a direct
computation, we can verify that L(ax) =X,. By means of the correspondence
L, both the group 4r and the holonomy group S can be regarded as groups

of automorphisms of the tangent space. Thus we have, from Remark 3,

Let G be a connected group of affine collineations of a manifold B with a

5 Let u® (i=1, 2,..., n) be a system of local coordinates of B, and (¢, Xi) be the
local coordinates in E as in [10, Chap. III, $§4]. Suppose A to be a tensor field of type
(1,1) on B defined by A(d/eu’)=Al3/eut, where AF are functions of #'s. Then L(A) is
the vector field —X;Af2/0X"% on E.

https://doi.org/10.1017/50027763000023461 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000023461

16 HSIEN-CHUNG WANG

linear connection. Then the group 4 coincides with the holonomy group if and
only if, for each infinitesimal transformation X of G, the Kostant tensor ax

belongs to the Lie algebra of the holonomy group.

Kostant [12] has proved that, for and Killing vector field X on a compact
Riemannian manifold, ax always belongs to the Lie algebra of the holonomy
group. Hence

Let G be a connected group of isometries of a compact Riemannian space
B. Then the group 4 and the holonomy group coincide. In particular, at each
point of B, the linear isotropic subg@roup is contained in the holonomy group.

Moreover, each parallel tensor field over B is invariant under G.

If B is, moreover, homogeneous, this has been proved by Kostant (to
appear). For B irreducible, this can also be obtained from Lichnerowicz
results [6].

9. The holonomy group

Now assume that G is fibre-transitive on E. We have shown in §6 that
the invariant connections o are in 1-1 correspondence with certain linear
mappings ¥ : G > §. It is the aim of this section to give an explicit ex-
pression of 4 and the holonomy group 2 in terms of ¥. When J is reductible
in G and w is the canonical linear connection of the second kind, the expression

for 2 has been found by K. Nomizu.

TueoreMm 2. Let G be a Lie group of automorphisms of {E, S}, transitive
on the fibres. Suppose that w is an invariant connection corresponding to the
linear mapping ¥ : G - §. Denote by R the subalgebra of S generated by ¥(G).
Then dy=¢(J) + R where R = exp. R. If, moreover, $(J) is arcwise connected,
then d¢,= R.

Proof. Since ¥ o Ad. () = Ad. ¢(j) o ¥ for j€ ], we have Ad.¢(J)(R) =R
and Ad.¢(J)(R) =R. In other words, ¢(J) belongs to the normalizer of R, and
hence ¢(J) * R=R+ ¢(]) forms a subgroup of S. From (7.2) and the definition
of 4, we have R C 4y, and ¢(J) C 4, respectively. Therefore ¢(J) * R C 4,

To prove 4., C ¢(J)+ R, we shall first show that the connection w can be
reduced to a connection with structure group ¢(J) * R, and then show the

required inclusion, For this purpose, we give the subgroup ¢(J)+ R of S its
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intrinsic topology to render it a Eie group I. Let € = GR(x,) and &' =(GxI")/H
where H={(j, ¢(j)) : j& J}. The mapping i: C' - E defined by i((g, s)H)
=gs(xy), g€ G, s T, is one-to-one and differentiable. Moreover, #(¢') =6,
Assuming I” to act on ¢’ from the left in the natural manner, we can readily
verify that {€/, I'} together with ¢ is a reduced bundle of {E, S} in the sense
of [10, p.37]. Now we shall see that the connection w can be reduced to a
connection on {C’, I'}. Let ye € =GR(x,), and ¥ be a horizontal vector at .
There exist g€ G, 7 € R, such that gr(y) =x,. Then x =gr(¥) € T.(E) and
is horizontal. Since @ = G X S acts transitively on E, we can find geG, se$

with the property that (& + s) = %¥. From the equality
0=0(x)= (') (& +5)=s—¥(&)
it follows that s =%(&), and then ¥ =p(& +¥(&))eEp(G+ R) = T, (C). There-

fore, ¥ =r‘1g"(55) e Ty(€) because RG(€)=€¢. In other words, w can be

reduced to a connection on {&', I'}. We have then
Dy, T 6, €y, =G(9y) CG(E) =6,
As 4" and I are the structure groups of ¢ and ¢’ respectively, it follows that
4y, C ¢(J) + R. The equality 4x,=¢(J) - R is thus established.
Since ¢(§)=w(F) C#(6) C R, we have ¢(J) CR and 4, =R whenever

¢(J) is arcwise connected.

THEOREM 3. Assumptions are the same as in Theorem 2. Let V denote
the linear subspace of S spanned by {W[&;, &.1—[w(&,), w(&:)]: &, &, G).
Then the Lie algebra by of the holonomy group I at x, is the munimal Iinear

subspace containing V and invariant under Ad. dx,, or what is the same,
V+Iw(6), VI+[#(6), [%(6), VII+ ... .

Proof. Let 2 denote the curvature form of the connection w, and £ = p*Q.
From Theorem 1,
20(8,, &) =[w(&)), ¥(&)1-V[E, &), &, &G

Hence V C{2(%;, x,) : %y, %.€ Tx,(E)}. We shall see that they actually
coincide. Given %; €& T.,(E), there exist g e G, s;= S such that p(§,~+ s)
= 5?;, i=1, 2. The vectors ﬁ(é ;) and x; have the same horizontal component.
Hence 2(&;, &) = 2(p(&)), p(&:)) = @(£;, 1), and hence
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V={02(Xy, %) : %1, %2 E To(E)}.

Let U be the minimal linear subspace of § containing V and invariant
under Ad. 4y, Since V C23, proposition (7.1) implies that 0C3. We note
here that U is an ideal of the Lie algebra of 4, and hence a subalgebra. Let
» be any point on 9., and Y1, ¥.€Ty(E). Since D5 C 6y, and G X 4y, is transi-
tive on €,, there exist g€ G, s & 4, such that gs(y) =x. Hence gs(¥:)
‘€ Tx(E), and we have

25, Fo)=0(g(F1), g32) = (Ad.s7) 2(gs(F)), gs(¥1)) € Ad. 4,,(V) C 0.

A theorem of Ambrose-Singer [1] then tells us that 3 C . Hence U =23.

Let W= V+[?(&), V1+[Z(&), [¥(&), VI1+ ... . Both Ad.¢()) and
Ad.R leaves W invariant. The former follows from the formula ¥ - Ad.j
=Ad.¢(j) o ¥, jJ, while the latter from the fact that R is generated by
#(&) and R=exp. R. Therefore, U CW. The inclusion W C U is evident and
we get U=W. This completes the proof of Theorem 3.

CoroLLarY. If, in Theorem 3, W(G) =¢( ), then the Lie algebra of the

holonomy group at x, is the linear space V.
Proof. This follows from the fact that [#(G), V1=[¢(JF), VI1C V.

Remark. Let {E, S} be the bundle of frames of a manifold B, and assume
that G to be effective. Then the homomorphism ¢ : J - S is an isomorphism.
Suppose that E has an invariant connection for which #(G) =¢(J). Denote
by K the kernel of ¥. Then KNJ =0 and dim.K=dim. G - dim. ¢(J)
=dim. G —dim. §. Hence G=K+ §. From the fact 7 o Ad.j=Ad.¢(j) ° ¥,
je€ ], it follows that (Ad.J)(K) =K. This tells us that J is reductible in G.
Conversely, suppose that J is reductible in G. Let G= J + K be the reduction.
We define the linear mapping ¥ : G - § by putting #(7) =¢(7), ¥(%) =0,
76 J, Ze K. This ¥ gives an invariant connection with the property #(G)
=¢(J). It can be verified that this is Nomizu’s canonical connection of ‘the
second kind [8].

10. Invariant Cartan connection

Let {E, S} be a differentiable principal fibre space with base space B, and S,
a Lie group containing S such that dim. B=dim.S;/S. Denote by §, §; the Lie

algebras of S, S, respectively. Then a Cartan connection over B can be defined
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as an $;-valued linear differential from o over E with the following properties :
(i) ¥ e T(E) and (%) =0 implies ¥ =0;
(ii) s*w=(Ad.s)o, sES;
(iii) For any x € E, let us define n, : S ~ E by m.(s) =s(x), s& S. Then
mrw is the right Maurer-Cartan form of S [3], [4]1.

Using the same arguments as before, we can prove

TuEOREM 4. Suppose G to be a Lie group of automorphisms of {E, S},
transitive on the fibres. Then there is a 1-1 correspondence between the in-
variant Cartan connections o over B and linear mappings ¥ : G - S; such that
(@) () =¢(7), 7€, (b) ToAdj=Ad¢(j) oW je ], and (c) ¥(G) + 8

= 8§;. Here, ], J, ¢ have the same meaning as in §4.
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