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Improved classical limit analogues for
Galton-Watson processes with or
without immigration

C.C. Heyde and J.R. Leslie

It has recently emerged that the central limit theorem and
iterated logarithm law for random walk processes have natural
counterparts for Galton-Watson processes with or without
immigration. Much of the work on these counterparts has
previously involved the imposition of supplementary moment
conditions. In this paper we show how to dispense with these
supplementary conditions and in so doing make the analogy with

the random walk results complete.

1. Introduction

Let 243 =1, 2y, Z, ... denote a super—critical Galton-Watson
process with 1 < EZ; =m and O < varZ; = 02 <@, Tt is well-known that

there exists a non-degenerate random variable ¥ such that I1im W% =W
n-roo

almost surely, where W = m'"zn (for example, Harris (2], p. 13).

Furthermore, some central limit analogues have been established in this
context by Heyde [5] and Blhler [1]. These results are that

1 1
bne-m)zo-lznzmn(W—Wn) conditional on Z >0 end
R R Y P R S | i
(m°-m)20™ w2 (nf-1)"3272|2__ -n2_| conditional on Z_ > 0 (fixed 4 )
n | ntj n n

are both asymptotically normal N(O, 1) . See [5] for an explanation of
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why these results can be regarded as central limit analogues.

Under the further restriction that EZ? < © , rates of convergence in
the central limit analogues cited above have been given in [7]). These have
been used in [6] to obtain almost sure convergence results for the
Galton-Watson process which are analogues of the law of the iterated
logarithm for random walks. In this paper we shall show how the
restriction that EZ? < o may be removed. In Section 2 we shall obtain
convergence rates in the central limit analogues and also iterated

. ey 2
logarithm analogues under the basic condition that FEZ; < » ,

In Section 3 of this paper we shall deal with the Galton-Watson
process with immigration. The development of the corresponding limit
results in this case has followed the pattern described previously for the
case without immigration. Heyde and Seneta [§] have obtained central limit
analogues under EZ% < o and rate results and iterated logarithm analogues
under EZ? < ® ., We shall again show how to dispense with the moment
restriction and will obtain the rate results and iterated logarithm

2
analogues under FEZ, < » ,

2. The process without immigration

We shall establish the following theorems. The reader is referred to
the papers [5], [6] and [7] for background details.

THEOREM 1. Let 1 <m =FEZ) and O < varZ, = 02 <» ., Then

2 1.1 .3 -1n
suplP[(m -m)Zc u, 2, 2m [W—Wn] sz | z, > 0] - o(x)| = e,
x n
and
-1 -1,-3 r
2 - -
s;p P[Ur vznzn [Zn+r m Zn] =z | z, > 0] ¥(x)| = d, »

where {cn}, {dn} are certain sequences of positive constants satisfying

o« o]
z ¢, <= and Z dn < © , Here
n= =1
oi = varZr = Ozmr(mr-l)sz—m]—l 5
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r any fixed integer,

[N
[}

2. -1,2 41
x dP(o m-m)2(W-1) < x
e T e )

v, J|x|</;1_ xzdp(o;l (Zr—mr] < x}

and ¥{(x) is the distribution fumction of N(0, 1) .

1

Explicit forms for c, and dn can be found by applying the lemma

below. We note also that un 41 and vn 41 as n > oo,

THEOREM 2. Suppose that 1 <m = EZ; and O < varZ; = 02 < o,

Then, on the non-extinction set {W > 0} we have almost surely

Zn+r-mrzn Zn+r—mr2n
lim sup ————— =1, lim inf —t—— =1,
n->o 2 s nre 2 =
2 2
[20an log n] [20an log n]
and
W=z, -z
lim sup =1, lim inf 1 = -1,
s no>o 3

1
[202@n2—m)_lzn log n]i 202(m2—m]-12n log n]

where r is any fized positive integer.

Theorems 1 and 2 extend the scope of results given in Heyde and Brown
[7] and in Heyde [6] respectively under the additional condition that
_EZ? < ® ., The form of the bounds obtained in Theorem 1 is however, of
necessity, much more complicated in the general case. An explanation of
this is not difficult to deduce from results given in [3] and [4]. Our
Theorem 2 preserves exactly the form of the Theorem of [6] under the more

general conditions.

In order to establish the above results we need the following key
lemma. The result of the lemma is given in two parts; the first is needed
in the present section and the second to obtain corresponding results for

the process with immigration in Section 3.

LEMMA. Let §i s 1=1,2,3, ... be independent and identically

https://doi.org/10.1017/50004972700047018 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047018

148 C.C. Heyde and J.R. Lestlie

distributed random variables with E(g) =0 and varg = 0 <o . Let

v, be a positive integer valued random variable which is independent of
the {Ei} . Then,
(1) suplP(a-ld-lN--;[E + + J < x} - ¢(x)|
y W28+ . v | =
x n n

{ 1
~z 7
< AE[IVn a n) + BE[Nnan] + E[lvnan]

where A, B are positive constants and

3 -1 -1
a = |z cﬂ’[a g = x] s b = f |z dP[a £ Sx] .
g J|x|</r7 | * R EIEYS | !
-1 2 2 -1
=P £l > ] » d =J dP[a E. = ] .
o [cx gl > & AN s

If n, with Elnn| < © {g a random variable which is independent of
the {Ei} and of N, s then for any sequence {En} of positive constants

with e:n->0 a n > o,

-1 ~1. .3
(2) sup'P(a d& V2 (El Faotg, o+ nn} = m] - <I>(x)l
x n n
-1 1 -1 -1 | 1
= AE[NnZaN J + BE[N;bN ] + E[Nnclv ] +ae Elnn|E[1Vnsz ] +5€E, -
n n n n
Proof. Let
2 2 1 -1 2
e =J de[a-E Sx]—U :L‘dP[OL 3 Sx]] .
* alk * |z| </ '
We have
) P a-ld-llv__; £+ + £ sz | N =k| - o(x)
(3 sup N "n {P1 N )~ n
x n n
= P a_le_llv_-; £+ + £ =x | ¥V = k] - &(x)
< sup AT IR AREE b | = "
x n n

+ sup
x

o(z) - <b[ekd;<lxn

Also, using the mean value theorem,
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o(x) - ¢[ekd;lx]| < c{l - ekd;l]
S {] pln )
cd;l(ek+dk)—l[Jlx’sz de[a_lEl = x]]g

2
= clbk = clbk ,

(4) sup
x

1A

e, ¢, being positive constants. Furthermore, from (22) of Heyde [4] we

1

find that

.1 -1,.-3
(5) sup P[a ey an[él oot gy ] <z | v o= k] - Q(x)\

x n n
-1 1
< Ak 2ak + Blk2bk + kck s

so that using (3), (4) and (5),

-1 ~1.-3
(6) S;p P[a d;nan[gl + ...+ gNn] sz | v = k} - ¢(x)|

1 1
= Ak'Tak + Bkibk + kck .

The result (1) follows readily from (6) using the argument of the lemma in
§4 of Heyde and Brown [7]. (2) is obtained using exactly the method of

Lemma 2.1 of Heyde and Seneta [§] with the aid of (1) instead of the

Berry-Esseen bound.
Proof of Theorem 1. Suppose that Z; has the distribution of Zn
conditional on Zn >0 . We firstly note that (see [5], [7]), conditional
1
on Zn >0, ngnZ(WLWn) has the same distribution as
1
A)TIY 4 L+ . i *
(Zn) [Ul UZ;] , where the Ut are independent of Zn and are

independent and identically distributed, each with the distribution of

1
- it -z i
W-1. Also, conditional on Zn >0, Zn [zn+r m Zn] has the same

1
distribution as (Z;)_E[Vl + ...+ VZ*J vwhere the V. are independent of
n
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Z; and ere independent and identically distributed, each with the

distribution of ZP -t . We can thus apply the lemma in both cases and

obtain bounds which we call e, dn respectively. It remains to show that

Z e, <=, Z dn < ® . We shall indicate the proof for Z e, s that

for ) dn follows similarly.

What we have to demonstrate is that Z E[(Z ) 2a ] <o,
n

Z E[(Z*]Ib ] < ® and Z E[Z e, } <@ vhere a b, e, are defined
n=1 n=1 n

in the lemma with &i having the distribution of W - 1 . The proofs of
the convergence of these three series are identical in form. They depend

on results of [4] where it is, in essence, shown in the proof of Theorem k4

that under the conditions of the theorem and if {nk, k=1,2,3, ...} is

2k

a sequence of integers with g v Ke as k> (K>0,¢>1) , then
o 1 o0 1 «©
} m2a =K <o, Y nlb sK <o, } on <K, <o
ke KTt k=1 KT 2 k=1 Ky T 3

for certain Kl, K2, K3 independent of X .

For u > 0 , let

a =

iy flxl<./§ =P ar (7 )30 2 ]

We have

https://doi.org/10.1017/50004972700047018 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047018

Galton-Watson processes 151

= r (:cmn)-%a ndP[m'nz:l < x]

0 xm

(=]
—
loun)
[aN]

g
| —
]
Nl
)
[aN]
Y
N
[l

«© 1
) I (wn*) 2a ndP[m‘”z* < ac]
k=0 ’k=m<k+l m n

® 1 1
- —cn
1 kK 2m 2a

P[k <mzg* < k+1]
k=0 (k+1)m* n

tA

A

* 1
e (k+1)m*+1] " 2a P[k < m‘"z*] s
1 kZO [ J [(k+1)m™+1] n

where ¢, 1is a suitable positive constant and {x] denotes the integer

part of x . Then using Chebyshev's inequality, PLw_nZZ > k) < ok 2 , and

OZO E’[[z;;)“;az;;]

n=1

IA

P[k-l < m’"z*]
n

Lo <] oo 1
e, 1 I ["1]) 7%
121 k=1 J Ebn”+1]

1A

1
) Dﬂn+l]_3a
1 n=1 Eﬂn+l]
(o] (=] 1
*+ejc Jo(k-1)"2 § [kn"*+1] 2a "
k=2 n=1 [k +1]

1A

0
ey *eq 22 (k—l)—2 <o,

o] 1 o0
as required. That z E[(Z;)2bz*] < @ and z E(chz*] < o follovw in
n=1 n n=1 n

the same fashion.

Proof of Theorem 2. This follows the same lines as the proof of the
theorem of [6]. We just make use of Theorem 1 and the inequality (6)
instead of the resulﬁs based on the Berry-Esseen inequality employed in

[6]. We then obtain

Z -m 7 Z - Z
1im sup ntr__n =1, lininf nwir  n - = -1
N> 2 2 = n-+o 2.2 >
2 2
QOPvZnZn log n] [20rvznZn log n]

almost surely on {W > 0} . The required results for

1
P 2 2 .
(Zn+r—m Zn](Zoan log n] then follow since v, 41 as n >, We

have, for example, since Zn > ® almost surely on {W > 0} ,
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. S Zn n+r-m Zn
lim sup : = lim sup 1
nie 2 = n-ro 22 =
2 bl
[20rzn log n] 20rvz Zn log n]
n
7 -m'zZ
=< lim sup LGz n ; lim sup ;l—
n-o 2 nro Z
[} 2z
2 an log n] n
72 -m'z
. n+r n
= 1lim sup

1

n>o 2 =
[20an log n]z

on {W > 0} . The remainder of the proof goes through exactly as in [6].
We show
|Zn-mnW|
lim sup =1,
—>00 -
" (2020m24w] lug Zn log n]
n

from which it follows that

IZn—mnwl
lim sup =1,
e [2020n2-m]‘1zn log n]

1
2
and the remainder of the argument of [6] can be repeated word for word.

3. The process with immigration

Let X9 =1, X;, X5, ... denote a Galton-Watson protess with
immigration whose offspring distribution has the distribution of Z; with
1 <FEZy=m and O < varZ; = 02 < » , We shall also suppose that the
immigration distribution has a finite mean. We refer the reader to Seneta

[9] for a detailed description of the process. Under the present
conditions, the theorem of [9] ensures that m—an converges almost surely

to a proper random variable V with finite mean EV and such that
P(V = 0) =0 . We shall here obtain the following theorems which extend
results presented in Heyde and Seneta [§].

THEOREM 3. Let 1 <m=EZ, and O < varZ, = 02 < ® . Then
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2 311 -dfn
sup‘P (m®-m}20 anXn2[m V-Xn] <z | X, > o] - q;(x)l <o

\

and

sup|P ‘lv‘lx";x -mx | =z | x> 0| - ox)
xp r Xn n | n+r nj ~ n

=8
n’

where {a }, {B,} are certain sequences of positive constants satisfying

[>¢] (o]
< , . .
n§1 o < and ngl Sn < » , Here Ops U5 U, areas defined in the

statement of Theorem 1.

Explicit forms for o, and Bn can be found by applying the lemma.

THEOREM 4. Suppose that 1 <m = EZ; and O < varZ; = 02 < =,
Then, with probability one,
r r
X  -mX X -mX
limsupL’l——l=l, liminf—m—r——n—l=—l,
ne [202X log n]i " [202X log n]i
r'n r'n
mv-x, m'v-x
lim sup =1, 1lim inf =-=1,
nro 7o

1 1
[2020w2—m)_lxn log n]E [2020w2—m)-an log n]i

where r tis any fiwed positive integer.

Theorems 3 and U4 extend the scope of results given in Theorems 2 and
3 of [8] under the additional condition that EZ? < o , The form of the
bounds obtained in the present Theorem 3 is however, of necessity, much
more complicated in the more general case. The present Theorem L preserves

exactly the form of Theorem 3 of [§] under the more general conditions.

The proofs of Theorems 2 and 3 follow the same lines as those of
Theorems 1 and 2, again using the lemma and (6). We make use of the

representations
(x
mvo- X = 1)+ s [W " -1] SO

and
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X)
_.r, _ [,(1) »r (n r
Xn+r m Xn = [Zr -m] + ...+ (Zr —m] + Yr,n

of [8] and the points noted in the proof of Theorem 3 of [§]. The only

real point of difference in the proofs involves showing that we can choose

<«
a sequence {e } with € >0 as 7 > such that [ ¢ <> and

n=1
PR N (e |
Z € E[X w | x > O] < o where w_ is either u_ or v_ .
& n n X n n n n
n=1 n
We know that u, +1, v, + 1 so that w, +1 as n =+, Thus,
conditional on X >0, w > w, and hence -
n Xn 1

oo Y S 17 -1 (-1

Y e EX - | x >0l sw- ] e Elxz|x >0

= X n 1 = n n n

n=1 n=1

© 1
-1 -1(.f,~1 2
<
= w) Z € [E[Xn | X, > o” .
n=1
Now, using Lemma 2.3 of [&] we have €, = 8" with 0 < Yy<o0<1,

o 5 1 El ©
I € [E’[X- b x > 0” =] 7 <w,
n=1 " i i n=1

Thus, with this choice of €, , ) €, <= and
=1

© 1
1 (-1 3 ]
) €, E(anwx | X > O] < ® _ as required.
n=1 n
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