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ON EXISTENCE OF DISTINCT REPRESENTATIVE
SETS FOR SUBSETS OF A FINITE SET

G. F. CLEMENTS

1. Introduction. Let S be a finite set and let Sy, Ss, . . ., S, be subsets of S,
not necessarily distinct. Does there exist a set of distinct representatives
(SDR) for S1,.S,,...,S,? That is, does there exist a subset {a1, as, ..., @,
of Ssuch thatae;, € S;, 1 £ ¢ = ¢, and a; # a,if ¢ # j? The following theorem
of Hall [2; 6, p. 48] gives the answer.

THEOREM. The subsets S, Ss, . .., S, have an SDR if and only if for euch s,
1Ss 245, US, UL US| 2 s for each s-combination {iy, s, . . ., 1}
of the integers 1,2, ..., 1.

(Here and below, |4 denotes the number of elements in 4.)

In this paper we use Hall's theorem and a generalization [1, p. 231] of a
theorem of Macaulay [4, p. 537] to solve a related problem. This time we are
interested in representing distinct l-element subsets of a finite set having
several different kinds of elements by distinct (I — k)-element subsets. More
precisely, let H be a set of k1 + ks 4+ ...+ k, = K (billiard) balls, k; of
colour 7, 1 £ i =n, by Sk = ... =k, and let 1 £k =1 = K Dbe given.
For a set {4y, Ay, ..., A4,} of distinct /-element subsets of H, does there
exist an SDR for {44, A», ..., 4,} among the (I — k)-element subsets of H?
That is, does there exist a set {Bj, Bs, ..., B,} of distinct (I — k)-element
subsets of H such that B, C 4,;, 1 £ 7 =< ¢? The answer, not surprisingly, is
ves if ¢ does not exceed some integer M (I, k; ki, ks, . . ., k,) and not necessarily
if t does exceed M (I, k; k1, k2, . . ., k). When there is no danger of ambiguity,
we will abbreviate M (/, k; k1, ..., k,) by M. The problem corresponding to
ki = ky=...=k, = 1 wasformulated and completely solved by Katona [3].
In this paper we give an explicit method for producing any M. Also, we shall
give closed form expressions for 1/ in some cases. In particular, we shall
obtain Katona’s results.

2. An explicit method for producing M. We identify the subset of H
consisting of j; balls of colour 7, 1 < 7 < n, with the n-tuple (ji, j2, . . ., ju)-
Let the set F(ky, ks, ..., k,) of these (ks + 1)(ka+1)...(k,+1) =26
n-tuples be ordered lexicographically; that is, we define j = (ji,...,7.) <
i= (4, ...,14,) if and only if j, < ¢, for the smallest integer 7 such that
jr # 1,. If there is no danger of ambiguity, we will abbreviate F(ky, ..., k&,)
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by F. We imagine the 6 elements of F arrayed in K + 1 columns and
R =0/ (k, + 1) rows by writing them in increasing order from left to right,
top to bottom, with %k, + 1 elements in each row and with element j in column
ji+ ...+ ju. Thus all /-element subsets are in column [, 0 </ £ K. For
example, F(2, 3, 4) is arrayed as follows:

Column
number 0 1 2 3 4 5 6 7 8 9
000 001 002 003 004
010 011 012 013 014
020 021 022 023 024
030 031 032 033 034
100 101 102 103 104
110 111 112 113 114
120 121 122 123 124
130 131 132 133 134
200 201 202 203 204
210 211 212 213 214
220 221 222 223 224
230 231 232 233 234
FIGURE 1
We observe for later use that the F(ky, ks, ..., k,)-array consists of
(ki + 1) F(ks, ..., ky)-arraysin which each entry in the ¢th array is preceded
by 4, 0 £ ¢ < ki, and each of these modified F(k,, ..., k,)-arrays is one
column to the right of its predecessor. With some abuse of language, we will
recall this situation by saying that the array F(ky, ..., k,) consists of

(ky+ 1) F(ke, ..., k,)-arrays.
In order to state the generalized Macaulay theorem, we define the set-
valued operator T on F by

P((jly LRI 9jﬂ>) = {(jl - lyj2y L] !jﬂ)! UIYjZ - lv e 7jn)y e e ey

Gty ooy — DN F.
Thus I'(j) is the set of those sets obtainable by removing one element from
the set j; in particular, T'((0,...,0)) is the empty set. We also define
I'*(j) = T(T*1(§)) for £ = 2, where T'' is T, and T%(4) = Uaeq T'*(a) for
subsets 4 of F, &k = 1.

Now let {ji,...,Js} be any s distinct [-element subsets of F, where
0=!=<K.C{ji,...,]s}) denotes the first s l-element sets. It is called the
compression of {ji, . .., js}. The generalized Macaulay theorem [1] asserts that
(1) CT({js, -5 3s}) D TC{i, - - -5 3s})-

Applying T to both sides here yields

(2) PCT ({ju, -+ -5 d0) D IT2CGy, - - -4 36D,
and therefore, applying (1) to the left side of (2),

(3) CT2({j1, .-, 3s}) D T2C{iv, - - - §s))-

https://doi.org/10.4153/CJM-1970-144-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-144-8

1286 G. F. CLEMENTS

In general, for arbitrary & we have in this way
(4) CI‘L({jlr LRI er) D ch(jlv s ey jS})

We now combine Hall's theorem and the generalized Macaulay theorem to
obtain a method for determining M (I, k; k1, . . ., k).

THEOREM 1. Let by S ke = ... =k, and I, k be positive integers such that
1=kl =2ki+ ...+ k, =K. For any integer I let Fy denote the set of
I'-element subsets of F (the empty set if I' < 0 or I’ > K), and let (Fy), denote
the first t elements of Fy. Finally, let M (I, k; k1, ..., k,) = M be the largest
integer <|F)| such thatt < M implies [T¥((F;) )| — t =2 0. Then if {ji, ..., ]
s a set of distinct elements of I, there exists a set {1y, . . ., .} of distinct elements
of Fiysuchthatr; C j;, 1 =1 £ t, provided t = M, but there does not necessarily
exist such a set if t > M.

Example. Suppose that ky = 2, ky = 3, ks = 4, [ = 5, k = 3. Assuming
the theorem for the moment, inspection of Figure 1 shows that M = 5. Then
it is possible to represent any five 5-element sets in F(2, 3, 4) by distinct
2-element sets. For instance, the set of five 5-element sets {014, 113, 212,
221, 230} is represented by the set of 2-element sets {011, 002, 200, 110, 020}.
However, the set of six 5-element sets (F5)s = {014, 023, 032, 104, 113, 122}
has no set of distinct representatives among the 2-element sets since
[T3((Fs)e)| = [{002, 011, 020, 101, 110}| = 5 < 6. We will see in general that
(F;), is a subset least likely to have an SDR.

Proof of Theorem 1. First suppose that ¢t < M. Let {ji,...,j.} C F,; be
given, and consider {I'*(ji), I'*(j2), ..., I'*(j,)}. The question facing us is,
does this set of subsets of F;_; contain an SDR for {ji, jo, . . ., j} ? According
to Hall’s theorem, the answer is yes, provided that for each s < ¢ and each
s-combination 7y, ..., %, of the integers 1, 2, ..., the inequality

IT*Ga) Y. U TGu)| 2 s
holds. But this does indeed hold since
IT*Go) Yo UG = [Ty - -2 dad] = [C0¥ G0y )]

Z [T(C({Juy - n D = [T(FD))| = 5.
(Compressing a set does not alter the number of elements in it; the first
inequality follows from (4); the last inequality follows from s < ¢t < M.)
Next suppose that |F;| = ¢ > M. Take {ji, ..., jus1} such that
IT ({1« oy Jare])| < M+ 1

This is possible in view of the definition of M. Hall’s theorem now shows
that any #-element subset of |F,;| which contains {ji, ..., ja+1] has no SDR
among the (I — k)-element subsets. This completes the proof.

Thus the problem is completely solved in the sense that for given [, &,
ki, ..., k, one can form the F(ky, ..., k,)-array and determine

M(lyk;kly---ykn)
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by inspection. For large %; and large # this will of course be tedious. The
following lemmas can be used to shorten the process in some cases, and
sometimes even lead to formulas for M.

LeEmma 1. With T(l) = |F),

(5) (1) = T(K — 1), L an integer,
and
(6) ra—-1=10), 1 =1=[K/2].
Remark. If ky = ks = ... =k, =1, then T°(!) = (7), and (5) and (6) are

familiar properties of binomial coefficients.

Proof. We use induction on #. Forn = 1, T'(l) = 1 for 0 =/ £ K and the
lemma is trivial. Now assuming the lemma holds for arrays of (z — 1)-tuples,
we consider an array of n-tuples, F(ky, ..., k).

In view of the way F(ky, ..., k,) consists of (k; + 1) F(ks, ..., k,) arrays,
it is clear that for 0 =/ = K, 7°(l) is the sum of the Ith column of the
(k1 4+ 1)-rowed array of integers

TH0) T*(1) T*Q2) ... 7%k — 1) T*(ky) L TEKR)
) T*A) ... T%(ky — 2) 1%y — 1) ... T*(K* — 1) 1*(K*)

THO) 1) 7% (2) 7% (K%)
7*(0) 17*(1) - T*(K* — 1)T*(K*)
FIGURE 2
where K* =ky+ ...+ k, and T*() = |Fi(ks, ..., k,)|. In view of the

induction hypothesis for the numbers 7%, and the symmetry of this array,
(5) is clear. Also one reads off from this array (by cancelling the element in
row 7 of column /! — 1 with the element in row 7 + 1 of column / and remember-
ing that 7*%(j) = 0 if 7 < 0) that

T —TU@—=1)=T*1) — T*(I — k1)

for 0 £ 1 £ K*. From this, (6) now follows: for instance, if K* and %; are
both even, the two parts of the induction hypothesis together show that
T*() — T*(l — k1) 20 for 0=l (K*¥+ k1)/2, and (K* 4+ k;)/2 =
K/2 = [K/2]. The other cases follow in a similar fashion.

LEMMA 2. Let 1 < k =1 = K be given and let N ,(r) = N(r) be the number
of elements in F,_y above or in row v less the number of elements in F, above or
in row r. If there exists r < R such that N(r) < 0, then N(R) < N(r), where
R = 6/ (k, + 1) is the total number of rows in F(ky, ..., k,).

Proof. We use induction on . For » = 1, R is 1, and the lemma is vacuously
true. For n = 2, the lemma follows easily from the parallelogram form of the
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array F(k1, k2). Assuming the lemma for » — 1, we consider #. Suppose that
N(r) < 0 and that elements in row 7 begin with z,. Let L; and R; denote
(respectively) the number of elements in columns ! — % and / beginning
with 4,0 < 7 < ky, and let L;,", R;,” denote the number of elements beginning
with 4¢ above or in row 7 and in columns / — &, and [, respectively. In view
of the way F(ky, ..., k,) consists of (ks + 1) F(ks, ..., k,)-arrays, we have

(7) Li= |Fl—k—i(k2y--~vkn)ly Rz= [Fl—i(k%'--ykn)!y Ogiékl-
Then
(8) N(f’)=L0+.‘.+L{0_1+Li01_R0'—...—Rig_l_Ri0T<O.

Now if L;,;”— R;,” < 0, it follows from the (ks, ..., k,)-instance of the
induction hypothesis that L;) — R;, = L;,” — R;,”. But then L;,; — R;, < 0,
and it follows from Lemma 1 and (7) thatL; — R; £ 0,70+ 1 = j < kb + 1.
We then have

N(R)=L0+-~o+Lk1+l_R0_---_Rk1+1
<Li+...4Ly+...4Lys1—Ri—...— Ry — ... — Ry
=N+ Lisr — Rigs1) + ..o + L — Riwyr)
= N(@).

If L,,;” — Ry = 0, then in view of (8), we must have L;, — R;, < 0 for some
jo < 0. But then L; — R; = 0 for all j > j,, and so

NR)=(Lo—Ro)+ ...+ Ly, —Riy) £ Lo—Ro)+ ...+ (L, — Ry)
< (Lo—Ro)+ ...+ (Lyy" — Ryy') = N().

This completes the proof of Lemma 2.

The next lemma gives further information about ;,_;N,; as a function of r
if columns (I — k) and / are symmetrically located about the middle of the
K-columned sub-array F(ky — 1, ks, ..., k,) of F(ky ks, ..., k,); that is,
if {—Fk)+1=K-—1.

LemMA 3. Suppose that 21 + 1 — k = K. Then with _.N,(r) = N(r),
@) if n =1, then N(1) = 0,

(1) ¢fn = 2,then N(r) =2 0for 1 <7 < kyand N(k,) = 0,
Git) of n =3, then N(r) 20 for 1 £r < ki(ka+1)... (kyus + 1) and
Nk + 1) ... (k1 + 1)) = 0.

Proof. In view of the way the F(ky,...,k,)-array consists of (k; 4+ 1)
F(ks, ..., k,) = F* arrays and since the first k;(ks + 1) ... (k,—1 + 1) rows
of F(ki, ..., k,) is the first k; of the F* arrays, it follows that

(9) N(er(ko4 1) ... (bar + 1)) = |Fioa| + [Fioica] + oo+ | F i
—UF + |Fiol + .o 4 | Pl
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By Lemma 1, |Fj| = |Fg1...sta—y| for all j, and so
[F1 + [Fizal + o Pl = [Pl e il
+ IF:1+~~+kn—(l—1)—kll + . .. + IF:1+---+kn—l+kl—l—k1|

= IF’Zkl+1—k—l—k1] + [F;kl+l—k—(l—l)—kll
R o U T
= |Floirt] + | Floiire + o+ | Fil.
Hence (9) shows that N(k;(ks + 1) ... (k1 + 1)) = 0. The first

Byke + 1) ... (kyr + 1)

rows of F(ki,...,k,) is exactly F(ky — 1, ks, ..., k,); thus applying
Lemma 2 to F(ky — 1, ks, ..., k,) or to F(ks,...,k,) if k; happens to be 1,
shows that N(r) = 0 for all r < ky(k2+ 1) ... (k1 + 1), completing the
proof.

We can now give an estimate for M.
THEOREM 2. If 2]+ 1 — k = K, then
(10) ClE MU kiky, ... k) = |F,
where
(A1) A4t+ .. .+ A+ e+ ) QF i) = Igcn’tl

and

K
(12) (1-I—t—|—...+tk‘)(1+t+...+tk2)...(l—I—t—I—...+tk")=4J0|F,|tl.
1=

Proof. In view of the definitions of M and N (see Theorem 1 and Lemma 2),
it follows from Lemma 3 that M is greater than or equal to the number of
elements in column ! and the first ki(k2+ 1) ... (k,—1 + 1) rows of
F(k1, ..., k,). These elements are exactly the compositions [5] of / with =
parts p;, 0 =S p1 =k — L,0=p; Sk, 2=1=n I C,} is the number of
these elements, it is clear that C,' satisfies (11). Hence the left side of (10)
follows. The right side of (10) is immediate from the definition of A ; (12) holds
since |F,| is the number of compositions of / with parts p;,0 < p, < k;, 1 <7 < n.

COROLLARY. Under the assumptions in Theorem 2, if the last n of j1, Jay « « « y Jms
7.1 §]2 =... é]m, are kl,kz,...,kn and

M(l7k;kl, LI ykn) < !Fl(kly « e ey kn)ly
then
Mk, n) = M0 ks Ry oo k).

Proof. The F(ky, ..., k,)-array is the upper left part of the F(ji, ..., jn)-
array.
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Example. 12 = C5° < M(6,2;3,4,4) £ |Fe(3,4,4)] = 16. The Ilast
ks + 1 =5rows of columns! — k =4,] = 61in F(3, 4, 4) are related as the
5rows of columns 4 — k; = 1land 6 — k; = 3 in F(4, 4). From this it follows

that M = 14, and from the corollary it now follows, for instance, that
M(6,2;2,2,2,3,4,4) = 14 also.

3. Formulas for certain M(l, k; ky, ks, . . ., k). When n = 1, formulas for
M(l, k; b) are simple: M (I, k;b) = 1 for all [, k such that 1 £k <1 < ).

THEOREM 3. Suppose that b is a positive integer, that n = 2, k1 = ks = ... =
k, =0,1 ékglgnb,(md%—l—l—k=nb.ThenwithC,,lz0ifl<001f
1> (nb — 1) and otherwise defined by

nb—1

A+i4+ ... +HA 4.+ =D Gl
=0
the formulas

(Ci=@=Dmr 1 4, k)
- - if n is odd,
M, inb) = Gt G+ G 4 ) o —camnyon if m is o

if nis even.
hold, where M (I, k; nb) abbreviates the symbol M (I, k;b,...,D) having n bs,
and
_Jo if 1 = 20,
AG, k) = {(b —k+1)/2 ifl <20,

Moreover, M, k; nb) < |F,(nd)|, where F,(nb) abbreviates the symbol
F@,b,...,b) having n bs.

Proof. The proof is by induction on even ns and odd ns. Consider #n = 2
and suppose that 1 =k =7 = 2b are such that 2/ + 1 — &k = 2b. By
Lemma 3, _;N;(r) 20 if »r < b and _:N;(0) = 0. From 2/ +1 — %k = 2
and & = 1 it follows that I — k2 <14 (1/2) — (k/2) = b < I. Hence the
(b + 1)st row of F(2b) has 0- and 1-element in columns / — % and [, respec-
tively. Thus the number of elements in column / or on above row b is
M, k; 2b) < |F.(2b)|. But these elements (pi, p2) are exactly the composi-
tions of I with two parts, 0 < p1 = (b — 1), 0 £ p, < b. If Ciis the number
of these compositions, 0 =1 = 20 — 1, then

2p—1

A+t+...+HA+...+80) = o,
=0

and so M, k; 2b) = Cs.
Next consider # = 3. Suppose that 1 <k =</ £ 3b are such that
21+ 1 — k = 3b. By Lemma 3, ;N ,(r) = 0if

r < b(b + ].) and l_kNl(b(b + 1)) = 0.
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If I = 2b, then
l—k=1—Q2I4+41—-3)=30—1—1=Zb—1<b,

from which it follows that there are no elements in column (/ — &) after row
b(® + 1) while there are elements in column ! after row 5(b + 1). This in
turn shows that M (I, k; 3b) = M is strictly less than | F;(3b)| and is the number
of elements in column / on or above row b(b + 1); i.e. M is the number of
compositions (p1, P2, ps) of Iwith0 = p1 = (0 — 1)and0 = p; = 0,7 = 2, 3.
Thus M = C;.
If I < 2b, then
0L -1—-14+20=3b—-1—1=-b=2l4+1—-—k—-—1—1—-0
=l—k—-0<I—-0b<0b.
From 0 £l —%k—0<1l—0b<D, the fact that the elements in columns
! — kand [ of thelast b + 1 rows of F(3)) are arrayed exactly as the elements
in columns? — k — b and I — b of the b 4 1 rows of F(2b), and the parallelo-

gram form of F(2b), it follows that M (I, k; 3b) is the number of elements in
the first 5(b + 1) rows of column 7 of F(3b) plus

l—k—Db+1=0—Fk+1)/2

That is, M(l, k;3b) = Cs + A(b, k) < |F,;(3b)]. Thus the induction is
anchored for even and odd # = 2. The induction can now be completed for
both cases simultaneously.

With # = 4, assume the theorem for (# — 2)-tuples, and consider #z-tuples.
By hypothesis, 2/ 4 1 — k& = #b, and so by Lemma 3, ,;N;(r) =0 if
r <b@+ 1)~ and N, 00 + 1)2) = 0. In view of the way F(nb)
consists of (b + 1) F((m — 1)b)-arrays, it follows that the elements in
columns! — kand/inrowsb(b + 1)"~2 4+ 1 throughd(® + 1)*~2 + (b + 1)*3
of F(nb) are arrayed exactly as the elements in columns ! — &k —band [ — b
in the (b + 1) rows of F((n — 2)b). Since 2(0 —b) + 1 —k = (n — 2)b
(it is at this point that we need 2/ + 1 — % = nb), we are entitled to write

M — b,k (n— 2)b) = CIb+ ... < |Fisy((n — 2)b)]

by the induction hypothesis. Then M (/, k; nb) is the number of elements in
the first b(b 4+ 1)"~2 rows of F(ud) (that is C;) plus M (I — b, k; (n — 2)b).
Thus

MU k;nb) = Ci+ CiZs + ... < |F (nd)],
and the theorem is proved.

Incaseb = 1,2/ + 1 — kis always a multiplenof band I+ 1 =1+ 1 +
I — k = n; thus I < n. In this case the C, are given by

n—1
(1 + t)n—l = Z Cnltl,
=0
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and so

a-("31)-"7").

If n is even, then

M@, kinl) = G+ Cy + ...+ o2

() (O s 25

where (4) = 0 if j > 4. Hence

(13) M, k;nl) = <2l z_ k) + <2(l l——l)l— k> +...+ (:) .

If =3 is odd, then 201 22/ 4+ 1 —k =mn, and so [/ = 3/2, [ = 2, and
=1

A, k) = 0. Formula (13) now follows for odd #» = 3 also. If =

, (13)

holds vacuously. Formula (13) was first given by Katona (3, p. 206].

» i

4.

5.
6.
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