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Abstract. A new semianalytical theory of asteroid motion is presented. The theory is developed on
the basis of Kaula’s expansion of the disturbing function including terms up to the second order
with respect to the masses of disturbing bodies. The theory is constructed in explicit form that gives
the possibility to study separately the influence of different perturbations in the dynamics of minor
planets. The mean—motion resonances with major planets as well as mixed three—body resonances
can also be taken into account. For the non-resonant case the formulas obtained can be used for
deriving the second transformation to calculate the proper elements of an asteroid orbit in closed
form with respect to inclinations and eccentricities.
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1. Introduction

In order to deal with the long-time behaviour of asteroids, one of the modern
fast and accurate integration schemes for the equations of motion in Cartesian
coordinates might be employed. In the case when we are interested in some special
perturbations, we can calculate the amplitudes at certain frequencies with the aid
of fast Fourier transform. But we cannot tell for sure, which effect or interplay
of effects has really caused this calculated value of amplitudes (see, for example,
the discussion concerning Veritas (Milani et al., 1997; Nesvorny and Morbidelli,
1999). For some problems it might be more efficient or more informative to use
a semianalytical approach that gives the averaged equations of motion in explicit
form. The averaging procedure is connected with the elimination of short—-periodic
terms from the initial Hamiltonian describing the motion of asteroids under the
influence of selected planets. This procedure can be realized, for example, by
means of Lie—series methods ( Hori, 1966; Deprit, 1969). As a result, we obtain
the averaged Hamiltonian which contains only secular, long—periodic and resonant
terms. The number of these terms (at least in the first two succesive approximations
with respect to the small parameter of the problem) is substantially less than
the number of short—periodic terms which are eliminated from the Hamiltonian.
Finally, we can integrate the system of the averaged differential equations of motion
numerically.

The main advantages of semianalytical methods in comparison with the direct
numerical integration of equations of motion are connected with the possibilities:

— 1o eliminate the non—essential short—periodic perturbations from the Hamil-
tonian (and this is possible up to any desired order in the small parameter of the
problem);

— to investigate the "pure” dynamical picture defined only by secular, long—
periodic and resonant perturbations;

— to increase substantially the step-size of numerical integration.
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Here, we prescnt a new semianalytical theory which can be used for numerical
integration of averaged equations of motion as well as for the construction of the
second transformation for the derivation of proper elements of asteroid orbits in
the non-resonant case. The theory considers the perturbations of the second or-
der explicitly that allows to select certain resonant harmonics (e.g. certain mixed
resonances, see Nesvorny and Morbidelli, 1999) and to reveal a minimal set of per-
turbations causing certain characteristics in the observed orbital dynamics. Since
we have employed Kaula’s expansion of the disturbing function, the solution is
obtained in closed form w.rt. inclinations (via inclination functions) and eccen-
tricites (via Hansen coefficients). It is to be understood that the theory can be used
only for the case of reasonable convergency with respect to the parameter « (ratio
of semi-major axes).

2. Averaging procedure

For the construction of perturbation theory of the second order we use the averaging
procedure based on the Deprit modification of the Lie-series method (Deprit,
1969); in this procedure the short-periodic perturbations supposedly non-essential
are eliminated.

Let us consider the Hamiltonian of the problem in the form

F=F+ F,
with the unperturbed part
2
N
Fo = 212 K,
"= GOMSum

(Gy is the Newton’s gravitational constant, M stands for mass) and with the
disturbing function which can be expressed in the classical form (Kaula, 1966; -
Yuasa, 1973)

By = Z Z fiB(LaGaH,LB,GB,HB)cosqu.B, )
B i=(i1,.is)

¢1B = ’l,ll + ’I:ZIB + lBg + i4gB + lSh + iGhB,

in the extended phase space of variables (L, G, H, K, 1, g, h, t). Here K is conjugate
tothetime variabletand L, G, H, [, g, h are the usual Delaunay elements. The index
B refers to the perturbing body. The motions of the perturbing bodies are supposed
to be known functions of ¢; then the disturbing function (1) depends explicitly upon
the time only via the elements Lg,Gp, Hp,l5,9B,hB.

We assume that F} is of the order of the small parameter M g/ Mgy, which
allows to construct a perturbation theory by means of successive approximations.
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According to Deprit’s method in the first approximation we should solve the
differential equation
{Fo, W1} + FA = F}

(where { Fo, W1} are the Poisson brackets in the extended phase space) in order to
derive the generating function W of the corresponding canonical transformation.

We would like to point out that in the formulae for the determination of the new
Hamiltonian and the generating function in all the components the new (mean)
elements should be substituted instead of the old (osculating) ones; below we will
omit that for simplicity.

We put

F 1* = [F 11sec

as the part of the initial Hamiltonian which contains only secular, long—periodic and
-resonant terms (in the case of the commensurability between the mean motion of the
asteroid 7 and that of the perturbing body ng defined by 72 : ip = ¥ : vg, where
v, 7B are some integers). Then the Hamilton—Jacobi equation for the generating
function W1 has the following form:

_OW; oW,

’_n_aT - W + [Fl]short——per =0. 2
Here [F1]sport—per 18 the part of initial Hamiltonian (1) containing only short-
periodic terms.

Putting Ig = Aipt + % (here {$ is a constant), we find:

Wi=3Y Y APfPsingf. ©)

B i=(i1,...,16)

To simplify the further computations we introduce here

0, for secular, long—periodic

AB = and resonant (with body "B") terms,

1

1/(#1@ + ianp), otherwise.

One can show that neglecting the explicit dependence of gg and hp upon time
when solving equation (2) introduces an error of the third order.
In the second order we have the following Hamilton-Jacobi equation

1
{Fo, Wa} + §{F1 + F7, W1} = Fy @
for the generating function W>. In the same way, we define the corresponding part

of the second order Hamiltonian which contains only secular, long—periodic and
resonant terms as

« 1 «
F= §{F1 + FT , Wi}sec
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to find W, from

oW- oW,
_ﬁﬁ?— T 2 + = {F1 + Fy ,Wl}short—per =0.

Note that F>* and W contain the mixed terms arising from the interaction of
two perturbing bodies with the asteroid.
For two bodies (e.g., Jupiter (J) and Saturn (5)) we have

F=F+F, F=Fr+F>
Wy =W/ + w7,
Then the second Poisson bracket on the Lh.s. of (4) is a sum of four terms:
g{m B+ F§ + F, }—
—{F1 + B W+ 5 {FS + B Wi
+§{F1+ 7, 1}+§{Fl+ o, Wi} ®

The first two terms describe the direct perturbations of the second order from the
perturbing bodies (Jupiter or Saturn, respectively).
With FE + FP* written as

FE+FPr= Y 6BfBcosg?,
5=t yerd)
where

6B — 2, for secular, long-periodic and resonant (with body "B") terms,
~ 11, otherwise,

we find
EP 4 B W) =

- iTE T (G G ) (a0 et +

T 7 k=—1,+1

3782 H(AP ) 5Pirji] cos(8P ~ ko). ©

Two last Poisson brackets in formula (5) represent the mixed perturbations:
1 1 .
SR+ WP+ SR + P W) =
af! af]
_ 1! S
= ZZ Z [f (aLJ1+ (‘?G]3+ BHJS)

i J k==1,41
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off . off  off
+k £ ajz i+ 5 ks + ag is)|(A7 67 + KAV 67) +
n, ..
+3f7 15 TRini (A7)785 + (85)787)] cos(8] - ke). ™
Let us write

Fy = F* + B + F5,

then F.P* is given by
* 1 *
FZB :E{F1B+F1 awlB}seca &

thatis, as the part of (6) which contains secular and long—periodic terms determined
by the following conditions:

t1—kj1=1—kjr=0

and in the resonant case 7 . ig &~ 7 : yp also the resonant terms satisfying the
equation: ’ '
u-ki _ 1B
2= kj2 Y
The function F55* is determined by
1 1 .
B = B + 7 Wi bsee S {FF + B, W e ©)

that is, as the part of (7) containing only secular, long-periodic and resonant terms.
Notice, that the trigonometric arguments in (7)

&7 — ke = (i1 — kji)l + ialy — kfals + (i3 — kja)g + (is — kjs)h+
+iags + ishg — kjags — kjshs

give the resonant components not only in the case of mean motion commensura-
bilities but also for mixed resonances.
Similarly, let us write W> as

then W2 (B = J,S)is given by
2

1
WE-IYY T aBfPx

i § k=—141

off .  off.  afP. B BB
X[( n+ n+ 5505 (Aféi + kA; 6J-)+

0L 0G

+3fP 2hAP* 8P js] sin(8F — ko?) (10)
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with
0, for secular, long-periodic
B and resonant with "B" terms,
1/((“ — k]l)ﬁ +- (iz — k‘jz)’l_lB), otherwise.
Finally,

= E:E: > [ fJ+fJ+fJ )+
s L Lo+ 365 T ju s

i j k=—1,41
S S

0
+kfiJ( Ji z1+

afs
Ji is)|(A767 + kA 65) +

st o
+3f7 5 —kzm((AJ) 67 + (85)87)| sin(e] — ko), (11
where
0, for secular, long-periodic and
AJS — resonant terms,

1/((i1 = kj1)R + i27g — kjzfis), otherwise.

3. Application to Kaula’s Expansion of the Disturbing Function

For asteroids moving relatively far from the perturbing bodies we will empioy
Kaula’s expansion of the disturbing function (Kaula, 1966; Fominov, 1980) for
each perturbing body "B" (ap = a/ap):

P ”BZZZZ > >

n=2m=0p=0h=0g=—00 j=—00 2n+ 1
Xanp () anh (IB)anq (e Gth (ep)cos Pp ,

where

Pp=m-2p+@M—-(n—-2h+j)Mp+
+(n —2p)w — (n = 2h)wp + m(Q — Qp),

and
Hypg (€)= X172 (€),  Gunj(e) = X, 5t " ().

Here, a,e,I,Q,w, M and ap, ep, I5,Qp,wp, Mp are Keplerian elements of the
asteroid and disturbing body, respectively; F’nm,, (I) are normalized Kaula in-
clination functions, X ;"? (e) are the classical Hansen coefficients and pp is the
gravitational constant of the perturbing body: ug = GoMp/ Msun.
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With the aid of the averaging procedure described above we can construct the
averaged Hamiltonian up to the second order

F* = F§ + F} + F5,

Fy=Fr+ FP*, F=F"+F>+ F%
and the generating function
W= Wl + WZ)
W=W/ +W?, W,=w] + w5 + w5,

The part of the Hamiltonian of the first order containing only secular and long—
periodic terms reads

[oe] n n n n
1B ap = = n,n—2
FBr=223" N3 = Frp (D Frmn UB) X5 (€) %
uB n=2 m=0p=0 h=0 2n+1

x X3 M (eg)cos[(n — 2p)w — (n — 2R)wp + m(Q — QB)]. (1)
Resonant terms appear in development (12) inthecase 7 :np = v . 7B, if
n—2p+q 7B
n—-2h+j 7

In this case the corresponding resonant terms have to be included in FlB *, Note,

that in (12) there are no summations with respect to indices ¢ and 7 which reduces

the problem of convergency of the series with respect to Hansen coefficients.
According to (3), the generating function W of the first order is

w-EEEEE S §

n=2m=0p=0h=0g=—00 j=—00

1. _ .
X Aquhj 2n+ 1) Fromp(I) Frpan (IB) Hupg(€)Gnnj(es) sin®P,
where
0, for secular, long—periodic
AB and resonant (with B) terms,
npghy —

1/((n=2p+ q)a — (n—2h + j)Aig), otherwise.

Using the expressions for the partials (s = sin //2)
0 ad 1-¢e29
Ay, 3
oL poa el Oe
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_8__ 1 (_1—e2_3_+1—-2325)
G  IJ1-¢& e Oe 4s 9s”’
9 _ 1 19

OH = L[J/1-e24s0s’

on _ 3

oL~ L’

from (6) and (8) we get F2* in the form

1 ,U, * ’ 1 1
FB* _ »B n+n
2 4L a Znﬂwhq] Zn’m’p’h’q’j' k_;+ . “B 2n+ 120" + 1 X

X anh(IB)Fn'm'h'(IB)Gnhj(eB)Gn'h’j'(eB)Fnlm'p'(I)Hn'p'q'(e) X
X [Frmp(T) Hrpg(€)A7 +

+(anp(1) npq(e) + ﬁ npq(e) nmp(I))A?] X
x cos{(n—2p+q—k(n' =20+ )M + (n—2p—k(n' - 2p"))w —
~(n—2h+j—k(n' =20 +j')Mp — (n — 2h — k(n' — 2k ))wp +
+ (m — km')(Q — Qp)].

Here,

o0 n n n oo oo

Drmphas =20 D 2D 2 D

n=2 m=0p=0 h=0g=—00 j=~00

Zn/mlp/hlql] i; XZ: i il: i io: ’

iy = (0 =28 +¢)(1 = &) = (o = 2)VT— ) s o,

10Fump

Fémp = —[('ﬂ - 2p )(1 - 232) m] s 68 s

A An 'p'g’h'§’ npth + kAnpth 6n ‘p'g’h'j"

A7 = 2n(n' = 29" +¢)A7 +
+ 3k’l7l(n -— 2p + q)(n' — 2p/ + ql)(Aquhj)zé‘gplqlhljl7
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2, ifn—-2p4+q=n—-2h+35=0
or(n—2p+gq):(n—2h+j)=1B:7

68 hi = in the resonant case,
1, otherwise,
AB iy and 65, . are defined by the formulae for AP , . and 62 . by

putting primes at the indices, and * at the summation symbol means that one
should take only the terms with the indices satisfying the conditions: n — 2p + ¢ —
k(n'=2p'+¢)=n—-2h+j—k(n' -2 +j)=0o0r

n—2p+q—k(n'-2p'+¢") B
n—2h+j—k(n' =20 +3) v

Finally, by means of (7) and (9) we get

1 *ok
JS* __ Ky ps § : n,n'
7 " 4L ay ag “~nmphqj Zn’m’p'h’q’j' 2 aras X
k=-1,+1
1 1

X Gn i D7 T 1)anh(IJ)Fn'm'h’(IS)Gnhj(eJ)Gn’h’j'(eS) X

X [Pttt (1) Frp (1) g (€) Horyrgr (€)87° +

+ Frmp(1) Pyt (D[ Hpypg(€) Hygrgr(€) + & Hupg(€)hrgr (€)JATS +
1
_\/T—e‘gﬂnpq(e)ﬂn’p'q’(e) X
X P (D) Frratpr (1) + k& P (1) Fprrr (D1AT ]
x cos[(n —2p+q —k(n' = 2"+ ¢'))M + (n - 2p — k(n' - 2p"))w —
- (n - 2h+ ])MJ + k(n' — 2K +j’)MS — (n — 2h)wJ + k(n' - 2h')w5 +
+ (m — km')Q — mQy + km'Qg)),

_|_

where

J,S
AT = An Iplq'hl}

16 5/[

+ kAnpth n'p'g’'h! 5"

npghj

Ay = (2n(n' =29’ + ¢') + 2kn/(n = 2p + 9))AY® +
+ 3kn(n - 2p + Q)(n - 2p + q ){(Anpth)zégp’q'h’ v+ (An ’h’j’)zé;{pth]’

o = (=204 q)(1 = ) = (n— 2p)VT— 2] -2
=1 _ _ 2 _ 1 aFnImlpl
Fn/m/ [('ﬂ 2p)(1 28 ) m] 3 _—83
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Here ** by sums means that one should take only the terms with the indices
satisfying the conditions n—2p+q—k(n' —2p'+¢') = n—2h+j = n'-2h'+j' =
0 or satisfying the conditions of a mean-motion or three-body resonance. The
components of the generating functions WZB can be easily deduced from formula
(10) and the function WS — from formula (11).

These expressions give the explicit second-order solution for the secular, long-
periodic and resonant (also mixed-resonant) perturbations.

Presently, we are in the process to implement the perturbations in the motion
of disturbing bodies and then to apply this formalism to the problem of mixed-
resonances and other perturbations of the second order in the motion of asteroids.
We are also planning to develop explicitly the second transformation to exclude the
remaining angular variables and to get the analytical solution in the non-resonant
case.
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