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BLOW ANALYTIC MAPPINGS AND FUNCTIONS 

Dedicated to Professor Haruo Suzuki on his sixtieth birthday 

ETSUO YOSHINAGA 

ABSTRACT. Let 7r: M —> Rn be the blowing-up of Rn at the origin. Then a contin
uous map-germ/: (Rn — 0,0) —• Rm is called blow analytic if there exists an analytic 
map-germ/: (f^Tr^CO)) -* Rm such that/ O T T ^ - T T ^ O ) =/|fAf-7r_1(0). Then 
an inverse mapping theorem for blow analytic mappings as a generalization of classi
cal theorem is shown. And the following is shown. Theorem: The analytic family of 
blow analytic functions with isolated singularities admits an analytic trivialization after 
blowing-up. 

1. Introduction. The notion of blow analytic mapping was originally defined by 
T-C. Kuo ([4]). A continuous mapping of Euclidean spaces is called a blow analytic 
mapping if the mapping after blowing-up is analytic (see the Definition 2-1). He proves 
that some families of analytic functions with isolated singularities admit analytic trivial-
izations after one point blowing-up. In successive studies, T. Fukui and I prove that some 
families of non-degenerate analytic functions and mappings admit analytic trivializations 
after some modifications and some general blowing-ups (see [2, 3, 8]). M. Suzuki ([7]) 
studies a necessary condition for families of analytic functions to admit a blow analytic 
trivialization. In these papers, the notion of blow analytic mappings appears only as their 
tools to study singularity theory. 

In this paper, we shall study blow analytic map-germs and function-germs themselves. 
We shall prove a so called inverse mapping theorem for blow analytic mappings (see 
Theorem 2-4 in §2) and a blow analytic trivialization theorem of some families of blow 
analytic functions with isolated singularities (see Theorem 3-7 in §3) as a generalization 
of Kuo's theorem (see Theorem 3-8). We can see some related studies in [1]. 

2. Blow differentiable mappings and an inverse mapping theorem. Let 
(xi,*2,... ,JC„) be a coordinate system of n dimensional Euclidean space Rn and [£i : 
£2 • • • • •' in\ be a homogeneous coordinate system of n — 1 dimensional real projective 
space Fn~l. 

The blowing-up of Rn at the origin is defined by the following: 

Mn = {(*, O e R " x F""1 I xfi = Xjb, 1 < ij < n} 
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498 ETSUO YOSHINAGA 

and 

DEFINITION 2-1. Let 0 < r < oo or r = u. 

(1) A continuous map-germ/: (Rn — 0., 0) —>• Rm is fr/ow Cr if and only if there exists 
a C map-germ/: {Mn^-\0)))^Rm such that/o 7r„ | fAfn - 7^(0) = / | fW n -TT^CO). 

Namely, the following diagram is commutative: 

(M' 

(Mn, 

X-K« 

7Tj 

(R" 

V(0)) 

4 
:'(0),w„-'(0)) 

•i 
- 0 , 0 ) 

/ 

f\ ) 

f 

R m 

| idRm 

R m 

| i d R m 

R m 

where/| = /|fWn — ^ ( O ) and t is a canonical inclusion map-germ. 
(2) A homeomorphism map-germ/: (Rn,0) —> (R",0) is a blow Cr isomorphism if 

and only if there exists a Cr isomorphism map-germ 

~f:(<Mn,*-\0))^{M\K-\0)) 

such that/ o 7r„ = 7r„ o / . Namely, the following diagram is commutative: 

(R",0) - ^ (Rn,0). 

EXAMPLE 2-2. (l)Let 

f(XuX2) = - g ^ if (^1^2) ^ (0,0). 
JL-i "T" ^v^ 

This analytic function germ / : (R2 — 0,0) —• R is blow analytic because there exists 
an analytic function germ/: ( fW 2 , ^ 1 ^ ) ) —* (R,0) such that/ o ix2\M

2 - ^ ( O ) = 
f\9A1 — 7T2l(0). In fact, we may take 

f{xux2',i\ : ii) = 2 2 . 
SI "l"S2 

(2) Let 

/(*i,*i)={S? iffe^)^(0,0), 
10 otherwise. 

This continuous function germ / : (R2,0) —> (R, 0) is blow C1 because / o nn 

^1 
Cl jxi |JCI |: (fW2,?T2 !(0)) —> (R,0) is a C1 function. 
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(3) Let 

/ i ( * i , * > ) = ( ^ * ( * . * ) * <0.0), 
10 otherwise. 

and 

f2(xux2)=\^2 i f (^ i^2)^(0 ,0) , 
10 otherwise. 

Then the map-germ/ = (/i,/2):(R2,0) —> (R2,0) and the function germ g — 
f\ : (R2,0) —* (R, 0) are both blow analytic. But the composition germ 

x9 

is not blow analytic. In fact, 

g0f07TM = ^+x2)(e+l) 

is not analytic at (x, £) = (0,0), where (x, £) = fe, C1/C2) is a local coordinate system 
of a local chart V̂f2

2 = {(xux2'9 £1 : 6 ) G fW2 | £2 7̂  0} in M2. 

REMARK 2-3. (1)/: C map-germ =>/:blow (7 map-germ. 
(2)f — (f\,f2, •. • ,/m):blow C map-germ <=> all components function germs ft (1 < 

/ < m) are blow C'. 
(3) In general, the condition that/, g are blow Cr map-germs does not imply that/ o g 

is a blow Cr map-germ (see Example 2-2 (3)). 
Let 

0 n :R n xP" - 1 - ^ fW n 

be an analytic deformation retract defined by 

where (x, £) = E?=1 */6" and |£|2 = E?=i # 
For a blow analytic function / : (Rn — 0,0) —• R, we have an analytic functions 

/ : (fy[n,7r~l(0y) —> R such that/ o 7r„ = fl^n^^-i^y Define an analytic function/ 
as 

f=fo<l>n: (Rn x F ^ O x F1 - 1) -+ R. 

Let t/A = {i e Pn _ 1 I i\ ^ 0}, A = 1,2,... ,/i. Then the function/ restricted to Rn x t/A 

is analytic and so it has a Taylor expansion: 

k 

where k — (k\, &2,..., &n) and xk — x^x^ • • • xfr. 
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It is clear that cx,k(0 = c^k(0 for any £[ e U\ H U^. So we have the Taylor expansion 

in a neighbourhood of 0 x P""1 in W x P""1 where ck(0 defined by c*(0| ^A = cx,k(0 
are analytic functions on Pn~l. So we have the following expression like a "power series" 

/(*) = £c*(jc)x*if*^(). 

We must note that this power expansion may not be unique because f(x\,X2) — 
x2 

4 ^ * 1 = -7^*2 for example. But each homogeneous polynomial is uniquely deter-
mined in the homogeneous decomposition f(x) — Hd(x) + H^+iix) + • • • of the "power 
series expansion" of f(x) where //</(*) ^ 0. And define H(f) = H^x), the principal part 
of/(x). 

Now, we have the following 

THEOREM 2-4 (INVERSE MAPPING THEOREM). Let f = (/i,/2,...,/«):(Rn,0) —+ 
(Rn,0) be a blow analytic map-germ and H(f) = (H(fx),H(f2),.. .,H(fnj). Then the 
following three statements are equivalent: 

(1) f: (Rn, 0) —> (Rn, 0) is a blow analytic isomorphism. 
(2) degH(fp) = 1,1 <p<n andH(f): (Rn,0) —• (Rn,0) is a blow analytic isomor

phism. 
(3) deg H(fp) = 1,1 <p<n and [H(f)] = [H(f{) : H(f2) : • • • : H(fn)]: P ^ 1 -+ 

P n _ 1 is an analytic isomorphism. 

PROOF (1) => (3). Since/ is a blow analytic isomorphism, there exists an analytic 
isomorphism/: [Mn, ir~l(0)) —> (fW",^"1^)) such that /o 7rn = ixn of. Namely, the 
following diagram is commutative: 

(Rn,0) -^-> (R",0). 

We have 
/ (0 , [ a ) = Hm/(x,[a) 

JC—>0 

0xlim[fo7r„(^,[a)] 

= 0 x limtf(fOl 
r^0 

= o x [if(0(KD]. 

Since/(0, [£]): 0 x P""1 - ^ 0 x P""1 is an analytic isomorphism, [H(f)([Q)\. P"_1 —• 
P"_1 is an analytic isomorphism. Moreover degH(fp) = 1,1 < p < n because/ is 
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isomorphic and t in the above equation can be one of coordinate functions of local coor
dinate system on the manifold 9vtn. This completes the proof of (3). 

(3) => (2). DefineH(f): (M\^l(0)) — ( ^ ^ ( O ) ) by 

H(f)(xAQ)={H(f)(x),[H(f)M]) 

= {tH(f)(OAH(f)M]y 

This is clearly an analytic isomorphism and H(f) o irn = nn o H(f). This shows that 
H(f): (Rn, 0) —> (Rw, 0) is a blow analytic isomorphism. 

(2) => (1). Since/ is blow analytic, there exists an analytic map-germ/: (jMn, ix~l (0)) 
— ( ^ . T T - ^ O ) ) such that/ o TT„ = 7r„ of and/(*, [£]) = ( / « , [#([£])]). An easy 
calculation implies d/(0, [£]) = d#(f)(0, [£]). So,/: (fW1,^"1^)) -» (fW^Tr^CO)) is 
locally isomorphic. 

To prove that/ is injective implies the statement (1). Now suppose that/ is not injec-
tive near TT~1(0). Then there exist two sequences {an}, {bn} of points in 9vin tending to 
7T~l(0) such that an ^ bn and/(<2„) = f(bn). Since TT~1(0) is compact, we may suppose, 
choosing subsequences if necessary, that both sequences {an}, {bn} are convergent to 
a^M e TT-^O) respectively. If a0 ? b0, thenH(f)(a0) =f(a0) =f(b0) = H(f)(b0). This 
implies that H(f) is not injective, a contradiction to (2). If ao = bo, then/ is not locally 
injective, a contradiction. This proves that/ is injective and completes the proof of (2) 
=>d). • 

EXAMPLE 2-5. Let/: (R2,0) —• (R2,0) defined by 

r x\ + x\ (X\ — Xi)(x\ — X\X2 +^2)"\ 

MPI j -r ^2 X{+X2 J 

be a blow analytic map-germ. Then, by the definition, [//(/")] = [(£i + £2) • (£1 — £2)] 
and this is an analtyic isomorphism of one dimensional real projective space P1. By 
Theorem 2-5,/(x) is a blow analytic isomorphism. 

In this case, we can represent explicitly the inverse map-germ/ -1 of/ from an easy 
calculation: 

1,,,, _ [ Cyi +y2)Cy?+j|) (yi-yi^+yjr 
y2 + 3y2

2 ' y2 + 3y2 , rl(y) 

3. Blow analytic trivialization. 

DEFINITION 3-1. ACr vector field germ V at the origin of a vector field defined in a 
punctured neighbourhood of the origin in R" is a blow Cr vector field if and only if there 
exists a Cr vector field germ V on 9vtn at ^ ( O ) such that 

Let Ux = {£ e F1"1
 UA 7̂  0} and M£ = Mn H (Rn x Ux). Let ux = JCA and K" = |* 

if /i ^ À. Then u = (ul,u2,..., un) is a local coordinate system of fW^1. 
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Suppose that V = ££= 1 ap{x)^- is a blow Cr vector field germ at the origin and V is 

a Cr vector field on fWn such that drfV' = V where ( )' = ( )|fWn - TT~1(0). Let us put 

Then we have b'x — a\ o 7r' and 

And so, 

, (a^ o V - i^aA o TT') 

*,= ;? l f^A-

>A _, a . _ « - ^ i ) a ^ A = t e O : ^ A &\ uX dufx' 

Here we denote a'^ — a^oix'. Thus we have the following 

-p=\aP LEMMA 3-2. A vector field V — YZ=\ ap(x)^r *s a blow Cr vector field germ at the 
origin if and only if the functions 

af
x = a\ o nr and 

( ^ - u*a'x) 

are extended to Cr functions in 9/L" for any À, /r. 1 < \i 7̂  A < n. 

COROLLARY 3-3. Ifap:(R
n,0) —> (R,0), 1 < p < n are blow analytic function 

germs, then V = T,p=\ apix)^r ^ a blow analytic vector field germ at the origin. 

PROOF. Since ap — ap o ir(ul,u2,... ,un) — ap(u
lux,..., wA,..., unux) — 

uxdp(u
l,u2,... ,un) where dp are analytic functions, the condition in Lemma 3-2 is sat

isfied. This completes the proof of 3-3. • 

LEMMA 3-4. Iff: (Rn, 0) —•> (R, 0) is a blow analytic function germ at the origin of 
Rn, then ^-, 1 < p < n is also a blow analytic function germ at the origin. 

PROOF. Let/: (Rn, 0) —> (R, 0) be a blow analytic function germ at the origin of Rn. 
Let u — (w1, w2,..., un) be a local coordinate system of 9À." as above. Then we have the 
following equations: 

This implies the next equations. 

Now, since/ o 7rn(w) is analytic and/ o ^(w1,..., ux~l, 0, wA+1,..., w") = /(0) = 0, we 
have/ o 7rn(u) = uxf'{u). So the right hand side of the equations (*) are analytic and this 
completes the proof of 3.4. • 
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DEFINITION 3-5. Let/: (Rrt, 0) —> (R, 0) be a blow analytic germ. 
(1) We say that/ has an isolated singularity (at worst) at the origin if 

(* € R" - 0 I $-(x) = %-(x) = •••= J£(*) = OJ = 0. 
I I OX\ OX2 OXn J 

(2) Let/(x) = hfcix) + hk+\(x) + • • • be a homogeneous decomposition of the "power 
series expansion" of/. Then we say that/has an initially isolated singularity at the origin 
if hk has an isolated singularity (at worst) at the origin. 

(3) Let F(x; t): (Rn x R m , 0 x / ) ^ (R, 0) be a real analytic family of blow analytic 
functions, namely F o ( f X id/): (94.n x R™,^ 1 ^) X /) —• (R,0) is analytic where 
/ = x^jfe,/?/] a compact cube in Rm. Let F(*;f) = Hk(x\i) + Hk+i(x;t) + • • • be a 
homogeneous decomposition with respect to x of the Taylor series of F(x\ t) and k > 1. 
Then we say that F has (simultaneously) initially isolated singularities at the origin along 
/ if Hk(x; t) has an isolated singularity for any / G /. 

DEFINITION 3-6. A real analytic family F(JC; t) with F(0; 0 = 0, of blow analytic 
functions admits a Mow analytic trivialization along / if there exist two neighbourhoods 
Û\, O2 of ^ ( O ) x / in fWn x Rm and f-level preserving analytic isomorphism//: 0\ —> 
&2 such that F o(nn x id/) o H is independent of t. Here id/ is the identity map of /. 

Then //induces automatically a f-level preserving homeomorphism//: U\ —> t/2 such 
that F o H is independent of f where £/* = (7r„ X id/)(£4), # = 1,2 are neighbourhoods 
of 0 x / in Rn x Rm. Namely, the following diagram is commutative: 

(Rm,/) 

„T 
(Mn xRm ,7r-1(0)x 

7T n Xid/ | 

(Rn x R m , 0 x / ) 

«1 
(R",0) 

0 

> 

H 

H 

fa 

(Rw,/) 

U 
( ^ x r , f „ - ' ( 0 ) x / ) 

1 7Tn X i d / 

(Rw x R m , 0 x / ) 

1' 
(R,0) 

where/^(x) = F(x\ a) for a £ I fixed mdp\,p2 are canonical projections. 

THEOREM 3-7. Suppose that an analytic family F of blow analytic functions has si
multaneously initially isolated singularities. Then F admits a blow analytic trivialization 
along the parameter space I where I = x^ j [a,-, fy] is a compact cube in Rm. 

PROOF. TO prove Theorem 3-7, it is sufficient to show the existence of analytic vec
tor fields Vq tangent to {Mn x Rm, TT~1(0) X /) with the properties: 
(Vql) Vqis tangent to each level set of the mapping F o (7rn x id/) at its regular point, 
(Vq2) the t component of Vq is J- for 1 < q < m. 
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In fact, if there are analytic vector fields Vq satisfying the previous conditions, then 
there are trajectories <t>q(tq\ x, £, c) of vector fields Vq with <^(0; x, £, c) = (x, £, c). Define 
the analytic isomorphism H of (fWn x Rm, ir~l(0) x /) by 

H(x,£,t) = <t>m\tm-am',<i>m-\('''\(j>\(t\ - a i ;* ,£ , a ) - - - ) J 

where a = (a\,«2» • • •,«m)« Then the two properties (Vql), (Vq2) imply that F,H satisfy 
the condition of Definition 3-6. And so, F admits a blow analytic trivialization along /. 

Now, we show the existence of the vector field Vq. Recall a Kuo vector field V(x; tq) 
defined in (Rn x Rm - 0 x /, 0 x I) (see [3, 5]): 

T7/ , | g r a d ^ F | 2 f d / 3 g r a d ^ F \ grad F 
V(x;tq)-

where 

| grad^ F\2 { dtq \ dtq ' | grad^ F\ I | grad^ F\ 

; , .,, gradrF + —̂-
|g rad x F| 2 5 x dtt 

grad F-_-_J2—— 
p-\ vXp vXp 

A v A 3F 3 3F 3 
grad^ F = > :r—— + — — . 

^tI 3JCP 3 ^ 3 ^ dtq 

This vector field V(JC; tq) is tangent to the level set of F(x; ?) at its regular points, by 
definition. Moreover, it is a blow analytic vector field for any t G / fixed. 

In fact, let 

a " - ~ | g r a d , F P 

be the coefficient of ^- in the vector field V(x\ tq). Then, using the local coordinate u = 

(ul,u2,..., un) in f̂ fA
n, we have: 

, x \9f9 / \ 3 ^ / / A 1 A A n\ 
flp 0 7Tn(w) = — •: —- -^{U U , . . . , W , . . . ,U U ) 

Igrad^FI2 

^=i(tf(")+"A^L(«)+---)2 

where w = (w1,..., ux~x, 1, wA+1,..., un). By the assumption of Theorem 3-7, 

Ê ( § ( « ' ^ ' . i . ^ 1 ^ ^ o . 
Hence, apo7Tn,\ < p < n are analytic functions and apoirn(0\ £) = 0. So, by Corollary 3-
3, the vector field V(x\ tq\ 1 < q < m are blow analytic and there exist analytic vector 
fields Vq tangent to (Mn x Rm, ir~l(0) x /) with dnn(Vq) = V(x; tq). It is clear that the 
vector field Vq satisfies the conditions (Vql), (Vq2) because V(x; tq) is tangent to the level 
set of F(JC; t) at its any regular point. This completes the proof of Theorem 3-7. • 

Theorem 3-7 is a generalization of the following theorem. 
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THEOREM 3-8 (T-C. Kuo [4]). Suppose that an analytic family F of analytic func
tions has simultaneously initially isolated singularities. Then F admits a blow analytic 
trivialization along the parameter space I where I — x£Lj [en, b(] a compact cube in Rm. 

EXAMPLE 3-9. Let 

F(x; t) = (Xl+X2)(j-txiX2+4): (R2 X R O X /} _ (R ox 

I = [0,1], be an analytic family of blow analytic functions. This family F has initially 
isolated singularities at the origin along /. So, F admits a blow analytic trivialization 
along /. In particular, F(x; 0) = x\ +\2 and F(x; 1) = (*1

2
f*2

2
) are blow analytic equivalent 

X\+X2 

each other. 

>ROOF 

SO 

l We have: 

1 âx, ~ (x2
l+x2

2)i 
] dF x4

2+(2+t)x2x2
2-2tx2x]+( 1 -t)x* 

[ a*2 (x2+x2)2 

dF dF t(x\ -x\){xi +x2) 
dx\ dx2 (Xj+x^)2 

Thus we know that the equations: 

dx\ dx2 

imply x\ = X2 = 0 if t2 ^ 4. So, the family F has simultaneously initially isolated 
singularities at the origin along the interval / = [0,1]. This shows that the family F 
satisfies the assumption of Theorem 3-7. This completes the proof of 3-9. • 
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