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Generalized Factorization in Hardy Spaces
and the Commutant of Toeplitz Operators

Michael Stessin and Kehe Zhu

Abstract. Every classical inner function ¢ in the unit disk gives rise to a certain factorization of func-
tions in Hardy spaces. This factorization, which we call the generalized Riesz factorization, coincides
with the classical Riesz factorization when ¢(z) = z. In this paper we prove several results about the
generalized Riesz factorization, and we apply this factorization theory to obtain a new description of
the commutant of analytic Toeplitz operators with inner symbols on a Hardy space. We also discuss
several related issues in the context of the Bergman space.

1 Introduction

Let ID be the open unit disk in the complex plane C. For 0 < p < oo the Hardy space
HP? consists of analytic functions f in ID such that

1 [ ,
If1I5 = sup —/ | f(re")|P dt < oo.
o<r<1 27 Jo

It is well known that if
f(z) = Zakzk, zeD,
k=0

then

e}

715 =D laxl,

k=0

and H? is a Hilbert space whose inner product, { , ), is the polarization of the above
norm. See [6] for the classical theory of H? spaces.

Let H* be the space of all bounded analytic functions in D. For each ¢ € H* we
define an operator T, on H as follows:

T.f =¢f, feH.

For historical reasons T, will be called the analytic Toeplitz operator with symbol ¢;
T, is simply the multiplication operator induced by ¢.

The commutant of T,,, denoted by (T,,)’, is the algebra of all bounded linear op-
erators S on H? with ST, = T,S. A closed subspace M of H? is called a reducing
subspace of T, if it is invariant under both T, and T7;. It is well known that a closed
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subspace of H? is a reducing subspace of T,, if and only if the orthogonal projection
of H? onto this subspace is in the commutant of T,.

In this paper we study T, when ¢ is an inner function. In this case the operator
T, is an isometry, so that the Wold decomposition theorem (see [7]) determines
a decomposition of H? into the direct sum of singly generated subspaces invariant
under T,,. This decomposition leads to a certain factorization which generalizes the
classical inner-outer factorization.

Throughout the paper we assume that ¢ is an inner function. For 0 < p < oo we
say that a function f € H? is ¢-p innerif || f||, = 1 and

2T
/ |f(€it)‘pg0(€it)n dt =0
0

for all positive integers n. A function f € HP is called -p outer if f = F o ¢, where
F € HP? is outer.

It was proved in [8] that every f € H? admits a factorization f = hF o ¢, where
his p-p inner and F o ¢ is ¢-p outer. Moreover, the ¢-p inner and outer factors are
uniquely determined by f up to a unimodulus constant multiple.

We further investigate this factorization in Sections 2 and 3 and obtain several
characterizations (and estimates) for ¢-p inner and outer functions. We then apply
these results in Section 4 to obtain a description of the commutant of T',.

To state our main results, Theorems A, B and C below, we introduce a class of
measures do¢ defined via Herglotz’s theorem by

+ +

Re STPE) /Re 2T doc(w), zED, CET,
¢—(2) T W—2

where T is the unit circle.

Theorem A For 0 < p < oo we have

(a) A function h € H? with ||h||, = 1is @-p inner if and only if

/|h(z)|" do,(z) =1
T

for almost allw € T.
(b) Ifhis p-p inner, then
1— ()

P <
FEF < =P

forallz € D.
(c) If f € H? and f = hF o @ is the -p factorization of f, then

Fo = exp{ % T gtz

for all z € D, where dm is the normalized Lebesgue measure onT.

og(( [ 11 doe(r)) )}
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For any analytic function we will use M to denote the operator of multiplication
by f.

Theorem B There exists a sequence {S,} of operators on H? (depending on ) such
that the following conditions are equivalent for a bounded linear operator S on H?:

(a) S belongs to the commutant of T,
(b) There exists a sequence {p, } in H* such that

S=M,S+--+M,S,+--,

where the series converges in the strong operator topology and the p-2 outer part of
each o, is bounded.

We will have explicit descriptions for the operators S,. In general, a ¢-p inner
function is not necessarily bounded. However, in the special case when ¢ is a Blaschke
product of N zeros with N < 0o, we will see that the (- p inner part of each function
in H? is bounded, and the o-p outer part of f € HP? is bounded if and only if f
itself is bounded. In this particular case, our result realizes the commutant of T, as
N copies of H*®.

In the final section of the paper we will discuss several related problems in the
context of Bergman spaces. In particular, we will obtain several results about the
reducing subspaces and commutants of analytic Toeplitz operators on the Bergman
space induced by finite Blaschke products. One of the results proved in this section is
the following.

Theorem C Let B be a finite Blaschke product which vanishes at the origin,

n
Z — ag
B(z) = , <1, k=1,2,...,n
(2) ZE T |a] yeay N

Then the subspace
M = Span{B'B",m=0,1,...}
is reducing for the operator Tg on A%, and its orthogonal complement is given by

m

Mszm{ :1§k§mmzo}

— axz

Here Span denotes the closed linear span of a collection of vectors in A2.

Remark The condition of vanishing at the origin is imposed just for convenience.
It is not necessary for the first statement and without it the second one needs a small
adjustment.

Acknowledgement The authors would like to thank the referee for a number of
suggestions which considerably improved the presentation.
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2 Generalized Riesz Factorizations

In this section we present some facts about the Wold decomposition of the Toeplitz
isometry T, show how this decomposition leads to a natural generalization of the
classical inner-outer factorization in Hardy spaces, and obtain several characteriza-
tions (and estimates) for the corresponding inner and outer functions.

For each 0 < p < oo we set

HP[p] ={fop: feH}

Since ¢ is inner, the composition operator C,, is bounded from above and below for
all p; see [4]. In particular, the space H?[¢] is closed in H?. The image of T, on
HP?, denoted by pH?, is also a closed subspace of H?. When p = 2, we will need the
defect space

Dlyp] = H* © (pH?),

which is just the kernel of T7. Defect spaces are also called model spaces in the litera-
ture and are sometimes denoted by K,. They have been extensively studied by those
who work on Hardy spaces and operator theory; see [9].

Recall that the Wold decomposition theorem [7] states that every isometry T
X — X of a Hilbert space X determines the following decomposition of X:

X :XOéT”Xl,

n=0

where
Xi=X6eTX

is the wandering subspace, and

XO - ﬁ TnX

n=0

is the stable subspace.
In the special case when M = X is a closed subspace of H? invariant under T =
T, the stable subspace is obviously trivial, so that

o0
M = @ TI(M S ©M).
n=0

In particular, if M = H? and {ey, ..., e,, ... } is an orthonormal basis of the defect
space of T, the above decomposition implies that any function f € H? is uniquely
represented in the form

=3 (fiope

k=1
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where each f; o ¢ € H*[(p] and

12 =D AN
k=1

Conversely, every sequence { fi, ..., fu, ... } of functions in H* with

0o
Yol < oo
n=1

determines a function in H? as follows:
o0
f=> (fucplen
n=1

This follows from the simple fact (see [8], for example) that if

F=> (ficolen, g=Y (8noplen,

n=1 n=1
then
(1) <f7g> :Z<fnagn>'
n=1

As a consequence of equation (1) we obtain the following.

383

Lemma 1 Suppose {e} is an orthonormal basis for D[p]. For each k let Hy[ ] be the
H?-closure of the set of vectors of the form (p o @)ex, where p is a polynomial. Then

Hile] L H,,[@] whenever k #+ m, and
H* = P Hilg).
k

We will call the decomposition of H? in the above lemma the Wold decomposition

of H? with respect to (.

As another consequence of equation (1) we obtain the following well-known fact

representing the Toeplitz operator with symbol ¢:

) (T,) f=Tof =Y _[(Sf) o ¢len,
n=0
where the operator S defined by

is the backward shift.

As a consequence of the representation (2) we obtain the following result proved

in [7] and [10].
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Lemma 2 Suppose X is any subset of the defect space D[p]. Let Hx be the closed linear
span in H? of the set of vectors of the form (p o o) f, where f € X and p is a polynomial.
Then Hy is a reducing subspace of T,,.

In particular, it follows from the above lemma that the commutant of T, contains
a lot of orthogonal projections. We will need the following result from [8].

Proposition 3 Suppose {e, } is an orthonormal basis of the defect space D[] and 0 <
p < oo. Then

(i) A function f in H? is o-p inner if and only if

[tho@)fllp = IRl

for every h € H?.
(ii) A function

(o)
f=Y (fiople
n=0
is -2 inner if and only if
STIhEDP =1
n=0
for almost all 6.
(iii) Every function f € H? admits a unique (up to a unimodular scalar factor) factor-
ization f = hF o @, where h is @-p inner and F o  is - p outer.

It follows from the representation (2) that each ey is a -2 inner function. Com-
bining this observation with part (i) of Proposition 3 above, we conclude that
Hi[p] = exH?[p] in Lemma 1, so that the Wold decomposition of H? associated
with ¢ can be written as

H* = P(eH’[¢]).
k

If p(z) = z, the factorization mentioned in part (iii) of Proposition 3 coincides
with the classical inner-outer factorization.

If ¢ is a finite Blaschke product of order N, then every (-p inner function is in
H®°. In fact, the defect space consists of rational functions in this case, so any element
of the defect space is bounded in the unit disk. If

N
h= Zekhk o
k=1

is -2 inner, then by part (ii) of Proposition 3, each hy is bounded, so  is bounded as
well. If 0 < p < oo and h = gF is -p inner, where g is a classical inner function and
Fis outer, then F?/2 is -2 inner and hence bounded, which implies that h € H*°.

If ¢ is not a finite Blaschke product, a -p inner function need not be bounded
(see [8] and the example following Corollary 8 in the present paper). Still, we are
able to obtain some growth estimates.
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Theorem 4 Let0 < p < oo and h be a p-p inner function. Then

L= lp@

P <
Ry

forallz € D.
Proof By Proposition 3, for every function g € H? we have

lhg o ollp = lIgllp-

In particular, this implies that

]l
|h(2)] |g(50(2)) | < m

for every z € ID. Choosing

1

S = e 1

leads to the desired estimate. |

Corollary 5 Let ¢ = Bg, where B is a Blaschke product and g is a singular inner
function generated by a singular measure u. If w € T is neither a limit point of the
zeros of B nor a point in the closure of the support of p, then any -p inner function is
bounded near w.

Proof It is well known that ¢ has an analytic extension to a neighborhood of w.
In particular, ¢ has a finite angular derivative at w. The result then follows from
Theorem 4. [ ]

We proceed to describe - p inner and outer functions in terms of singular mea-
sures introduced by Clark in [2]. More specifically, if |w| = 1, then

wip@) _1-lp@P
w—p@ - p@P

Re >0

for all z in the unit disk. By Herglotz’s theorem there is a nonnegative measure o,, on
the unit circle T such that

w+o(z) C+z
Re 28— e 22 a0 0

for all z € D. Since ¢ is inner, o,, is singular with respect to the normalized Lebesgue
measure dm on T. If E,, is the set of points in T where ¢ has w as a nontangential
limit, then (see [1])

3) ow(T\ E,) = 0.
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Furthermore, if ¢(0) = 0, then o, is a probability measure for all w € T.

These measures o,, are related to the conditional expectation operator E( - |¢) as-
sociated with the o-algebra generated by ¢:

E(fle)w) = | f(Q)dow(C),
-

where f € L'(T) and w € T. This was proved by Alexandrov in [1], where he also
proved that every f € L!(T) belongs to L'(T, o,,) for almost all w € T and

@ [ 7Oan© = [ ([ 70 dru(©)) dmw.

Theorem 6 Suppose 0 < p < oo and h is a unit vector in H?. Then h is -p inner if
and only if

|h(2)|P doy(2) =1
T
for almost allw € T.

Proof It follows from equations (3) and (4) that
|h(z)\pcp(z)k dm(z) = /wk< |h(z)|? daw(z)) dm(w)
T T T

for all positive integers k. Thus, the uniqueness theorem implies that h is - p inner
if and only if

|h(2)|? do,(2)
T

is a constant function of w. Since |||, = 1, we conclude that h is ©-p inner if and
only if

|h(z)|? do,(2) = 1
T
for almost all w € T. ]
Note that statement (i) of Proposition 3 is a straightforward corollary of Theo-
rem 6 and equation (4). This offers a proof of part (i) of Proposition 3 that is different

from the one in [8].

Theorem 7 Suppose 0 < p < oo, f € HP, and f = hF, o  is the p-p factorization
of f. Then

®  @=eo{s [ Eiog( [ 100 den) ano)}

forallz € D.
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Proof It follows directly from the classical Riesz formula and (4) that the function
given by the integral on the right-hand side of (5) is outer and in H? and the absolute
value of its nontangential boundary limit at almost all { € Tis

(/T FP do(r)) v

Indeed, if we denote the last function by FP(C), then by (4) it is in L!(dm), and,
hence, log" F, € L'(dm). Since f € H?,log™ |f| € L'(dm). Now, the concavity of
the function log and (4) show that log™ Fp e LY (dm).

Further, it follows from (4) and (5) that

/ FO| Ey (o) | olr) dm(r) = /
T T

=),

B [ 1701 dor)) dm)

By (O 7PE, ()P CF dm(¢)

_)o ifk#0
|1 ifk=o.
This implies that f(Fp o )~ is p-p inner, so Fp is the - p outer part of f. ]

Note that if ¢(z) = z, then o, is a point mass at w of mass 1 and (5) converts to
the classical Riesz formula.

Corollary 8 Suppose f € HP, 0 < r < p < +o0, and f = h,F, o ¢ is the p-r
factorization of f. Then F, € HP.

Proof This follows directly from equation (4), the proof of Theorem 7, and Holder’s
inequality. ]

In view of the last corollary it is natural to ask if for 0 < r < p the ¢-r inner
part of an H?-function f must be in H?. For example, if f is bounded, Corollary 8
implies that its ¢-p outer part is bounded (in fact, its H* norm does not exceed the
H®° norm of f) for all p. Must the ¢-p inner part of f be bounded? The following
example shows that in general the answer is negative.

Example Assume that ¢ has the property that the measures o, are continuous (that
is, they have no point masses) for almost all w € T; see [1] for examples of such
functions. Choose a set of circular arcs I,, n = 1,2,..., satisfying the following
conditions:

(i) I,NI, = @ forn#m,

(i) |I,| = 37" forall n.
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Write V,, = ¢~ !(I,,) and note that V,, are disjoint subsets of T of positive Lebesgue
measure. It follows from the definition of o, that

1= p0)

for all w € T. For each n we consider the points w € I, for which the measure
o, is continuous; for each such point w there exists an arc J, = (1,€™) with
0 < 6(w) < w/2and
1
UW(]W) = ZUW(T)
We then define
U, = U{]W cw e I},
and
U,=U0,NV,.

Since 0,,(T \ V,,) = 0 for all w € I,,, we have ¢,,(U,) = 15,,(T). Thus equation (5)
implies that U,, has positive Lebesgue measure for all #. Now define a function p on
T as follows:

1 ifwe T\ U,V U, U
p(w){% ifwe V,\ U,

It is easily seen that p is a bounded positive function on T and

= logn
3n 7

/ |log p(2)| dm(z) < C
T

n=1

where C is a positive constant. So log p is in L'(T), which implies that there is a
bounded analytic function f in ID such that | f| coincides with p almost everywhere
on T; here we denote the radial limits of f by the same letter f. Let 0 < p < co and
f = hyF, o ¢ be the @-p factorization of f. For each w € I, an application of (4)
and Theorem 7 gives

ol = [ 1@ dn@)"”

Ln—11-|pO)f 1 1-p0)f \"
= _ — + — =
n? n |[1—wp0)]>  n|l—wp(0)?

1

n=lr ifp >1
n- ifo<p <1

Since |U,| > 0, the set of points ¢, € U, where the functions ¢, f, F, o ¢, and h,, all
have radial limits has positive measure. Since for all such (,, we have w,, = ©((,,) € 1,,,
the last estimate shows that

1/p ifp >
iy ()| = pwy) N{n ifp>1

|Fp(wy)] n fo<p<l,

so that ki, is unbounded.
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3  ¢-Multipliers

For 0 < p <'s < oo we will denote by H, ,, ; the collection of all functions in H”
whose - p outer part is in H*. For 0 < r < p < oo we say that an analytic function
f in the unit disk is a p-multiplier of type (p, r) if for every h € H?[¢] the product
fhisin H'.

Theorem 9 An analytic function f is a p-multiplier of type (p,r) if and only if f €
Hy i, wheret = pr/(p —r).

Proof Since constants are in H? [¢] for all p, any p-multiplier of type (p, r) must be
in H". Let f € H" and f = h,F, o ¢ be the ¢-r factorization of f. For every g € H?,
part (i) of Proposition 3 gives

I fgo vl = IFgl: < |F]

gll, < ClIF|

" 2 g ellp-

Since g is arbitrary and the last inequality is sharp, the result follows. ]
Corollary 10 If0 < p <'s < oo, then Hy, , s is a subspace of H?.
Proof This is because the set of multipliers is obviously a linear space. ]

As a special case of the theorem above we see that p-multipliers of type (p, p) (or
simply - p-multipliers) are those H? functions whose - p outer part is bounded in
the unit disk.

In the case when ¢ is a finite Blaschke product any ¢-p inner function is bounded,
so that the set of - p-multipliers coincides with H*.

Corollary 11  If f is a o-multiplier of type (p, r), then there is a constant C > 0 such
that

(1-lo@P) "

f(] <C (1— [z

forallz € D.

Proof Let f = h,F, o ¢ be the ¢-r factorization of f. By Theorem 9 the function F,
belongs to H = , so that

1B
|Fr(¢(2) | € —————.
(1= @) ™
This together with Theorem 4 yields the desired estimate. ]
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4 The Commutant of T,

The Wold decomposition associated with ¢ in Section 2 depends on the choice of an
orthonormal basis {ex } for the defect space D[¢]. In the rest of this section we fix an
orthonormal basis {e;} of the defect space D[¢]. Let

H* = P(eH’[])

be the corresponding Wold decomposition of H2. For each k we define an operator
Sy on H? by
Pi(f)

Sk(f) = —=, feH,
ek

where Py is the orthogonal projection from H? onto Hi[p] = exH?[¢].

Lemma 12 With the above notation we have

(a) Each operator Sy is bounded on H>.
(b) Each S commutes with T.
(c) Each Sy maps H*> into H*.

Proof The first assertion follows from part (i) of Proposition 3 and the fact that each
e is (-2 inner, the second follows from Lemma 2, and the third can be found in [11].
|

We now show how to combine the operators Sy with certain analytic multiplica-
tion operators to obtain all the operators in the commutant of T,. As a first step, fix
any k and let h be a multiplier from H?[¢] into H?. By the closed graph theorem
there exists a positive constant C such that ||hf o || < C||f o || forall f € H. This
implies that the operator T = M;,S; is bounded on H?, where Mj, is the operator of
multiplication by k. In fact, if f € H?, we can write

F=Y afion
k

The definition of Sx gives Sk(f) = fi © ¢, so by Proposition 3 we have

ITHI = [[Bfi o oll < Cllfi o @l = ClISKNI < ClISKI I fI

Since Sy commutes with T, and M}, commutes with T, (at least on the dense sub-
space H>; we then apply part (c) of Lemma 12), we conclude that T belongs to the
commutant of T,,.

The next result shows that this procedure will produce all the operators in the
commutant of T,,.
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Theorem 13 A bounded linear operator S on H> commutes with T,, if and only if there
exists a sequence {¢yx} of multipliers from H?[¢] into H? such that

S=M, S+ +MySp+--
where the series converges in the strong operator topology.

Proof Assume that T is an operator of the form
T= Z M, Sk,
k

where each ¢y is a multiplier from H?[(] into H? and the series converges in the
strong operator topology. We already knew that each term M, S is in the commutant
of T,. Since the commutant is a linear space that is closed in the strong operator
topology, T belongs to (T.,)" as well.

Next assume that T is any operator in the commutant of T,,. For each k let ¢ =
T(ex). We first show that each ¢y, is a multiplier from H?[¢] into H2. To this end we
fix k and pick any f € H?. Write

o
f = Z enfn ° ¢,
n=1
where each f, belongs to H?. Since T commutes with T, it follows easily that
T(enfuo @) = fuo @T(en).

This implies that

1) =Y guhop =3 el
n=1

n=1 n

Fixing k and replacing f by exg o ¢, where g € H?, we obtain
T(eaxg o) = prgop.

Thus
lexg o @ll < (I Tl llexg o ll = IT1| llg o «l|-

This shows that each ¢y is a multiplier from H?[¢] into H?. Our earlier calculation

already gave
(5 =S o2 - S s
k

k ek
for all f € H?. So we have
T=Y M,S,
k

with the series converging in the strong operator topology. ]
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Corollary 14 If B is a finite Blaschke product with n zeros, then there exist operators
Sty ..., Sy such that the commutant of Ty on H* consists of operators of the form

S=My,S +---+M,S,,

where @1, ..., @, are functions in H*.

The commutant of an analytic Toeplitz operator on the Hardy space induced by
a finite Blaschke product has been studied extensively in the literature. We mention
here the papers [3] [7] [5] [12]. In particular, Thomson [12] gives an explicit descrip-
tion of the commutant of T when B is a Blaschke product with two zeros; Cowen [3]
describes the commutant of Tj for a finite Blaschke product in terms of the Riemann
surface generated by ¢.

Our result differs from the known ones in that it clearly relates the commutant of
T, to multiplication operators. In particular, it realizes the commutant of T,, as N
copies of H*> when ¢ is finite Blaschke product with N zeros. More precisely, the
commutant of T, in this case is an H*>*-module generated by N elements.

We also mention that the commutant of a general isometry (such as T, in the
paper) can be described in terms of block matrices; see [3] or [5].

5 Some Results for the Bergman space

It is very natural to ask how much of what we have done can be extended to the case
of the Bergman space. Although most of our results do not have obvious generaliza-
tions, we show in this section that some ideas can still be pursued in the Bergman
space setting. We will obtain several results about the reducing subspaces and com-
mutants of analytic Toeplitz operators on the Bergman space whose symbols are finite
Blaschke products.

Recall that for 0 < p < oo the Bergman space A? consists of analytic functions f
in [D such that

1/p
11 = [ [ 1@ asa] " < .

where dA is the normalized area measure on D. We will only consider the Hilbert
space A%, whose inner product is given by

(f.g) = / (22 dA(),

and the associated norm will be denoted by || ||

Given any ¢ € H*, we still use M,, or T, to denote the operator of multiplication
by  on A%. All operators in this section act on the Bergman space A% unless otherwise
specified.

It was shown in [13] that the operator of multiplication by a Blaschke product
B of order 2 acting on the Bergman space has exactly two reducing subspaces, and
the two reducing subspaces were described in [13] in terms of the geodesic mid-
point of the two zeros of B. Here we will construct a non-trivial reducing subspace
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(and its orthogonal complement) of M for any finite Blaschke product B (with more
than one zero, of course). When B has only two zeros, this construction gives an
alternative description of the reducing subspaces obtained in [13], and it produces a
new matricial representation of the commutant of Mp.

If B is a finite Blaschke product with 7 zeros, then so is the function

B — B(0)
1 —B(0)B’

Since Tp and Tp, have the same commutant and the same lattice of reducing sub-
spaces, we may assume, without loss of generality, that B(0) = 0. This condition will
be assumed throughout the rest of this section.

Theorem 15 Let B be a finite Blaschke product which vanishes at the origin,

n
(6) B@) =z[[ X, |al <1, k=12...n
k7

aj
1 z
—1 k

ak.
Then the subspace

M = Span{B'B",m=0,1,...}
is reducing for the operator Ty on A2, and its orthogonal complement is given by

B™(z)

1—arz

MJ‘:Span{ :lgkgn,mZO}.

Here Span denotes the closed linear span of a collection of vectors in A2.

Proof Since M is clearly invariant under T}, it suffices to show that M L is also in-
variant under Tp.

We first prove that the functions in M that are analytic in the closed disk are
dense in M+, Let P and P, be the orthogonal projections of A?> onto M and M+,
respectively. Then P;(P|z]) is dense in M+, because the space P[z] of polynomials is
dense in A2. Since B(0) = 0, the functions

1 ! pm
—B'B", m=0,1,2,...,
n

N

form an orthonormal basis of M. For a polynomial g we have

o

Pq= % Z( A | q(2)B'(2)B(2) dA(z)) B'B.

k=0
If k > deg(g), then the integral on the right-hand side above vanishes. Thus,

deg(q)
(7) Pg=B"> M\B,

k=0
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where )y are constants. This shows that Pq is analytic in the closed disk, so that
P1q = q — Pq is analytic in D.

We next give an explicit description of M. Take f € M' and assume that f is
analytic in ID. By the Green-Stokes formula,

0= | f(2)B’'(2)B(2)k dA(z)
D

1

——k+1
= miter) ) PBE 2

1 ——k+1
= Tzf(z)B(z) dm(z),

where dm is the normalized Lebesgue measure on T. Thus, the function zf(z) is
orthogonal to B” in H? for every m > 0, and clearly, this also holds for m = 0. It
is well known (see [8] for example) that the orthogonal complement in H? of the set
{B™: m > 0} is spanned (in the H* topology) by the set

{ 2 B2 :ik=1,2,...,n, mzo,l,...}.
1—az

Since multiplication by z is an isometry in H?, and since H* convergence implies A2
convergence, we conclude that f can be approximated in the A*-norm by functions

of the form
B"(2)
—, 1<k<nm>0
1—agz
It follows that
Bm
(8) MLCSpan{ (?) :1§k§n,m20}.
1—agz
Here the span is taken in A2
Conversely, if
B"(2)
f@) = 1—az

for some 1 < k < nand m > 0, then the arguments in the previous paragraph
used in reverse order show that f € M=. This proves that the linear span in (8) is
contained in M. Combining this with the conclusion of the previous paragraph, we

obtain .
B
ML—Span{ @ g <k<n, mZO}.
1—aiz
This description of M~ clearly shows that M is invariant under Tj. ]

Corollary 16 Let B be a finite Blaschke product in the form (6). Then

Bm
A2:Span{B'Bm:mZO}@Span{1 (2) 11 <k<n, m20}.
a
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In particular, if B is a Blaschke product of order 2,
B(z) =z,
1—az

then the spaces

Bm
Span{B'B" : m > 0}, Span{ . (Z_) im > 0}
—az

are reducing for Tp. By [13] these must be the only two reducing subspaces for T;
and they must coincide with the descriptions given in [13].

We now proceed to give a matricial description of the commutant of T on A?
when B is a Blaschke product of order 2 whose zeros are 0 and a.

Denote by p the pull-back measure on D induced by B. So for a Borel subset

C € D we have
H(C) = / dA(z).
B-1(C)

The measure p is absolutely continuous with respect to area measure,

du(z) = p(z) dA(2),

where .
P(Z) - Z |B/(T)|27
B(1)=z

with

a—

B(r)=r1 _T .

1—ar

A calculation shows that
1 (1—la®)?+ 1 —ar|*
p2) = Z B/ ()2 |aT? — 27 + al?
B(1)=z

From this we derive the following lower estimate for the weight function p,

(1 —la])?(1 +1al?)

9 >
) p(z) > 1+ |a\)2
Consider the function
B, 1 (2 @
10 =1- B = —B .
(10) 82) 2 1—az\ 2 2

By Theorem 15, g € Span{B¥(z)/(1 — az) : k > 0}. Actually, it is easy to check that
Span{gB* : k > 0} = Span{B*(2)/(1 — az) : k > 0}.

It is also easy to see that

(11) 1—lal <lg(z)| < %

= la|

forallz € D.
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Lemma 17 Let
1
ﬁBlﬁ oB+gf,0B,

where fi and f, are functions in H*. Then

jaf?

2

(12) f=

(13) 111> = IAl* -

where

1212+ 11 A1

1515 = [ 158 dn
D
Proof By Theorem 15 and (10), we have

IF1?

1
SIB'fi o B> +lgfs 0 B
B’(0
||f1||2+/‘1— B0y,
D 2

a?
= AP+ 1 o BIP + SC NI

2
| £(B2) | dA2)

_2Re(B§0) ]fz(B(z))|2B’(z)dA(z)).

D
Write

h) =) ad,
k=0

and let

> C
Wz =3, kf 72
k=0

be the antiderivative of f,. We have by Green-Stokes formula

22— _
A)’JCZ(B(Z)) | B'(2) dA(z) = P /sz(B(z))h(B(z)) dz

o 2
=B'0)) lal_ 5oy )
k=0

k+1

The last two strings of equalities then imply that

|af?
2
la

| 2
S IAIP + A

A1 = IAI = =- 1A+ 12 0 Bl

= A" -

As a direct consequence of Lemma 17 we obtain the following lower estimate for

the composition operator with symbol B.
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Corollary 18 Let B be a Blaschke product of order 2 vanishing at 0 and a € ID. Then

[ fllu = [1f o Bl =~ f]|

for every f € A%, where

_ flal* (A —aD*(1 +]al)
’Y(Q)—\/T'F (1+|a|)2 .

Proof It suffices to prove the result for polynomials f. By Lemma 17 and the esti-
mates in (9) and (11),

2
170 B~ 2012 = s o B
= [ ls@F| f(32) | a4
D
> (1 |a])? /D | £(B(2) | dA(z)
)

= (1 —1aD)® | [f@)I*p(2) dA(2)
D

(1 —|aD*(1 + |a|?)
- (1+1a|)?

I£11%,

and the desired result follows. ]
As another corollary we extend (13) to the whole space A2.

Corollary 19  Every function f € A?* is uniquely represented in the form (12), where
f1 and f, are in A* and the norms of f, f1, and f, satisfy (13).

Proof If f is a polynomial, (7) shows that f; is a polynomial. Since

1 , B
HﬁBﬁOBH — 1Al

we have || f1]| < || f]|. Purthermore, if z € D, then |g(z)| > 1 — |a| by (11). Therefore,

1
Bl < .
[faoB| < 1_|a||\f||
Since 1+ d
+ |a
B'(z)| < 2———
Bl <2 ap
for all z € ID, we have
1+ |a
<2— .
£l < (1_|a‘)3||f||
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The desired result now follows from Corollary 16, Lemma 17, and the density of
polynomials in A%, [

It follows from Corollary 19 that A2 is isometric to A% x A? equipped with the
norm given by (13). We call this space A3 5. The standard norm on A x A? is given
by

1G9l = (113 + gl

The following simple estimate gives the relation between these two norms.

Proposition 20  Let vy be the constant defined in Corollary 18. Then

< NG, R)llazxa

2,8 — 1_‘a|

(14) @@ = aDl(f; Lllarxaz < [ (fis H)llag

for all functions f, and f in A2,

Proof Let

f= %B'ﬁ oB+gf,oB.

Since

I Pl = I = 1A+ [ 5| £(3@) | daG).

the estimate in (11), together with the fact that the operator of composition by B on
A? has norm 1 (see [4]), gives us

/Ig(2)|2|fz(3(2))\ dA(z) < /\fz (B(2) | dA(z)
D

(- | (1~ a])?

Al

This establishes the upper bound in (14). To prove the lower bound we use the other
part of (11) and Corollary 18.

/|g(z)|2\ﬁ(3(z))\2dA(z) > (1 |a|)2/\f2(3(z)) |* dA(2)
D D

> (1= |a])*v(@)?|| ]I n

Let A, stand for the space of n x n matrices of bounded analytic functions in the
unit disk. For
A= A(z) = [a; j(2)]i =12

we define

[Alla, = sup{llA(2)¢

where vectors in C" are written as columns and

[Cller = VG +- - + Gl

w:zeD, e ¢

Cn = 1}7
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for { € C".

Since A? is isometric to A3 j, it follows immediately that every operator S on A*
which commutes with Ty corrésponds to a matrix [a;;(2)]; j—1,» of analytic functions
in D, where

B’ B’ B’
(15) S(E) = E¢1110B+g61120B7 S(g) = %a210B+ga220B.

We write this correspondence in the form
laij] = F(S).

By Lemma 17, the functions a;; above are bounded in ID. Thus IF maps (T3)" into
A,. The following theorem states that FF is an isomorphism from (T)’ onto A, and
gives a norm estimate.

Theorem 21 Let B be a Blaschke product of order 2 which vanishes at 0 and a. Then
the commutant of Tg is isomorphic to the space A,. The isomorphism IF is given by (15)
and satisfies the estimate

(1= laD*y(@|ES)l[s < S]] [E(S)[ a2

= 0@
forall S € (Ty)'.

Proof Given f € A2, we can write

1
—2B'f1 oB+gf,0B.

G

By (14), we have

ISl IES S f)llag,,
I£1 1A, Bz,

R SR [(O(C Al
- (1= |a|)2’y(a) ||(f1>f2)HAZ><A2

1
—||F Az
= A=l HOl

The lower estimate can be established in a similar way using the other part of (14).
|

Once again, we remark that other representations of the commutant (Tg)’ are
possible.
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