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MODULI SPACE OF BRODY CURVES, ENERGY AND
MEAN DIMENSION

MASAKI TSUKAMOTO

Abstract. A Brody curve is a holomorphic map from the complex plane C
to a Hermitian manifold with bounded derivative. In this paper we study the
value distribution of Brody curves from the viewpoint of moduli theory. The
moduli space of Brody curves becomes infinite dimensional in general, and we
study its “mean dimension”. We introduce the notion of “mean energy” and
show that this can be used to estimate the mean dimension.

81. Main results

1.1. Moduli space of Brody curves

M. Gromov introduced a remarkable notion of mean dimension in [8]
(see also Lindenstrauss-Weiss [10] and Lindenstrauss [9]). Mean dimension
is a “dimension of an infinite dimensional space”. In this paper we study
the mean dimension of the moduli space of Brody curves. We introduce
the notion of mean energy and study the relation between mean energy and
mean dimension. Mean energy can be considered as an infinite dimensional
version of characteristic number, and our approach is an attempt to attack
an infinite dimensional index problem.

Let CPY be the complex projective space and [20 : 21 : -+ : zN] be the
homogeneous coordinate in CPY. We define the Fubini-Study metric form
wrg on CPN by

VI, v
(1) Wrs = 75810{; 1+ ; | 2] on {[l:z1:--:2n]}

This 2-form wpg smoothly extends over CPY and defines the Fubini-Study
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metric. This is normalized so that

/ wps =1 for CP':={[2:2:0:---:0] € CPV}.
Cpt?

Let z = = 4+ y+/—1 be the natural coordinate in the complex plane C, and
let f: C — CPY be a holomorphic map. We define the pointwise norm
|df|(z) > 0 of the differential df by

(2) frwrs = |df | dedy,
i.e., for a holomorphic curve f = [1 : f; : -+ : fn] with holomorphic
functions f1,..., fn

42 (=) = 20 (0/02) = - Alog(1+ i + -+ P

0? 0?

A=—+—|.

(4= 5+ 37)
We call a holomorphic map f : C — CPY a Brody curve if it satisfies
|df| <1 (cf. Brody [3]). Let M(CP") be the moduli space of Brody curves

in CPN:
M(CPY):={f:C — CP" | f is holomorphic and

|df|(z) <1 for all z € C}.
We consider the compact-open topology on M(CPY) (i.e. the topology of
uniform convergence on compact sets). This topology is metrizable and

M(CPN) becomes a compact topological space.
The Lie group C naturally acts on M(CPN):

C x M(CPN) — M(CPY), (a,f(2) — f(z+a).

The main objects of study in this paper are C-invariant closed subsets in
M(CPN) 1. The following are basic examples:

EXAMPLE 1.1. Let X C CPY be an algebraic set in CP" (not nec-
essarily smooth), and let M(X) be the moduli space of Brody curves in
X:

(3) M(X) = {f € M(CPY) | f(C) C X}.

'In the theory of dynamical systems, the study of closed invariant subsets is very
fundamental. C-invariant closed subsets in M(CPY) are their analogue.
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Since X is closed in CPN, M(X) is closed in M(CP") and obviously C-
invariant.

EXAMPLE 1.2. Let V c CPY be a hypersurface in CPV, i.e. the zero
set of a homogeneous polynomial. Let M(CPY \ V) be the closure of the
set of Brody curves in CPY \ V:

M(CPN\V):={f € M(CPN) | f(C) c CPN\ V},

where the overline means the closure with respect to the compact-open
topology. This becomes a C-invariant closed subset.

1.2. Mean dimension and mean energy

We introduce the notion of mean energy in this subsection. This is the
key notion of this paper. For a holomorphic curve f : C — CPY, let T(r, f)
be the Shimizu-Ahlfors characteristic function:

T dt
T(r, f) 12/ —/ \df|?(2) dedy  for all > 1.
1t Jiz<e
We define the mean energy e(f) by

(4) e(f) := limsup %T(r, f)-

r—oo T

If f is a Brody curve, then we have T(r, f) < 7r?/2. Hence
0<e(f)<1 forall fe M(CPM).
It is easy to see that e(f) is a C-invariant functional on M(CPY):
e(f(2)) =e(f(z+a)) forany f(z) € M(CPY) and a € C.

For an algebraic set X C CPY, we define e(X) by

e(X):= sup e(f).
fem(x)

Here M(X) is the moduli space of Brody curves in X defined by (3). Ob-
viously e(X) satisfies
0<e(X)<1
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Remark 1.3. In [14], we introduced and studied the notion of packing
density of Brody curves. For a Brody curve f : C — CPY, we define the
packing density p(f) by

p(f):= limsupi2 |df |(z) dzdy.

r—oo TNT ‘Z‘ST

For an algebraic set X € CPY, we define p(X) by

p(X) = sup p(f).
FeEM(X)

p(f) and p(X) obviously satisfies
0<p(f) <1 and 0<p(X)<1.

The integral of |df |?(z) dxdy is usually called “energy”. Hence p(f) measures
the packing density of the energy of f over the complex plane.
It is easy to see that

e(f) < p(f) and hence e(X) < p(X).

The crucial point of these notions is the fact that they are non-trivial in-
variants. In [14], the following is proved:

0 < p(CPN) < 1,

i.e., the value of p(CP") is non-trivial 2. Hence we can see that 3
0 <e(CPM) <1.

In particular we have

e(X) < e(CPN) <1 for any algebraic set X in CPY.

For the case of CP', we have an effective upper bound (cf. [14]):
p(CPY) <1 —10"1°,
3The upper bound e(CPY) < 1 follows from e(CPY) < p(CP™). The lower bound

follows from, for example, the fact that

e(f) >0 for a non-constant elliptic function f: C — CP".
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If f: C — CPY extends to a holomorphic map f from CP* =Cu {0}
to CPY, then the total energy is equal to the degree of the map f:

/ \df\2 dxdy = / f*ng = deg(f).
C cp?

Therefore e(f) and p(f) are “regularized degree” of Brody curves.

Remark 1.4. There is a notion “type of meromorphic functions” (see
Nevanlinna [12, p. 215]). Let f be a meromorphic function of finite order
A. Consider the following quantity:

(5) lim sup T'(r, f)/r.

r—00

If (5) is infinite, then f is said to be of maximum type of order A. If (5) is
finite and positive, then f is said to be of mean type of order A, and if (5)
is zero, then f is said to be of minimum type of order A\. If f € M(CP?)
satisfies e(f) > 0, then f is of mean type of order 2.

For an algebraic set X ¢ CPV, M(X) is a compact topological space
whose topology is metrizable, and the Lie group C acts on M(X). Then
we can consider the mean dimension dim(M(X) : C) (cf. Gromov [§]
and Subsection 4.1). The mean energy e(X) gives an upper bound for

dim(M(X) : C):
THEOREM 1.5.
dim(M(X) : C) < 4e(X)dimc X.

Here dimc X denotes the complex dimension of X. For the definition of
complex dimension of algebraic sets, see Grauert-Remmert [6, Chapter 5].

This result is a start point of the study of the relation between mean
dimension and mean energy.

1.3. The case of CPY
Applying Theorem 1.5 to the case of X = CPY, we get an upper bound:

(6) dim(M(CPY) : C) < 4e(CPYN)N < 4N.

Here we have used the fact ¢(CPY) < 1. On the other hand, from Gromov
8, p. 328, 0.6.2], we have dim(M(CPY) : C) > 0. Actually we can prove
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THEOREM 1.6. There exists a positive constant C independent of N
such that
dim(M(CPY):C)>C - N.

Therefore
C - N < dim(M(CPY):C) < 4e(CPY)N < 4N.

Remark 1.7. M. Gromov gives a certain upper bound for dim(M(CPN):
C) in [8, p. 396, (c)]. Unfortunately, I could not find the definition of the
Fubini-Study metric used in [8, p. 396, (c)] (the Fubini-Study metric has
several conventions). Therefore I could not decide whether our estimate
(6) is better than Gromov’s estimate in [8, p. 396, (c)] or not. But Gro-
mov referred to the paper of A. Eremenko [5] there, and our argument in
Lemma 2.1 is similar to the argument in [5, Theorem 2.5]. And I think that
the use of mean energy (or packing density) makes the related estimates
sharper.

PrOBLEM 1.8. In [14, Section 4] we proved that
lim p(CPY)=1.

In the same way as in [14, Section 4], we can prove

lim ¢(CPN) =1.

N—o0

Hence it might be interesting to study the asymptotic behavior of
dim(M(CPN): C)/N as N — oo.

1.4. Definition of M, and some examples of mean dimension
=0

Let M C M(CPY) be a C-invariant closed subset in M(CPY). We

define M4 C M as the closure of the set of Brody curves in M of positive
mean energy:

My ={feM]le(f) >0}

M is a C-invariant closed subset in M. We have the following general
fact:

THEOREM 1.9.
dim(M : C) = dim(My : C).
If My is empty, then we set dim(My : C) = dim(() : C) := 0.
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If M, is a finite dimensional space (in the sense of topological covering
dimension), then we have dim(M : C) = 0. Therefore

COROLLARY 1.10. If dim(M : C) is positive, then My is an infinite
dimensional space.

The following are examples of spaces whose mean dimensions are 0.

EXAMPLE 1.11. This is a trivial example. Let X ¢ CPY be a com-
pact hyperbolic manifold, i.e., all holomorphic curves in X are constant
maps. Then M(X) consists of constant maps, and it is homeomorphic to
X. M(X)4 is empty and we have

dim(M(X) : C) = dim(M(X)+ : C) =0.
EXAMPLE 1.12. Let Hy, Hy, ..., Hy be the N+1 hyperplanes in CPV:
HZ'Z ZaiijZO (0§Z§N)
j=0
Suppose that Hy, Hq, ..., Hy are linearly independent, i.e., the coeflicients
matrix (aij)o<ij<n is regular. Let M be the closure of the set of Brody
curves contained in CPV \ (HoU---U Hy):
M = M(CPN\ (HyU---UHy))
={f e M(CPY) | f(C) CCPN\ (HyU---UHN)}.

Then M is a finite dimensional space and M is empty. In particular we
have

dim(M : C) = dim(My : C) = 0.

Proof. We consider only the case of H; = {z; = 0} (0 < i < N) for
simplicity. If f is contained in M, then we have

f(C©nH;=0 or f(C)c H; foreach H,.
Suppose that

f(C)nH;=0 fori=0,1,...,m, and
f(C)cH; forj=m+1,m+2,...,N.
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Then f =[g:0:---:0] with a Brody curve g : C —» CP™\ (HyUHU---U
H,,). From the theorem of F. Berteloot and J. Duval in [1, Appendice] (see
also [14, Section 6] and [15]), the Brody curve g can be expressed by

[1 . ea1z+b1 . amz-i-bm]

9(z) = re

for some complex numbers aq,b1,...,am, bn.

Hence all f € M can be expressed by (cf. [1, Section 3])

f(2) = [coe®? : c1e™ i -+ eneNE

for some complex numbers ag, ¢, ...,an,cN.
In addition we have e(f) = 0. Therefore

dim(M) =4N and M, =0.

ExaMPLE 1.13.

M := M(CP'\ {o0})
= {f € M(CP') | f(C) € C=CP"\ {0} or f(C) = {o0}}.

For any polynomial p(z), if we choose £ > 0 sufficiently small, p(¢z) belongs
to M. Then it is easy to see that M is an infinite dimensional space. But
it is known that all f € M has order < 1:

limsuplog T'(r, f)/logr < 1.
T—00
For its proof, see Clunie-Hayman [4, Theorem 3], Minda [11, pp. 210-211]
or Eremenko [5, Theorem 5.2]. Hence e(f) =0 for all f € M and M, = 0.
Therefore

dim(M : C) = dim(My : C) =0,

i.e., M is an infinite dimensional space whose mean dimension is 0.

ProBLEM 1.14. I don’t know whether there is a hypersurface V' C
CPY such that
dim(M(CPN \ V) :C) > 0,

(cf. Example 1.2). I don’t know even whether there is a hypersurface V/
such that M(CPY \ V), is not empty.
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1.5. Holomorphic 1-forms and mean dimension

Theorem 1.5 can be applied to general algebraic sets. If X ¢ CPV is
smooth, connected and has holomorphic 1-forms, then we can improve the
estimate.

Let X ¢ CPY be a smooth connected projective variety (i.e. a compact
connected complex manifold embedded in CPN ), and let H? be the space
of holomorphic 1-forms on X. Let wy,...,wy, (h = dimc H'Y) be a basis of
H'0 and let a be the Albanese map:

a:X—>A1b(X)::Ch/F, x»—></ wl,...,/ wh>,
P P

where p € X is a reference point and I' C C" is the lattice given by periods:

F::{</Cw1,...,/cwh> ect

The important data for us is the derivative da of the Albanese map «:

CEHl(X;Z)}.

(1) doy T, X =THX — C", v— (wi1(v),...,wp(v)) forze X.
We define the closed analytic set Y C X by
(8) Y :={z € X | day is not injective}.
Since X ¢ CPV, Y is also an algebraic set in CPV.
THEOREM 1.15. 4

dim(M(X) : C) = dim(M(Y) : C).

ExXAMPLE 1.16. Let X be a compact smooth algebraic curve of genus
> 1. It is well-known that the Albanese map a : X — Alb(X) becomes an
embedding. Hence Y = () and

dim(M(X) : C) = 0.

(In fact M(X) is a finite dimensional space in this case.)

“Here we assume that X is projective. But actually this theorem is valid for compact
connected Kéhler manifolds. See Section 5.

https://doi.org/10.1017/5S0027763000025964 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025964

36 M. TSUKAMOTO

If h = dimc H'? < dimc X, then Y = X and Theorem 1.15 becomes
meaningless. Next we will develop a theorem which can cover this case. The
map

do:TX — C'  v— (w1 (v),...,wp(v))

is a holomorphic map. Hence for each u € C", the inverse image (da) ™! (u) C
TX is a closed analytic set in TX. If h > 0, then (da)~!(u) is nowhere
dense in TX (by connectedness of X), and we have

dime(da) ™ (u) < dime TX = 2dime X for all u € C".

This dimension dimc (da) ™! (u) can be used for an upper bound of the mean
dimension:

THEOREM 1.17. If X s a smooth connected projective variety, then

dim(M(X) : C) < 2e(X) ﬁg{dimc(da)_l(u)}.

In particular, if h > 0, then
dim(M(X) : C) < e(X)(4dimc X — 2).
For any u € C" we have
dime (da) ™ (u) < dime X + max dime (dev, )~ (u)

< dim¢ X + m%:éc(dimc ker da ),
HAS

where dag is the map (7). Therefore
COROLLARY 1.18.

dim(M(X) : C) < 2e(X)(dimc X + I;lea):éc(dimc ker da,)).
EXAMPLE 1.19. Let A" be an n-dimensional abelian variety and V* c
A be a k-dimensional smooth subvariety (0 < k <n—2). Let 7 : X — A be
the blow-up of A along V. Then it is easy to see that Y (defined by (8)) is
contained in the exceptional divisor E := 7=1(V). (Actually, A = Alb(X)
and E =Y.) Hence we have (here we fix an embedding X ¢ CP")

dim(M(X) : C) = dim(M(FE) : C).
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Let o : E — Alb(F) be the Albanese map. (Here we assume that F is
connected, i.e., V is connected. When E is not connected, we can apply the
following argument to each component and deduce the same conclusion.)
From the universality of Albanese map, there exists 3 : Alb(F) — A sat-
isfying f o a = w|g. Hence kerda, C ker(drn|g), for each x € E. Since
E is a fiber bundle over V whose fiber is isomorphic to CP"*~1 we have
dimc ker(drn|g)y =n — k — 1. Then Corollary 1.18 implies

dim(M(E) : C) < 2¢(E)((n — 1) + (n — k — 1)) = e(E)(4n — 2k — 4).

We will return to this example in the end of Section 5. (Remark: Winkel-
mann [16, Theorem 3] shows the following interesting result; There exists an
abelian threefold A with a smooth curve V' C A such that all non-constant
Brody curves in X are contained in F.)

1.6. Organization of the paper

In Section 2 we study “discretization” of holomorphic curves and prove
Theorem 1.5. In Section 3 we prove Theorem 1.6. In Subsection 4.1 we
review the definitions and basic properties of mean dimension. Readers
who are not familiar with mean dimension can read Subsection 4.1 first
before reading other sections. In Subsection 4.2 we show some general re-
sults on mean dimension and prove Theorem 1.9. In Section 5 we prove
Theorems 1.15 and 1.17.

§2. Discretization of holomorphic curves

Let A C C be a lattice in the complex plane C. Let (CPY)A be the
infinite product of the copies of CPY indexed by A:

(CPMY™ = {(wr)aen | wy € TPV},
First we study the following “discretization map” (cf. Gromov [8, p. 329]):
M(CPY) — (CPM)A, fr— fla == (F(N))area-

LEMMA 2.1. Let f,g : C — CPY be holomorphic maps with e(f),
e(g) < oo, and suppose

e(f) +elg) <1/|C/A],

where |C/A| denotes the volume of the elliptic curve C/A, i.e. the area of
the fundamental domain of A in C. If f|xn = g|a, then we have f = g.
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Proof. ° Let [z9 : --- : 2] be the homogeneous coordinate in CPY.
Since f(A) = g(A) is a countable set in CPY, there is a hyperplane H C
CPY such that f(A) N H = () (by Baire’s theorem). We can suppose that
H = {zy = 0} without loss of generality.

Then we can express f and g by f =1 : fi : -+ : fy] and g =
[1:g1: - : gn] with meromorphic functions f1,..., fn,91,...,9n such
that fi|x = gila and oo ¢ fi(A) = g;(A). The standard argument in the
Nevanlinna theory gives

T(’I", fz) < T(T, f) + O(l)

Hence we have e(f;) < e(f) and e(g;) < e(g). We want to prove that
fi = g; for all i. Suppose f1 # g1. Then non-constant meromorphic function
(f1 —g1)~! has a pole at each point of the lattice A. (Here we have used
oo ¢ fi(A) = gi(A).) From the first main theorem of Nevanlinna,

2
ﬁ +0(r) <T(r(fi—g1) ) =T(r, f1 —q1) + O(1)
< T(T’, fl) + T(n gl) + O(l)
Then
1C/A| <e(f1) +e(gr) <e(f)+elg).
This contradicts the assumption. 0

Remark 2.2. In the above proof, we did not use the second main theo-
rem of Nevanlinna. Actually we don’t need the second main theorem in any
part of this paper. I don’t know how to apply the second main theorem to
the theory of mean dimension.

Next we study the following map:
M(CPN) — (TCPN)A,

fr— df|x = (df(8/02)|:=x)ren € | [ TyoyCPY.
AEA

This map has the information of derivative of holomorphic curves at each
point of the lattice A.

5This proof is similar to the argument of Eremenko [5, Theorem 2.5]. See Remark 1.7.

https://doi.org/10.1017/5S0027763000025964 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025964

MODULI SPACE OF BRODY CURVES 39

LEMMA 2.3. Let f,g : C — CPY be holomorphic maps with e(f),
e(g) < oo, and suppose

e(f) +e(g) <2/|C/A|
If df|a = dg|a, then we have f = g.

Proof. df|pn = dg|n implies f|n = g|an by definition. Hence we can
suppose that we can express f and g by f =[1: fi: -+ : fy] and g =
[1:g1: - : gn] with meromorphic functions fi,..., fn,91,...,9n5 such
that fi|n = gila and co ¢ f;(A) = g;(A). We have also e(f;) < e(f) and
e(gi) < e(g). From df|p = dg|a, we have f;(X) = ¢;(\) and f/(X) = g.(X) for
all A € A. Suppose f1 # g1. Then the non-constant meromorphic function
(f1 — g1)~! has a pole of multiplicity > 2 at each point of A. From the first
main theorem,

2
[E/a O ST (=) ™) =T fi = g1) +0(1)
< T(n fl) + T(T’, gl) + O(l)
Then 5
IC/A| <e(f1) +e(g1) <e(f)+elg).
This contradicts the assumption. [

We prove Theorem 1.5 by using Lemma 2.1. (Lemma 2.3 will be used
later in the proof of Theorem 1.17.)

Proof of Theorem 1.5. Let A C C be a lattice satisfying
2e(X) < 1/|C/A]
where X C CPY is a given algebraic set. Consider the “discretization map”:
(9) MX) — X% f— fla.

This map naturally becomes a A-equivariant map, and it is continuous (here
we consider the direct product topology on X A). For any two f, g € M(X)
we have

e(f) +e(g) < 2e(X) < 1/|C/A|.
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Then Lemma 2.1 implies that the discretization map (9) is injective. Since
M(X) is compact, this means that M(X) is A-equivariantly homeomorphic
to the image of (9). Therefore

dim(M(X) : A) < dim(X? : A) = dim X = 2dim¢ X

where dim X denotes the topological covering dimension of X. Then (cf.
Subsection 4.1)

dim(M(X) : C) = |C/A|"  dim(M(X) : A) < 2|C/A|7 dime X.
|C/A|~! can be taken arbitrarily close to 2¢(X). Hence
dim(M(X) : C) < 4e(X) dimc X.

§3. Constructing a shift space in M(CPY)

To begin with, note that the following map is a holomorphic isometric
embedding;:

CP! —CPY, [1:2]—[1:2/VN:---:z/VN].

This fact is behind the arguments in this section.

In this section we will prove Theorem 1.6 by constructing a “shift space”
in M(CPY). Our argument is a variant of the argument of Gromov [8,
p. 398, 3.5.1]. Let A C C be a lattice, A > 0 be a positive number. We
define the annulus Q C C by

Q:={zeC| A<z <24}

For a = (an))i<n<Naen € ()N (ie. A < |any| < 24), we define the
holomorphic map f, : C — CPN by

) CL1A ) CL2A o1 an
o= [1: 7 BLEoT WLEOT '\/Ng(z—A)g]

The following is the basis of the proof:

PROPOSITION 3.1.  There is a positive constant C(A, A) independent of
N such that

dfa|(z) < C(A,A)  for all z € C and all a € (QV)A.

(The important point of this statement is that C (A, A) is independent of N.)
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Let § = 0(A) be a positive number satisfying
20 < |A1 — Ag| for any A1, Ay € A with \j # Ao.

The proof of Proposition 3.1 needs the following lemma (similar estimates
are given in Eremenko [5, Lemma 6.2]):

LEMMA 3.2. For positive numbers s > 2 and d < 9, there is a positive
constant ci(A, s,d) such that

> 1 - c1(A,s,d)  for all z € C with d(z,A) > d.

Moreover there is a positive constant co(A, s) satisfying the following; for
any z € C with d(z,A) < §, let A\g € A be a (unique) point in A such that

|z — Xo| < 0. Then
1
E ‘Z—)\|8 _62(A78)
AeM{ o}

Proof. We can prove these results by direct estimation; we omit the
detail. i

Proof of Proposition 3.1. Set fo(z) = [1 : fi(2) : fa(z) : -+ = fn(2)].
From (2), we have

D D D 1 e i A
1+ 221/ '

= min<5, <m>u3>‘

Suppose z € C satisfies d(z, A) > d. Then Lemma 3.2 shows

6A
A 4,d).
| Z )\|4 — \/NCI( ) 7d)

m|df,|? =

Set

From this, we have

D 1fn(2) < consty a.
n
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Here constp 4 denotes a positive constant independent of N (and depending
on A, A). In the same way, we have

> fnfm = Ffal? < consta a.
n<m

Hence
|dfa|(2) < consty 4 for z € C with d(z,A) > d.

Next suppose z € C satisfies d(z,A) < d. From d < ¢, there is a unique
Ao € A such that |z — \g| < d. We suppose \g = 0 for simplicity, i.e. |z| < d.
We have

R RTINS N |

where Y denotes the sum over A € A \ {0} Set

gn() i= 2 ale) = 2 Z e

Then we have

Z |z394L - 3Z2gn|2 + zn<m |gng;n, - gqlmgm|2
(121 + > lgnl?)?

From |z| < d, d® < 1/4cy(A,3) and Lemma 3.2, we have

mldfal* () =

A / A 2Ad3 A
n(2)| = — > - c2(A3) > —.
R N DB e Y B RN
Hence 2
2
> —,
Sl > 4
Therefore
16
wldfo ) < 1| 1~ 320 + X lonstn — dhanl?]
n<m

Then some calculation shows
|dfa|(2z) < consty 4 for |2| < d.
Thus we conclude that

|dfal(z) < C(A,A) for all z € C.
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If we set fo(2) := fa(z/c(A, A)), then we have |dfs|(z) < 1. Therefore
we get the following:

COROLLARY 3.3. There are A and A independent of N such that
ldfo| <1 for all a € (QV)M.
Hence we get the following map:
F QN — M(@CPY), a— f.

F' is obviously injective and A-equivariant. Moreover some consideration
shows that F is continuous (here we consider the product topology on (QV)A
and the compact-open topology on M(CPY)). Hence F is a topological
embedding.

Proof of Theorem 1.6. M(CPY) contains a “shift space” (QV). Hence
dim(M(CPY) : A) > dim((QV)A : A) = 2N.
Therefore (cf. Subsection 4.1)
dim(M(CPY) : C) = dim(M(CPY) : A)/|C/A| > 2N/|C/A|.
Note that A is independent of N. Hence this shows the theorem. U

84. General theory of mean dimension

4.1. Review of mean dimension

We review the basic definitions of mean dimension given in Gromov
[8] (see also Lindenstrauss-Weiss [10]). All results in this subsection are
given in [8], [10]. Let (X, d) be a compact metric space and Y a topological
space. For a positive number ¢ > 0, a continuous map f : X — Y is called
an e-embedding if we have Diam(f~!(y)) < e for any point y € Y. We
define Widim, (X, d) as the minimum number n such that there exist an n-
dimensional finite polyhedron P and an e-embedding f : X — P. Since X
is compact, Widim, (X, d) < co. Widim, (X, d) is monotone non-decreasing
as € — 0, and we have

11{101 Widim, (X, d) = dim X

where dim X denotes the topological covering dimension of X (of course
dim X can be infinite). The following is a fundamental example (this is
given in [8, pp. 332-333] and [10, Lemma 3.2]).
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EXAMPLE 4.1. Let duo( -, -) be the sup-distance on [0, 1]V: dy(z,y) =
max; |z; — y;|. Then

Widim,([0,1]Y,ds) = N for any € < 1.

The important point of this statement is that the estimate € < 1 is inde-
pendent of N.

Proof. [0,1]"V is itself a finite polyhedron of dimension N. Hence
Widim.([0,1]",ds) < N is obvious. Consider the constant sheaf Z on
[0,1]¥, and we define the subsheaf F C Z by

Fp=12, forpec(0,1)N and F,=0 forpeao,1]"

The Cech cohomology H*([0,1]V, F) is equal to the cohomology H*([0, 1]V
0[0,1]V). In particular
a2Y([0,1N,F) = Z.

Set Up := [0,1) and U1 := (0,1], and we define the open covering U =
{Uiyin } of [0,2]¥

U:

i1y =

Uil X - x U

iy forallig,....ix =0,1.

U is acyclic for F, and hence the natural map H*U,F) — H*([0, 1]V, F)
is isomorphic (by Leray’s theorem).

Suppose Widim ([0, 1]V, ds) < N —1 for some € < 1. Then there exists
a open covering V of [0, 1]V such that V is a refinement of & and the order
of Vis < N —1, i.e., any intersection of N +1 open sets in V is empty. Then
the isomorphism HN (U, F) — HN(]0,1]V, F) = Z is equal to the zero map:

AU, F) — AWV, F) =0 — HY([0,1]V, F).
This is a contradiction. U

Suppose that the additive group Z¥ (k > 1) acts on X. For a finite
subset 2 in Z*, we define the distance dg(-, -) on X by

(10) do(x,y) == max d(y.z,v.y) forz,yeX.
g

(X,dgq) is homeomorphic to (X,d). In particular, (X,dq) is compact and
Widim, (X, dg) can be defined. For a positive integer n, we set I,, := [0,n)¥N
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ZF. The sequence {I,},>1 is amenable in ZF (in the sense of [8, p. 335]),
and we can define Widim. (X : Z¥) by

1
Widim (X : ZF) := lim — Widim. (X, dy,).
n—oo N
This limit always exists; see [8, pp. 335-338] and [10, Appendix]. Widim.(X:
7F) is monotone non-decreasing as ¢ — 0, and we define the mean dimension

dim(X : ZF) by
dim(X : ZF) .= liH)lWidimE(X /)

If dim X < oo, then Widim. (X : dy, ) < dim X < oo and Widim,. (X : ZF) =
0. In particular (cf. Lindenstrauss-Weiss [10, p. 6])

dim(X : Z¥) =0 for all finite dimensional X.

If the Lie group R* acts on X, we define dq( -, -) for any bounded set
Q c R¥ by (10). (X,dgq) is homeomorphic to (X,d), and we can define
Widim,. (X : R¥) and the mean dimension dim(X : R¥) by

1
Widim, (X : R¥) := lim — Widim (X, djg ),

n— 00 nk

dim(X : RF) := 11%1 Widim, (X : R),

where n is the volume of [0,n)*. Here we have considered only Z* and R*.
But actually we can consider much more general groups; see Gromov [8].

Remark 4.2. 1In the above definitions we have chosen special “amenable
sequences” {I,,},>1 and {[0,n)*},,>1 for simplicity of the explanation. Actu-
ally the value of mean dimension does not depend on the choice of amenable
sequences (this is a very important point). See Gromov [8, pp. 335-338] and
Lindenstrauss-Weiss [10, Appendix].

Remark 4.3. The above definition of mean dimension uses a distance.
But actually mean dimension is a topological invariant; if d’ is another
distance on X such that (X, d’) is homeomorphic to (X, d), then we have

dim((X,d') : Z¥) = dim((X, d) : Z*).

This can be (easily) proved by using the fact: the identity map id : (X,d) —
(X,d") becomes uniformly continuous (by the compactness of X). See Gro-
mov [8, p. 339].
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The following is a basic example (this is given in Gromov [8, p. 340]
and Lindenstrauss-Weiss [10, Proposition 3.1 and Proposition 3.3]):

EXAMPLE 4.4. Let X be a compact metric space of finite covering di-
k
mension and set X := X% . Z* acts on X by

ZFx X — X, (v (wa)aezk) — '7-(33a)ank = (xv—i-a)aezk

We define the distance d(z,y) for x = (24) ez and ¥y = (Ya)qezr in X by

(11) d(a:,y) = Z 2_|a‘d($a,ya)
a€Zk

where |a| = |a1| + -+ + |ag| for a = (a1,. .., ax).

Then X becomes a compact metric space. The mean dimension of X is
estimated by:

dim(X : Z*) < dim X.

In addition, if X is a finite polyhedron, then
dim(X : Z*) = dim X.

Proof. Let n, s > 0 be positive integers and set .J := (—s,n 4+ s)* N ZF.
Let 7 : X — X7 be the natural projection. Some calculation shows that if
x,y € X satisfy m(z) = 7(y), then

dln (xvy) < Ck,& 2_87

where C x is a positive constant depending on k and Diam X. For any
e > 0, let s be an integer satisfying Cj, x 27° < €. (Note that we can take s
independent of n.) Then if w(x) = 7(y), we have dj, (z,y) < €.

The covering dimension of X” is < |J| dim X. Then for any § > 0 there
are a finite polyhedron P of dimension < |J|dim X and a J-embedding
f: X J P (Here we consider a distance on X J ; the choice of the
distance is not important.) If we take J sufficiently small, then the map
fom:(X,ds,) — P becomes an e-embedding. Hence

Widim, (X, dr,) < |J|dim X = (n +2s — 1)F dim X.
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Since s is independent of n, we have

Widim, (X : Z¥) = lim n~* Widim, (X, dy,)

n—oo

95 — 1\ k
< lim (1+ Sn ) dim X = dim X.

n—oo

Therefore dim(X : Z¥) < dim X.

Next we suppose that X is a finite polyhedron of dimension N. We want
to prove dim(X : Z¥) > N. There is a topological embedding [0, 1]V — X
and this induces a ZF-equivariant embedding ([0, 1]¥)%" < X. We want to
prove dim(([0, 1]V )Zk : Z¥) > N. Mean dimension is a topological invariant.
Hence we can use any distance on ([0, 1]V )Z" . Here we consider the sup-
distance dy, on [0,1]V as in Example 4.1, and we define the distance on

([0,2]N)%" by (11):

d(z,y) ==Y 271%dg (24, 9a).

a€Zk

Let ¢ : [0, 1N = ([0, 1)) < (]0,1]V)%" be the embedding defined
by

L (%a)aer, — (ya)ank

where y, = z, € [0, 1]N for a € I, and y, = 0 for a & ZF.
By the definition of the distance dj, , we have
doo(,y) < dp, (1(x), 1(y))  for z,y € [0,1]V1"],
Then, for any € < 1,
Widim, (([0, 11V)%", d;,) > Widim, ([0, 1]¥] doo) = N|I,|.
Therefore
Widim, (([0, 1]Y)2" : Z%) = lim n~" Widim.(([0, 1]V)%",dy,) > N.

n—oo

This shows
dim(([0, 1]M)2" : Z¥) > N.
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In the proof of Theorem 1.5 we used the following proposition (this is
given in Gromov [8, p. 329] and Lindenstrauss-Weiss [10, Proposition 2.7]).

PROPOSITION 4.5. Let (X,d) be a compact metric space acted by the
Lie group R*, and let A C R* be a lattice. Then

dim(X : A) = [R¥/A|dim(X : R¥),
where |R¥/A| denotes the volume of the fundamental domain of A in R¥.

Proof. We give the proof for the case of A = Z*¥ C R¥. Other cases can
be proved in the same way (by using different amenable sequences).
Since dr, (-, -) < djg (-, ), we have

Widim, (X, d]n) < Widim, (X7 d[O,n)k )

Hence
dim(X : Z*) < dim(X : R¥).

On the other hand, since the identity map id : (X,d) — (X,djg)x) is
uniformly continuous, for any € > 0 there exists 0 = d(¢) > 0 such that

d(z,y) <= djgqyk(z,y) <e for any two z,y € X.

Note that
0,n)F = || {u+1[0,1)"}
uEIn
Then
dr,(z,y) <6 = dgpr(z,y) <e for any two z,y € X.
Therefore
Widime (X, dg ,yx) < Widimg (X, dy,,).
Hence
Widim, (X : R*) < Widims(X : Z*) < dim(X : ZF).

Thus

dim(X : R¥) < dim(X : Z¥).
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4.2. Some general results on mean dimension

The proof of Theorem 1.9 needs the following theorem.

THEOREM 4.6. Let (X,d) and (Y,d') be compact metric spaces acted
by the additive group Z*, and let f : X — Y be a ZF-equivariant continuous
map. Suppose that there exists a ZF-invariant closed subset A in X such
that f|X\A 1s injective. Then we have

dim(X : Z*) < dim(Y : ZF) + dim(A : Z¥).

Proof. © Let m be a positive integer and € be a positive number. Let
i:(A,dr,) — P beane/2-embedding with a Widim, /5(4, dy,,, )-dimensional
finite polyhedron P. Since a finite polyhedron is ANR (absolute neighbor-
hood retract), there exist a open set U D A in X and a continuous map
i:U — P with i|a =i. Let p: X — [0,1] be a cut-off function on X such
that p =1 on A and supp(p) C U. Then we can define a continuous map j
from X to the cone C(K) := {pt}* K (the join of K and the one-point space
{pt}) by j(z) := (1 — p(z))pt + p(x)i(z). Then we have the commutative
diagram:

A— K

l l

X —L . (k)
We set T := [0, Diam(X, d)] x C(K) and define the continuous map ¢ from

X to T by
g: X —T, z+—— (d(z,A), j(x)).

Then the map (f,g) : (X,dr,,) — Y xT becomes an ¢/2-embedding because

f is injective on X \ A and g|a : (A,ds, ) — T is an ¢/2-embedding. (Note

that g(A) and g(X \ A) have no intersection: g(A4) N g(X \ A) = (.) Then

there exists a positive number 3 = (3(m, ¢) such that if two points z1 and 9

in X satisfy d'(f(x1), f(z2)) < 8 and g(z1) = g(z2) then dr,, (z1,22) < €.
Let n be a positive integer and define the positive integer [ by

(12) m(l—1) <n <ml.

5The idea of this proof was inspired by the arguments in Robinson [13, pp. 384-386]
and Bowen [2, Theorem 17].
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We define the subset I' in I,, by
I := {(ma1,mas, ..., may) € mZ* | a1, as, ... a; € Z and
Ogal,ag,...,ak Sl—l}.
From (12), we have
(13) dr, (x1,22) < maxdy, (y.1,7.72).
vyer
Let 7 : (Y,d; ) — Q be a f-embedding with a Widimg(Y, d; )-dimensional
finite polyhedron Q. Define I1 : (X, d;,) — Q x TT by

(z) := (w(f(x)), (9(7-2))yer)

Suppose that two points x; and xe in X satisfy II(x1) = II(z2). Then

we have g(v.x1) = g(y.z2) for all v € T and d} (f(z1),f(z2)) < B. In
particular, d'(f(y.xz1), f(v.22)) < B for all v € I'. From the definition of 3,
this implies dy,, (v.x1,v.22) < € for all v € I". Then (13) shows

dr, (x1,29) < e.
Thus IT : (X,d;,) — Q x T" is an e-embedding. The image space @ x T
is a polyhedron. Hence
1. ..
— Widime (X, dy,) < — dim(Q % ™)
T

1
= Widimg (Y, d} ) + e dimT

< % Widimg(Y,d} ) + (1/n + 1/m)* dim T.
Let n go to infinity. Then we get
Widim, (X : Z%) < Widimg(Y : ZF) + m ™ dim T
< dim(Y : Z*¥) + m~*(Widim, 5(4, dy,,) + 2).

Here we have used the fact: Widimg(Y : Z*) < dim(Y : ZF). Let m go to
infinity. Then

Widim, (X : ZF) < dim(Y : Z*) + Widim, jo(A4 : Z").
Let € go to 0. Then we get the conclusion:

dim(X : Z¥F) < dim(Y : Z*) + dim(A4 : ZF).
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Remark 4.7. For a general closed subset A in X (not necessarily Z*-
invariant), we define dim(A : {I,,}) by

dim(A : {I,,}) := lim <lim inf L Widim, (4, d_[n)>.

c]0 \ n=oo nk

(For the detail, see Gromov [8, pp. 338-339].) Then the above proof shows
the following result: Let (X, d) and (Y, d') be compact metric spaces acted
by Z*, and let f : X — Y be a ZF-equivariant continuous map. Suppose
that there exists a closed subset A in X such that f|x\ 4 is injective. Then
we have

dim(X : Z*) < dim(Y : Z¥) + dim(A : {I,}).

PROBLEM 4.8. I don’t know whether the following statement is true or
not (it might be too naive): Let (X, d) and (Y, d’) be compact metric spaces
acted by Z*, and let f : X — Y be a Z*-equivariant continuous map. Then
we have

dim(X : Z*) < dim(Y : Z*) + Su}[f){dim(f_l(y) ALY}
ye

Proof of Theorem 1.9. From M, C M, we have dim(M; : C) <

dim(M : C). The reverse inequality is the problem. Let A C C be an
arbitrary lattice, and we consider the discretization map (cf. Section 2):
D:M— (CPMA fi— fla.

Since e(f) = 0 for all f € M\ My, Lemma 2.1 implies that D]y, is
injective. Then we can apply Theorem 4.6 to this situation, and we have

dim(M : A) < dim(M, : A) +dim((CPM) : A).
This means
|C/A|dim(M : C) < |C/A|dim(My : C) + 2N.
We can let |[C/A| go to infinity. Hence

dim(M : C) < dim(My : C).
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Next proposition will be used in the proof of Theorem 1.15.

PROPOSITION 4.9. Let X be a compact metric space acted by ZF and
Y C X be a ZF-invariant closed subset in X. Suppose that the complement
Y¢=X\Y has a finite covering dimension. Then

dim(X : ZF) = dim(Y : Z).

Proof. This proposition is a corollary of Theorem 4.6. If Y = X, then
the statement is trivial. Hence we suppose Y # X. We define X/Y by

X/Y =X/~ wherey; ~y;foraly,y €Y.

We give the quotient topology to X/Y. It is easy to see that X/Y be-
comes a second countable compact Hausdorff space. Hence we can give a
distance d( -, -) to X/Y (by Urysohn’s theorem). In addition X/Y is finite

dimensional. In fact

X/Y = [J{z e X/Y |d(z,[Y]) 2 1/n} U{[Y]}

n>1

where [Y] is the point in X /Y corresponding to Y C X. The set {d(zx, [Y]) >
1/n} is homeomorphic to a closed subset in Y¢, and hence its dimension is
< dim(Y®). Thus

dim(X/Y) = mgi((dim{d(a:, [Y]) > 1/n},dim{[Y]}) < dim(Y°).
Since Y is Z*-invariant, Z* naturally acts on X/Y and the projection
7 : X — X/Y becomes Z*-equivariant. The finite dimensionality of X/Y

implies dim(X/Y : ZF) = 0. 7|y« is injective. Then we can apply Theo-
rem 4.6 and get

dim(X : ZF) < dim(X/Y : Z*) + dim(Y : Z*) = dim(Y : Zb).

On the other hand the reverse inequality dim(Y : Z¥) < dim(X : Z*) is
trivial. []

Let X, Y be compact metric spaces of finite covering dimension and
k k
set X := X% Y := Y% . The additive group ZF acts on X and Y as
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in Example 4.4. Let f : X — Y be a continuous map. We define a Z*-
equivariant continuous map F': X — Y by

F i (24)aezr ¥— (f(Ta))aczr-

Let A C Y be the diagonal (A 2 Y), and set Z := F~}(A) C X. (This is
an easy example of “subshifts of finite type” in Gromov [8, p. 324].) The
following will be used in the proof of Theorem 1.17.

PRroroOSITION 4.10.

dim(Z : Z¥) < max (dim f~1(y)).
yey B
Proof. We will use the same notations as in the proof of Example 4.4:
Let s, n be positive integers and set J := (—s,n+s)*NZF. Let 7: X — X’/
be the natural projection. For any ¢ > 0, there exists s = s(e, k, X) such
that
Diam(7~(p),d;, ) < e forall p e X7 and any n > 0.

This implies
Widim,(Z,d;,,) < dimn(Z).

By the definition of Z, there is a (unique) continuous map g : 7(Z) — Y
such that the following diagram becomes commutative:

z LA
ﬂl %l
©2) 24— Y

For each y € Y, we have g~ !(y) C (f~'(y))’. Then the topological dimen-
sion theory gives

dimm(Z) < dimY + max (dimg~" (y))
vey N
< dimY + |J| max (dim f~(y)).
yey B

Therefore

25 — 1\ k
n~* Widim. (Z,d;,) < n~* dimY + (1 42 ) max (dim f~1(y)).
n yey -
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Let n go to infinity. Then we get

Widim,(Z : ZF) < max (dim £~ (y)).
yeY -

Thus
dim(Z : Z¥) < max (dim f~1(y)).
yey B

85. Holomorphic 1-forms and mean dimension

5.1. Proof of Theorem 1.15
Let X be a compact connected Kéhler manifold” and let a : X —
Alb(X) be the Albanese map. Set

Yi={r € X |da, : T, X — T, Alb(X) is not injective}.
Y is a closed analytic set in X. We define M(X) and M(Y') by

M(X) :={f:C — X : holomorphic | |df| < 1},
MY ) :={f e MX) | F(C)C Y}
Here we define |df| > 0 by using the Kahler form w on X and the equation

(2):
frw = |df*(z) dady.

We want to prove
(14) dim(M(X) : C) = dim(M(Y) : C).
Actually we will prove the following lemma.

LEMMA 5.1. For any f € M(X)\ M(Y), there exists a closed neigh-
borhood K C M(X)\ M(Y) of f such that dim K < 4dim¢ X.

If this lemma is proved, we can prove (14) as follows; Since M(X) \
M(Y) is o-compact (i.e. a union of countable compact sets), M(X)\ M(Y")
becomes a union of countable closed sets of dimension < 4 dim¢ X:

MX)\M(Y) = U K,, K,: closed and dim K,, < 4dim¢ X.

n>1

"In the proof of Theorem 1.15 we don’t use the results in Section 2.
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Hence
dim(M(X) \ M(Y)) = sup (dim K,,) < 4dimc X.

n>1

Then we can apply Proposition 4.9 and get
dim(M(X) : C) = dim(M(X) : Z*) = dim(M(Y) : Z*) = dim(M(Y) : C).
The proof of Lemma 5.1 uses the following obvious fact:

LEMMA 5.2. Let T = C"/T" be a complex torus with a Hermitian met-
ric. Let f:C — T be a holomorphic curve satisfying

|df].. = supdf|(2) < oo.
zeC

(Here we define |df|(z) by using a Hermitian metric on T.) Then f can be
expressed by

f(z) = [Az+ B] where A,B € C".
In particular, let f, g : C — T be holomorphic curves satisfying |df] . .
ldgl., < oo If df(9/02)].— = dg(D/02)|.0 (in particular F(0) = g(0)),
then f =g.

Proof of Lemma 5.1. We can suppose Y # X. Since f ¢ M(Y), we

have f(C) ¢ Y. We suppose f(0) ¢ Y for simplicity. Let D C X \ 'Y be a
compact neighborhood of f(0). We define a closed neighborhood K of f by

K :={g € M(X) | g(0) € D} € M(X) \ M(Y).

K is closed in M(X) (hence K is compact), and f is an interior point of
K. Consider the following continuous map:

S:K—TX, g+—dg(0/0z)]:=0.

S is injective; if S(g1) = S(g2), then we have d(a o ¢1)(0/02)|,=0 = d(c 0
92)(0/02)|s=0 (here a : X — Alb(X) is the Albanese map). Lemma 5.2
implies @ 0 g1 = «a o go. The Albanese map « is a local embedding in
a neighborhood of ¢1(0) = ¢2(0) € X \ Y. Therefore g1(z) = g2(2) if
|z| < 1. From the unique continuation principle, we have g = go. Hence
S is injective. Since K is compact, S is a homeomorphism from K to
S(K)c TX. Thus

dim K =dim S(K) < dim7TX = 4dim¢ X.
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5.2. Proof of Theorem 1.17
The proof of Theorem 1.17 is based on the following fact: A bounded
holomorphic 1-form on the complex plane C is of the form

adz where a is a constant.

Let X be a smooth, connected projective variety, and let wq,...,wp be
a basis of H0 (h = dimc H'?). Let da : TX — C" be the derivative of
the Albanese map «:

do:TX — Ch, v (w1 (v),...,wp(v)).
Let BX be the ball bundle:
BX :={veTX||v <1}

Let D := {u € C"| |u| < R} be the ball of radius R in C". Here we take R
sufficiently large so that da(BX) C D.
Consider a lattice A C C satisfying

1

e(X) < C/A]

Then Lemma 2.3 implies that the following discretization map S is a topo-
logical embedding:

S: M(X)— BX", fr— (df(0/02)]2=x)xen-

(Note that |df(0/0z)| = |df|(z)/v2 < 1/v/2 < 1.) Using the map da|px :
BX — D, we define

A:BXY — D", (ux)ren — (do(un))aea-
Let A ¢ D be the diagonal. Then Proposition 4.10 shows

dim(A~1(A): A) < max dim{(da) ' (u) N BX} <2 max dime da~ (u).
uec ucC

For any f € M(X), f*w; is a bounded holomorphic 1-form on C. Hence
it is of the form adz (a is a constant depending on f and w;). This means
that S(M(X)) is contained in A~!(A). Therefore

dim(M(X) : A) = dim(S(M(X)) : A) < dim(A"1(A) : A)

< 2 max dime do* (u).
ueCh
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From this, we have

dim(M(X):C) = dim(%ﬁz) ) < |<C3 A Béggg dimg da ™! ().

We can take 1/|C/A| arbitrarily close to e(X). Thus we conclude that

dim(M(X) : C) < 2¢(X) max dime da ! (u).

ueCh

ExXAMPLE 5.3. The idea in the above proof has another application as
follows; Let A™ be an n-dimensional abelian variety and V¥ c A (0 < k <
n—2) be a k-dimensional hyperbolic smooth subvariety (hyperbolicity means
that all entire holomorphic curves in V' are constant maps) ®. Let 7 : X — A
be the blow-up of A along V, and set E := 7'V (cf. Example 1.19).
Then X becomes a smooth projective variety. Fix a projective embedding
X C CPN. In this situation, we have

dim(M(X) : C) =dim(M(E) : C) < 4e(E)(n—k—1) <4(n—k —1).

Proof. The first equality is the consequence of Theorem 1.15 (cf. Ex-
ample 1.19). Let A C C be a lattice satisfying 2e(E) < 1/|C/A|. Then
M(E) can be (naturally) A-equivariantly embedded in E* (cf. Proof of
Theorem 1.5). Consider

n: » — VA, (x)rea  (m(z))reA-

Let A be the diagonal of V2. Since V is hyperbolic, the image of the embed-
ding M(E) C EM is contained in TT'(A). Thus (using Proposition 4.10)

dim(M(X) : C) = @ dm(M(E): &)
) ' - 2n — 2k —2
< Ty sep melrle) ™) = T

|C/A|~! can be taken arbitrary close to 2e(E). So the conclusion holds. []

81t is known (see Green [7, Theorem 1]) that a subvariety V (C A) is hyperbolic if and
only if it contains no parallel translation of a (non-trivial) abelian subvariety of A.
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