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SUMS OF DEFICIENCIES OF ALGEBROID FUNCTIONS

LIAN-ZHONG YANG

Let f(z) be an n-valued algebroid function of finite lower order. In the present
paper, we give a spread relation of f(z) and some applications of the spread
relation.

1. INTRODUCTION

Let f(z) be an n-valued algebroid function of finite lower order fi, defined by an
irreducible equation

(1.1) A0f
n + A1f

n-1 + --- + An-1f + An = 0

where Ao, A\, • • • , An are entire functions without common zeros.

Fix a sequence (r;) of Polya peaks of order /x of f{z) (or T(r, / ) ) . Let /,-(«) be
the j th determination of f(z) and A(r) a positive function with

(1.2) A(r) = o(T(r, / ) ) , r ̂  oo.

Define the sets of arguments E'K[r, a) C (— 7r, 7r] by

E'^r, a) = {6: min ^(re*) - a\ < eA«, a ̂  oo},

E^r, oo) = {9: T^Jf^re^ > e^},

and let ffA(a) = liniinf meas^(rj, a)
j—»oo

</(«)= mf<^(«)
A

where the infimum is taken over all functions A(r) satisfying (1.2). Niino ([5]) proved
the following spread relation

(1.3) -'(o) ^ min | 2TT, - arcsin J ^ ^ I .
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Now we assume that

ii.li =
iJn-2

n + Ata"-1

, O j t CO

a = oo,

An, a ^ oo

a = oo,

l>A) = hL log
F(z, a) = re

i8

Set
T(r, a, A) = m(r, a, A) + N(r, 0, F(z, a));

by Jensen's formula, we have

T(r, a, A) = ^ ^ l o g (||>l|| • ||a||)d0 +

Since o m « n |A,-(*)| < \\A(z)\\ < ( n + I)1 /2 ^ |X,-

we have \T(r, a, A) - n/i(r, A)\ = 0(1).

By using Valiron's result ([6]), we get

so that

With these notations, we define the sets of arguments E\{r, a) C (— ir, it] by

a) = : MlM

and let — liminf meas£?A
J-.00

=inf«rA(a)
A

a )

where the infimum is taken over all functions satisfying (1.2).

In the present paper, we prove a spread relation analogous to (1.3) with the spread
cr'(a) replaced by tr(a) and give some applications of the spread relation.
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2. SPREAD RELATIONS

In the following statements the notations of the introduction are taken for granted.
For a complex number a, we set

m*(z, a) = sup — / log — ^ — r r i w , £ = re1",
B *"* JE l ' ls» a)\

(z = reie, 0<r <oo, O < 0 < T T )

where the supremum is taken over all measurable sets E C (—ir, w] of Lebesgue measure
20, and

T*(z) = T*(z, a) = m*(z, a) + N(r, 0, F(z, «)).

The function T*(z) is denned on the set

= 0, zjtQ}.

It follows from the definition of this function that for arbitrary r such that 0 < r < oo
and a complex number a we have

(2.1) BupT*(reie)=T{r,a,A),

(2.2) T'(r) = N(r, 0, F(z, a)).

LEMMA 2 . 1 . T*(z) is subiarmonic in the halt plane Imz > 0 and is continuous

in

PROOF: By a result of Goldberg ([3]), we know that log ||^4|| is subhannonic so that
Iog(||j4|| • ||a||) is subhannonic. Since F(z, a) is an entire function, we have log \F(z, a)\
is a subhannonic function. By the Theorem A' in [2], Lemma 2.1 follows. D

THEOREM 2 . 1 . Let f(z) be an n-vaiued algebroid function of lower order
(i (0 < p < oo), defined by the equation (1.1); then

(2.3) r{a) > min i 2TT, - arcsin JQ^lll I t{ V V 2 J

where a is a deficient value of f(z).

PROOF: We consider the following two cases.

(1) 4 arcsin </(6(a, / ) / 2 ) / / i < 2ir.

To deduce inequality (2.3) we should use Lemma 2.1 and the proof of (1.4) in [1];
let us outline the method of the proof of inequality (2.3) (for details see the proof of
relation (1.4) in [1, p.429-434].
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We set

The following inequality is fulfilled for the function

f 0, z = 0

which is subharmonic in the half plane Imz > 0 (see Lemma 2.1):

rR r
v(ret0) < / v(t)A(t, r, 0, R)dt + / v(Ret<p)B(tp, r, 0, R)d<p

J-R Jo
where A and B are kernels (see [1, p.430]).

We use the estimates B(<p, r, 9, R) < 32(r/i?), ( O < 0 < T T , 0 <<p <n, 0 <r < R/2)

and A(t, r, 0, R) < P(t, r,ir-9), A(-t, r, 0, R) ^ P(t, r, 0), where

1 rsinfl

Taking into account properties (2.1) and (2.2) of the function T*(z), we get

fR
(2.5) v(rei0) ^ N(i*, 0, F(z, a))P(t,r,ir - 0)dt

Jo

+ f Tip, a, A)P(t, r, 0)dt + 32(r/i?)r(JT, a, A)
Jo
[0<8 < 7T, 0<r < R/2).

Let (r,-) be a sequence of Polya peaks of order fi of T(r, o, A) (or T(r, / ) ) and

('•'•/) be the sequence occuring in the definition of Polya peaks (see [1, p.418]) such

that r'y/rj -»oo( j -»oo) .

Let us set

s, = (rjf and «', = {r'^".

The following relations are valid:

(2.6) / V N(t\0,F)P(t,sjtn-0)dt ^ (I - S(a, f))T{rit a, A)
J

+ 1

(2.7) f'i>T(t\a,A)P(t,3j,e)dt
Jo

S l n "A*7

(j-*oo, O<0< n),
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where o(l) does not depend on 0,

(2.8) ±Lr((,;.,)\ a, A) = o(T(rjf a, A)), j oo.

Setting r = Sj and R = aj, in (2.5) and taking the relations (2.6), (2.7), (2.8) into
account, we get (j —• oo, 0 < 6 < ir)

(2.9) , ( V ) < T(r,, a, A)

From the definition of 7 we have

1 — S(a, f) =

We write the inequality (2.9) in the form

v(sje
ie) ^ T(r,-, a, A){cos(ir - fl)7M + a,-},

(j = 1, 2, • • • , 0 < 0 < ir)

where a,- —> 0 as j —» 00. Further, following [1, p.433-434], we arrive at the relation
(2.3).

(2) 4/ji arcsin y/{6(a, / ) / 2 ) > 2TT.

In this case, we choose a number d such that
0 < d < 6{a, f)

4 • R nand — arcsin y - < 2TT.
V

Set 7 = — arcsin ̂ - ;

by similar reasoning, we arrive at

o-(o) > — arcsin \l-.

Letting d | do = 2 sin2 (/ITT/2) , we obtain the desired result

a(a) = 2n.

Theorem 2.1 is proved. Q
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THEOREM 2 . 2 . Let f(z) be an n-valued algebroid function of lower order
/* (0 < ft < oo), de&aed by the equation (1.1), and q^2p be an integer. If

(2.10) 6(a,f)>l-cos^,
9

then

(2.11) *{a) > — .
9

PROOF: The proof of this theorem is similar to the proof of case (1) in Theorem
2.1. Let us only observe that we must choose 7 = \/q and apply inequality (2.10) to
relation (2.9). Relation (4.16) from [1, p.433] reduces to the desired inequality (2.11). D

3. APPLICATIONS

LEMMA 3 . 1 . Let f(z) be an n-valued algebroid function of lower order

fi, (0 < ft < 00) and let Oj (i = 0, 1, • • • , n) be any n + 1 distinct complex numbers.

Choose A(r) = (T(r, / ) ) 1 / 2 and define the sets £A(»", ay) in (-7T, it] by

(3.1) *A(r, - i ) = {•: " ^ ^ l " > *A(7)> ' = ' " ' } ti = 0, 1, • • • , n),

Then there exists a positive number r<> > 0 such that r ^ r<j

PROOF: We assume that a,- ̂  00 (j = 0, 1, • • • , n) without loss of generality. Sup-
pose that

j=0

We choose 0O G E(r) and consider the following system of n + 1 equations.

F{rei6\ aj) = £ Ak(rei9o)a]-
k (j = 0, 1, • • • , n).

t=o

Since the determinant of the coefficients
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we can solve this system for the unknowns Aj(re%8°) (0 < j < n) and obtain (for some
constants bji,):

**. «i). (* = 0, 1, - . , n)
i=o

so that \Aq(re»°)\=mgn\Ak(rei°o)\

e**,o,) | , (0 < * < n)

where C is a constant and

\F(re«°,a.)\=ornfijF(re«<>,aj)\.

This means that for fixed r

\F{re*>,a.)\ " \F(re«o, a . ) \

< (n + 1)1 / 2C ||a,|| = constant,

which for sufficiently large r contradicts the assumption that #o belongs to E\(r, a,).
Lemma 3.1 is thus proved. U

LEMMA 3 . 2 . Let f(z) be an n-valued algebroid function of lower order
\i (0 < \i < oo), defined by the equation (1.1) and

Then, on summing all the deficient values a of f(z), we have

^ 2mr.

PROOF: Let a, (j = 1, 2, ••• , JV) be any N deficient values of f(z). The sets
E\(r, a,j) (1 < j ^ N) are defined by (3.1). Since for each 60 6 (— IT, IT], #o c*n belong
to at most n of the sets E\(r, Oj) (1 < j ^ N) for sufficiently large r ,

JV N N

/ ^(flfc) ^ y &K\&k) ~~ / lim xxxeasE\\Tiy o>jg) ^ 2mr.
t=l k=l t=l
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Since N can be arbitrarily large, Lemma 3.2 is thus proved. D

THEOREM 3 . 1 . Let f(z) be an n-valued algebroid function of lower order
fj, (0 < /i < oo), defined by the equation (1.1) and q (^ 2/i) be an integer. If f(z)
has more than nq deficient values, then there are at most nq — 1 deficient values
Ofc (fc = 1, 2, • • • , ng — 1) such that

6k = S(ak, f) > 1 - c o s ^ , (fc = 1, 2, • • • , nq - 1).
9

PROOF: Assume that the assertion is false; we choose nq + 1 distinct deficient
values a* (k = 1, 2, • • • , nq + 1) of f(z) such that

(3.2) Sx >62 >• • •*„ , ^ 1 -cos ^ ,

(3.3) Snq+1 > 0 , {q > 2fi, 6k = 6 { a k , f ) , l ^ k ^ n q + 1 ) .

Choosing the integer 3 (^ nq) large enough, (3.3) implies

(3.4) 6nq+1 ^ 1 - c o s — .

Now let (rj) be a sequence of Polya peaks of T(r, f) and let

A(r) = (T(r, Z))1'2;

by Theorem 2.2, (3.2) and (3.4) imply

o-(ajb) ^ — , o-(an ,+i)>—, k = 1, 2, ••• ,nq.
q 8

nq+l nq+1

So 5Z °"A(a*) > £ °"(°*) ^ 2n7r + ~-

This contradicts Lemma 3.2, so Theorem 3.1 is proved. D

THEOREM 3 . 2 . Let f(z) be an n-valued algebroid function of lower order

fj, (0 ^ ft ^ oo), defined by the equation (1.1). Then on summing over all the defi-

cient values a of f(z), we have

> / ) < n(\/2/i7r + 2/i + l ) .

PROOF: We consider the following two cases.

(1) If fi = 0, by a result of Gu ([4]), f(z) has at most n deficient values, so
that Theorem 3.2 holds.
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(2) If 0 < \i < oo, we assume that

(3.5) o i , a2, ••• , an, •••

are all the deficient values of f(z) and assume that (3.5) has been ordered

so that

61 ^ 62 ^ • • • ̂  6n ^ • • • ,

where Sh = 6(ak, f), k = 1, 2, • • • , n , • • • .

Let q — [2/x] + 1 and m be an integer. If m < nq, it is trivial that

If m > nq, by Theorem 3.1 we have

on, < 1 -cos — .
q

Hence, with each Snq+i > 0 ( l < t ^ m — nq), we may associate a positive integer
such that

(3.6) 1 - cos M?r < * n , + i < 1 - cos — , i ^ 1.
qi + 1 9i

By Lemma 3.2 and Theorem 2.2, we get

m-nq ^ m

7TT S ff(ai) < 2n7r>

so that
m-nq m-nq

From the second inequality in (3.6), we deduce

m m—nq
and hence \ J y/6(ai, f) ^ TJ _ ^ \2n\VK.

Therefore

(3.8)

Since m can be arbitrarily large, Theorem 3.2 follows from (3.8).
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