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1. Introduction and survey

Arithmetic subgroups of reductive algebraic groups over number fields are finitely
presentable, but over global function fields this is not always true. All known
exceptions are “small” groups, which means that either the rank of the algebraic group
or the set S of the underlying S-arithmetic ring has to be small. There exists now a
complete list of all such groups which are not finitely generated, whereas we only have
a conjecture which groups are finitely generated but not finitely presented. The present
situation is as follows:

Let F denote a global function field, S={v,,v,,...,v,;} a finite non-empty set of
primes of' F; furthermore G is a linear algebraic group defined over F, which we can
assume to be absolutely almost-simple (the reductive case can be reduced to this one—
on the other hand the results become much easier) and which has rank r over F and r;
over the completion F, of F (v;€S); finally let I' be a S-arithmetic subgroup of G(F).

Theorem. T is not finitely generated if and only if
s=r=r;=1.

The positive part (that means finite generation) is old (cf. [6]); the counter-examples
for classical groups are due to Keller (cf. [14]), whose proof is modelled after Serre’s for
SL, ([18]), so only one group of exceptional Lie-type was left, which was settled in
([14a]). According to Tits’ classification in [21] there exist S-arithmetic subgroups I,
which are not finitely generated if G is equivalent up to central isogeny to exactly one of
the following groups, where all forms are non-degenerate and of Witt-index (=rank) 1
over F and F,:=F,:

(a) Special linear group SL,(D), where D is a central division algebra over F and
D ® F, 1s also a division algebra.

(b) Special unitary group SU,(F’, h) for n=3 or 4, where F’ is a quadratic extension
of F and h a hermitian form with respect to F'/F.
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(c) Special unitary group SU,(D,h), where D is a central division algebra over a
quadratic extension F’ of F with an involution of the second kind, such that F’
splits over F, (which implies SU, ® F,~SL,).

(d) Special unitary group SU,(D, h) for n=2, 3, where D is a quaternion skew-field
and h a hermitian form with respect to the standard-involution of D; provided
char F#2.

(e) Special unitary group SU,(D,s) for n=4,5, where D is a quaternion skew-field
and s an antihermitian form with respect to the standard-involution of D,
provided char F+#2.

(f) Gis of type ®D3 , and G ® F, of type ?D,.

Remarks.

(1) 1In case (d) and (e) there is another description for char F =2 (cf. [21]).
(2) Special orthogonal groups in 3, 5 or 6 variables are isogenous to groups in (a),
(d) or (e) respectively, for 4 variables they are not absolutely almost simple.

Conjecture. I is not finitely presentable if and only if
> ri<2 and r>0.
i=1

This conjecture has been proved in the following cases:

(a) G=SL, (Stuhler [20]);

(b) G split with constant root-length, s=1, r=r,=3 (Rehmann-Soulé¢ [17],
Splitthoff [19]);

() G split, not of type G,, F=G(F,[t,t~']), r=r,=r,22 (Hurrelbrink [13]) or
G=SL,, n=3, s=2 (Splitthoff, loc. cit.);

(d) G arbitrary, s=1, r=r; =2 (Behr [7], [16a]; McHardy [16]);

(e) G arbitrary, r=1, Yi_, r;23 (see main theorem below).

Remarks.

(1) These are “positive results” (i.e. proving finite presentability) in case (a) for s=3,
case (b), (c) and (e) and “negative results” (i.e. giving counter-examples) in case
(a) for s=2 and case (d).

(2) A positive result remains positive (for the same group) if one enlarges the set S:
This can be shown in the same way as Kneser did (in [15]) in the number field-
case.

(3) T is finitely presented if r=0: For an anisotropic group G the quotient G(F)/T"
is compact by Godement’s criterion (cf. Section 2) and since G(F,) is compactly
presented (look at the Bruhat-Tits-building), the assertion for s=1 follows by
Reidemeister—Schreier.

(4) The result (d) can be translated into an explicit list of groups: As above—in the
case of nonfinitely generated groups—one obtains classical groups in low
dimensions and some exceptional types.
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(5) If the conjecture is true there should be further counterexamples with
(i) s=1,r=1, r,=2: this is known only for some very special examples with
the same proof as in (d),
(i) s=2, r=r;=r,=1: Stuhler’s proof for SL, can be generalized for these
groups.

These are the only remaining cases for the negative part of the conjecture. For
the positive part it would be enough—according to (b), (c¢) and Remark 2—to
settle the cases
(i) s=1,r22,r,23

(v) s=2,rz2

for non-split groups—or split groups excluded above.

(6) The proofs use very different methods: For (b) and (c) one applies pure group-
theory and algebraic K-theory, for (a) and (d) also topological methods come in
via the operation on Bruhat-Tits-buildings.

All examples dealt with in (a)-(d) are either split (or Chevalley) groups or at least the
global and local ranks of the group G coincide. For better support of the conjecture it is
therefore important to look at a situation, in which these ranks are different, this may
happen in case (e). i

Main theorem. If the absolutely almost simple algebraic group G has rank 1 over F, a
S-arithmetic subgroup T of G is finitely presentable in each of the following three cases:

(a) s=3,ri=r,=ry=1;
(b) s=2,r,22o0rr,22;
(©0 s=1,r =3

The proof uses old and new tools. In the next two sections we have to describe
reduction theory and the operation on products of Bruhat-Tits-buildings: In this way
we can pass from I' to I'n P(F) for a parabolic subgroup P (defined over F). If and only
if the global rank of G equals 1 we can translate the question of finite presentability of
I'NP(F) to the problem of compact presentability of PO(F ») (for an appropriate
subgroup P° of P) and for the latter one we can dispose of Abels’ new techniques like
contracting automorphisms and amalgamation of subgroups (cf. [4]), but unfortunately .
we cannot apply his explicit criterion, because its proof is only valid for characteristic 0.
Then it is easy to show part (a) (which includes the positive part of Stuhler’s result for
SL,), a little bit harder for (b), but part (c) can be settled only by a tedious and lengthy
case-by-case proof. Therefore we shall merely give the list of groups and carry out the
details for some example. But all these examples suggest that Abels’ criterion remains
true in arbitrary characteristics.

We freely use the theory of reductive groups, especially over local fields and of their
corresponding buildings as it is given in [8], [10] and [22], only special results will be
cited precisely. To make things simpler we will assume that G is simply-connected: we
can do this because the image of an arithmetic subgroup I" of the simply-connected
covering G of G has finite index in I (cf. [5], Satz 1).
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2. Reduction theory of arithmetic groups

We describe the main results of reduction theory over global function fields in the
formulation of Harder in [12] together with some supplements due to [6]. For this
purpose we need the following list of notation:

Let be

a global function field;

the set of all primes of F;

the ring of adeles over F;

a connected reductive algebraic group, defined over F;

a maximal F-split torus of G;

={a,,...,®,} a system of simple roots of G with respect to T;

a minimal parabolic subgroup of G, defined over F, which contains T and

corresponds to A;

Pg a F-parabolic subgroup of G of type @ € A, which contains P, i.e. ® is a system of
simple roots of the semi-simple part of Pg, in particular:

Q; the maximal parabolic subgroup of type A—{«;} above P;

Z the centre of G;

K the product [[,., K, with open and compact subgroups K, of G(F,) for all
completions F, of F;

H°(A) ={he H(A)||x(h)|=1 for all ye F(F)} for a subgroup H of G and its group H of
characters, where | | denotes the idele-norm;

H® =g 'Hg for Hc G(A), ge G(A);

S a finite non-empty set of primes of F;

Gs  =]lves G(F,) (for H<= G(A) denote by Hg the projection of H on Gg);

r a S-arithmetic subgroup of G.

~NPbPNQA<™T

Remark. The roots «; are in general not contained in P, but it is possible to extend
the idele-norm of «; to a function on P(A) (cf. [12], page 47).

The numerical invariants v{P, K) (i=1,...,r), defined by Harder, have the following
properties:

(1) v{P",K")=v{(P,K) for yeT;
(2) (P, K?)=v{(P,K)|o;(p)| ' for pe P(A);

(3) For two compact-open subgroups K=[],K, and K'=[],K; there exist real
constants d and d’ with dv(P, K) <v{(P, K')<d'v{(P, K).

Theorem A. There exists a constant C,>0, depending on K, such that for each
g€ G(A) there is a minimal parabolic F-subgroup of G with

v(P,K9=C, forall i=1,...,r.
We can reformulate Theorem A with respect to the action of I' and sharpen it by
choosing a particular K: For each veV we take K, to be the stabilizer of a “special

point” in the Bruhat-Tits-building, then we have the Iwasawa-decomposition G(F,)=
K, P (F, with a minimal parabolic F,-subgroup P, (cf. [22], 3.2 and 3.3.2), which

https://doi.org/10.1017/50013091500017934 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017934

FINITE PRESENTABILITY OF ARITHMETIC GROUPS 27

implies that there is only one conjugacy class of P2 P, relative to K=]],K,; thus we
have the

Corollary A’. There exists a maximal compact subgroup K of G(A), such that for a
fixed parabolic F-subgroup P, of G and each geG(A) there is a yeG(F) with
v(Po, K2 C, for all i=1,...,r (where C, is the constant of Theorem A).

Theorem B. Let C,>0 be a constant for which Theorem A holds: There is a second
constant C, >0 (depending on C,) with the following property:

If v(P,K%)=C, for all i and some minimal parabolic F-subgroup P and even
vi(P,K9)=C, for all i with ;e ®CA, then each minimal parabolic F-subgroup P’ is
contained in Py_g if v(P',K%)ZC, for all i.

Corollary B'. If v{P,K%2=C, and v{(P,KY=C, for all i and yeG(F) and even
vi(P, K%)= C, for all i with a;€®, then y is an element of P, _g.

Proof. According to Theorem B and property (1) we have P'=P*"'c P,_g which
implies ye P, _¢ (cf. [9], 2.6).

Theorem C.

(a) M<cG(A) is relatively compact modulo Z(A)G(F) if and only if for each ge M
there exists a minimal parabolic F-subgroup P with C,<v{(P,K%)<C' for dll i,
constant C, from Theorem A and some constant C'.

(b) “Godement’s compactness criterion”: G(A)°/G(F) is compact if and only if G is
anisotropic, i.e. there exists no proper parabolic subgroup defined over F.

(c) For a unipotent subgroup U of G the quotient U(A)/U(F) is compact.

For assertion (¢) compare [6], Satz 3; it is valid for all groups, which can be
trigonalized over the separable closure of F.

We have to transfer these results on adelized groups to finite products Gs=
[1oes G(F,), which we consider as subgroups of G(4) (taking all components outside S
to be 1) and which contain S-arithmetic groups as discrete subgroups. We assume that
G is concretely given as a matrix group defined over Og, the ring of S-integers in F.
Thus we have I'={ge G(F)|ge G(0,) for all v¢S}, where O, denotes the ring of integers
in F,. Moreover we fix K, for v¢ S to be G(0,) and suppose that it is the stabilizer of a
special point—changing to a commensurable group I' if necessary.

The Theorems A, B, C and Corollary B’ remain true for the pair (Gg, I') instead of
(G(A), G(F)); the constants C, and C, depend on the choice of the groups K,, but only
for veS. The Corollary A’ has to be weakened; we use

Theorem D. P(F)\G(F)/T is a finite set and therefore the number of T-conjugacy
classes of P is also finite.
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Corollary D'. Let P,,..., P, be a complete set of representatives for the T-conjugacy
classes of minimal parabolic F-subgroups. For suitably chosen Kg there exist for each
g€Gs an element yeT and an index je{1,...,h} such that v{(P;, K®)2C\ foralli=1,...,r
and an appropriate constant C, £C,.

For the proof compare [11], no. 12 and [6] nos. 8 and 9; for ve S one has to choose
again K, as stabilizer of a special point, because one needs Iwasawa’s decomposition.

3. Action on products of Bruhat-Tits-buildings

For each ve S denote by X, the Bruhat-Tits-building of the group G(F,) and define
X:=[],es X, Henceforth we make the following

Assumption. G is semi-simple and simply-connected.

This implies that all X, and also X are polysimplicial complexes with the following
properties (cf. [22], 3.1-3.2):

G(F,) is a group with BN-pair (or Tits-system), B being the stabilizer of an open
chamber C, of X, and N the normalizer of a maximal F -split torus. The maximal
compact subgroups of G(F,) are precisely the stabilizers of the vertices of X, which are
uniquely determined by their stabilizers. There are finitely many conjugacy-classes with
respect to G(F,) and as a set of representatives we can choose the stabilizers of the
vertices of a fixed chamber C, we call it R, ¢, such that R:={[],.s K,,|K,,E‘Ji,,'c} is a
finite set of representatives for the conjugacy-classes of maximal compact groups in Gg.
In this way we can identify all vertices of X with the groups K¢ for KeR and geGs.
Using property (3) of no. 2 we obtain a version of Theorem A which yields for all KeR
the same parabolic subgroup P—of course for a smaller constant ¢,. We denote a
polysimplex by {K?}, K running through all K in R.

(A) For each polysimplex {K?} there exists a minimal parabolic F-subgroup
P of G with v{P,K%=c, fori=1,...,r and all KeR.

The Corollary A’ is only valid for a special K (in general there exist finitely many
K-conjugacy-classes of minimal parabolic subgroups), but if we use once more property
(3) of no. 2, we may assume this corollary for all Ke R, provided we take a smaller
constant. Again we pass from G(A) to G4 and obtain the following generalization of the
Corollary D', observing that the representative P; does not depend on K:

(D) Let P,,..., P, denote a complete system of minimal parabolic F-subgroups
of G. There exists a constant ¢, >0 such that for each polysimplex {K?}
there is a T-equivalent polysimplex {K?'} and an index je{1,...,h} with
the following property: v{(P;, K?)2c} for all i=1,...,r and all KeR.

Theorem B and its Corollary B’ are true simultaneously for all Ke R with a constant
¢, or ¢, corresponding to ¢, or ¢ respectively.
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We are going to construct a covering of X by subcomplexes.

Definition. (a) Let Q be a parabolic F-subgroup of type © (i.e. Q=Pg) and Xy(c,) a
subcomplex of X, defined by the following condition:

A polysimplex {K?} of X belongs to Xy(c,) if and only if there is a minimal parabolic
F-subgroup P of Q such that v(P, K?) 2c, for all i and even v{(P, K% 2 c, for all i with
a;€ @ and for all KeR in both cases.

(b) The subcomplex X, of X is given as follows:

A polysimplex {K?} of X belongs to X,, if and only if for each minimal parabolic
F-subgroup P with v(P, K% 2c, for all Ke R and all ie{1,...,r} there is no index i such
that v,(P, K% =c, for all Ke .

From the results of reduction theory and the definition above we deduce immediately
the following

Proposition 1. (a) X=X,u X' with X'=|)oX(c,), Q running over all proper
parabolic F-subgroups of G.

(b) X, and X' are I'-invariant, X,mod I is finite.

In statement (b) we consider the action of I' on X, the invariance of X, and X’
follows from property (1) in no. 2. For the second assertion we make use of Theorem C,
part (a), observing that the centre Z of a semi-simple group G is finite: If {K?} belongs
to X,, we have v(P, K% <c, for each index i and some K e R; by property (3) of no. 2
this implies v{P, K?) <¢é, for some constant ¢,=c¢, and all Ke‘R. On the other hand
v{P,K%2=c, and Theorem C(a) shows that the set of all ge Gy with {K?}eX, is
relatively compact modulo I', which means that Xomod T is finite, because all K are
also open subgroups.

For the special case of a group G with F-rank 1 we may specialize these results: all
proper parabolic F-subgroups are minimal and there is only one invariant v. We
construct a subcomplex Y of X, which contains representatives moduloI’. We have to
use statement (D) with constant ¢| and choose a constant ¢, >c¢) such that Theorem B
and its Corollary B’ are valid simultaneously for all K € R. With the system {P,,..., P,}
from (D) we define for j=1,...,h:

Yi=Y(ch):={{K*}|W(P, K9)2c; for KeR} and

1= k)

c1Sv(P;, K9 for some j and all KeR but
W(P;, K9 <c, for at least one Ke®R ’

Proposition 2. (a) For each polysimplex in X there exists a I'-equivalent polysimplex in

h
Y:=Y,ul) Y,
=1
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(b) Y, is a finite complex and the complexes Y; are mutually disjoint.

(c) If there exists for given y;eY; and y, €Y, with j>0, k=0 an element yeI' with
Vi =Y, then we have j=k and ye P{F)nT.

In addition we can assume that Y is connected by blowing up the finite complex ¥, in
such a way that it becomes connected and meets all Y; (j=1,...,h), which are
themselves connected.

4. Reduction to parabolic subgroups

From the action of I' on the complex X we deduce now a presentation of I' using the
subcomplex Y of representatives modI” given in Proposition 2. This presentation
contains—besides some finite set of generators and relations—the free product of the
groups I';;=P(F)nT' with amalgamation of their mutual intersections. We use the
following principle:

Theorem E. The group I' acts (on the right) on the poly-simplicial complex X with
simplicial operation on each factor of X. We suppose X to be connected and simply-
connected. Let Y be a subcomplex of X such that for each polysimplex x € X there exists a
polysimplex yeY and yeD with yy=x. Then E:={ye[|YynY+#} is a set of
generators for the group T and R:={y,~y2’1-(yzyl_l)|Yy,nYy2r\ Y+ O} is a system of
defining relations in E.

Theorem E is proved in [2], Example 4.6 for simplicial complexes.

We apply this theorem to I', X and Y from Section 3 (denoted in the same way):

A Bruhat-Tits-building and therefore X is contractible and we can assume that Y is
connected. The operation of I' on X is simplicial on each factor of X: if S contains more
than one prime, the operation is defined on each factor X, (veS) separately; if G is
semi-simple the simple factors of G are acting only on one simplicial factor of the
building.

Corresponding to the decomposition of Y we divide E and R into the following parts:

E03={75r!Yol’n Yo # I}

is a finite set, because Y, is a finite complex and all stabilizers of vertices are finite as
intersections of a compact and a discrete group;

E;={yeT|Ypn Y+ 2}
is contained in I';=P{F)nT (cf. Proposition 2(c)),

Ro:={7, 3! '(72)’1—1)|Yo)’1 N Yoy, N Yo # I}
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is finite;
Ri={y 7! '(72)’1_1)|J’171 =),y =y; with y;€Y; for some 1€1,2,3}.

R; consists only of relations in the group I';, because we have the following implications
from Proposition 2(c):

yieY=y,y,y; '€l
y2€ Y=y, 7,01 ‘el
yi€Y=>yty; el

Moreover we have to take into consideration that the same generator may belong to
different sets E, or E; whereas our relations are products in a fixed set; therefore we
must add identifying relations:

Roj=1{71"72 ! |)’1 EEO,?zeEj}
is finite for all j;
Rj:= {Vl)’z_ ! |V1 GE,‘:)’zeEk}

identifies the intersection I'; "I, with subgroups of I'; and I, respectively.

We sum up these considerations in

Proposition 3. T is finitely presentable if all subgroups T';=I'nP{(F) are finitely
presented and all intersections I' ;T are finitely generated.

5. Compact presentability

We start with the observation that I'; is not contained in (P)s=][[,.s P{F,) but
even in (P))3, since |x(y)|,=1 for v¢ S and we have the product formula [ [,y |x(¥)|,=1.

By application of the Reidemeister—Schreier-principle we are now able to translate our
problem of finite presentability into a question of compact presentability—several
definitions of this notion are given in [1]—using the following

Theorem F. Let T be a S-arithmetic subgroup of the algebraic group H and suppose
that HY/T is compact; then we have:

[ is finitely generated or finitely presented if and only if HY is compactly generated or
respectively finitely presented.

Theorem F is proved in [15] in the more difficult situation of number fields where
one has to reduce the problem to the finite generation (presentation) of an ordinary
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arithmetic group (defined for S=5, the set of archimedean primes); we can replace this
group by the finite group H(F), where F denotes the field of constants in F. Furthermore
we have to use H? instead of the product HueS\Sw H,, according to the fact that the
quotient l_[,,es\sw H (k,)/T" is always compact for a number field k and a S-arithmetic
group I'.

In our case we have to show that PY/I", for [,=In P(F) is compact, if P denotes a
minimal parabolic F-subgroup. But P is a semi-direct product of a reductive group Z,
and its unipotent radical Up and we have the decomposition P?=(Zp)3(Up)s. For the
second factor we have part (c¢) of Theorem C and for the first one we can apply part (b)
of the same theorem since a minimal parabolic group has “semi-simple rank 0”, which
means that P° is anisotropic. Thus we obtain the following consequence of Proposition 3:

Proposition 4. T is finitely presentable if for minimal parabolic F-subgroups P and P’
of G the group P} (and also (P')3) is compactly presentable and the intersection P3n(P')2
is compactly generated.

For the proof of compact presentability we dispose of the following results due to
Abels:

Theorem G. (a) Let 1-A—>B—->C—1 be an exact sequence of locally compact
topological groups.

(i) If B has a compact presentation and A contains a compact subset K, such that A is
the smallest closed normal subgroup of B containing K, then C has a compact
presentation too.

(1) If A and C are compactly presentable, the same is true for B.

(b) Let H be the semi-direct product of a torus T and a unipotent subgroup U, both
defined over the local field F,. If T(F,) contains an element, which acts on U(F,) as a
contracting automorphism, then H(F,) has a compact presentation.

Remark. An automorphism « of a locally compact topological group N is called
contracting if the sequence a", ne N converges to the map N — {e} uniformly on compact
subsets.

Statement (a) is part of the “diagram-lemma” of [1]. Assertion (b) is proved in [4], for
the case of a semi-direct product {t> ==N with {t>~Z and N locally compact, but this
is enough in view of (a) and the fact that T(F,) is compactly presentable. We shall use
part (a) of this theorem in the following way: We assume for simplicity that G is
absolutely almost-simple and simply connected of F-rank 1 and we consider P? for a
minimal parabolic F-subgroup P of G. P is the semi-direct product of Z(T) and U,
where Z(T) is the centralizer of a maximal F-split torus T of G, which has dimension 1
and U denotes the unipotent radical of P. Moreover Z(T) is an almost-direct product of
T and an anisotropic group M, it follows that M- T; has finite index in Z(T)g since
there is an isogeny of reductive groups from M xT on MT Furthermore T is
contained in P2, because the character group P(F) has finite index in T(F) and of course
Us and Mj are subgroups of P2. According to Reidemeister-Schreier it is enough to
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prove compact presentability for the product MgT2Uj in order to prove it for P.
Before doing this in three different situations we can make two general remarks:

(1) The intersections P2n(P’) (for parabolic subgroups P and P’) are always
compactly generated: From the properties of a BN-pair ([9], 2.6) we have that
P~ P =Z(T’), the centralizer of a suitable maximal F-split torus T’; now T'(F,)
is compactly presented and the anisotropic part of Z(7") is a reductive group—
but we have

(2) For a reductive group H, defined over F, H(F,) and Hg are compactly
presentable: Considering the action on the Bruhat-Tits-building we see, that
H(F,) is the amalgamated sum of the stabilizers of the vertices of a fundamental
chamber (by an amalgamated sum of a family of groups {G,};.,—where all G;
are contained in some group G—we understand the direct limit of these groups
and their intersections G;;=G;N G; with respect to the injections G;; o G; for all
Ljel).

6. The case r=1 and s>1

Now we have all the tools to prove the main theorem; in this section we shall settle
the first two cases.

(a) s=3,r=r,=r,=ry=1

From the last section we know that it is enough to show the compact presentability
of TgUs (in this case M is even compact, since M remains anisotropic over F;:=F, for
i=1,2,3).

We define three subgroups

H:=T3[]U(F)<T?Us for ije{1,2,3},

j#i

to which we shall apply Theorem G(b).

U is the semi-direct product U,U,,, where {a} or {«,2a} denotes the set of positive
roots with respect to T (U,,={1} in the first case). Then T acts on U by inner
automorphisms, which means by multiplication with a(t;) or a’(t;) respectively on the F;-
vector space U(F;) for t;€ T(F)). Therefore we can find an element t=[]>_, t;e T, which
induces contracting automorphisms on U(F,) and U(F,), if we choose |a(t1)|1<1 and
|«(t;)], <1 and we have even teTJ by defining ¢, in such a way that |a(ty)|;=
(Ja(ty)|¢|a(t2)]2) . So we have a contracting element for the group Hi=
TeU(F,)U(F,) and we can do the same for the groups H, and H,. Observe that the
third component, where the automorphism would be expanding, is trivial! By Theorem
G(b) we conclude that all three groups H; are compactly presented and also that their
intersections are compactly generated. Thus the amalgamated sum of H,, H, and H, is
compactly presented, but this product is nothing else than the whole group T2Ujg, since
all relations, which define this group as a semidirect product or give the commutability
of the three factors U(F)) are relations in one of the three groups H,.
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(b) s=2, r=1, r;>1 (without loss of generality)

In analogy with case (a) we define the following groups:
H;:=Mg T2 -U(F,) and H,:=Mg T2 -U(F,).

In the same way we obtain that T9- U(F,) and T$: U(F,) are compactly presentable; on
account of the last remark of Section 5 this is also true for Mg and therefore by
Theorem G-(a) for H, and H,. But this time the amalgamated sum of H, and H, gives
not P2, since U(F,) and U(F,) do not commute in this sum. So we need further factors:

We take a maximal F,-split torus 7" in M, which is not trivial by the assumption
ri>1. T normalizes U and therefore we can split up U into root-subgroups with
respect to T’ and the intersection of U with the centralizer of T’ (cf. [8], 3.11). Let
R=R_, UR_ be the system of all roots with respect to-T", then we have the following
decomposition (defined over F,): U=U, -Uy,-U_, where U, is the product of all
unipotent subgroups U, with ae R, U _ the same for ae R_ and Uy=UnZ(T’).

Now we consider the groups H,:=T'(F,)-U,(F,) and H_:=T'(F,)- U _(F,), which
are compactly presentable, because we find contracting elements ¢ € T'(F,), choosing
|a(t’)| <1forall xe R, or o€ R_ respectively—and are able to apply again Theorem G(b).

As a next step we define semi-direct products L, of H, and T2 - U(F,) and L_ of H_
and T2-U(F,), H, and H_ being normal. According to Theorem G(a) these groups
L, and L_ have compact presentations; inside L, the commutability of U ,(F,) and
U(F,) is defined and the same is true for U_(F,) and U(F,) within L_. If we can show
that this implies that even Ugy(F,) commutes with U(F,), we are finished, because
Mg-T2-Ug is the amalgamated sum of H,, H,, L, and L_, which are all compactly
presentable and it is easy to see that all their intersections are ‘at least compactly
generated.

For this purpose we choose a maximal F,-split torus T in G, that contains T and
T'—which is possible since T T’ is finite; on the other hand T- T’ is of finite index in
T. U, can be given as the product of groups U, with roots a corresponding to T and
obviously we have a|T=o or a| T=2« and a| T’ =0. If there exists a root b (with respect
to T and defined over F,) with b| T =0, it is possible to select b in such a way that a+b
is also a root (here we have to suppose that G is absolutely almost-simple: for this
statement and the following conclusions see [6], no. 15-18). Since [T:T - T"] is finite we
must have b|T’7é0, which implies either U,,(F,)eL, and U_,(F,)L_ or the
converse, the same is true for all groups U, )45 (F;) With r,se N. Now we have to
use Chevalley’s commutator formula in order to compute [U,,,, U_,], which shows
that each element in U, (F,) is a product of elements contained either in U ,(F,) or
U _(F,); this is valid for all a and therefore also for Uy(F,). We know already that all
these factors commute with U(F,) and conclude that Uy(F,) and U(F,) are commutable
too.

But it may happen that there is no root b with b|T=0; looking at the classification
tables in [21] we see that there is only one such case, namely the type 2A4,. This means
that we have G=SU,(D, h) with a skew-field D and a hermitian from h with respect to
an involution of the second kind of D. For this group we have the following
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decomposition (defined over F,): U=U, U, U,,, with a|T=b|T and a|T'=(—b)|T,
which implies Uy=U,,,=[U,, U,]; since U,cU, and U,cU_ we have the same
argument as before.

7. The case r=1 and s=1

(a) For that case I am not able to give a unified proof; so we have to consider all
groups G with global rank 1 and local rank at least 3 (i.e. rk;G=1 and rk; G23 with
S={v})}—as before we assume G to be absolutely almost simple but not necessarily
simply connected. In order to classify these groups we have to use the diagrams given in
[21], but there is no specification for global fields of finite characteristic, but Professor
Tits has communicated to me the following supplement:

The set of diagrams for global function fields is contained in the set for number fields,
but the anisotropic part has to be of inner or outer type 4,. Thus we have the following
list of types with global rank 1 and local rank =3 (written “global—local”):

lAn—'lAn (n;:s) 2Dn—’an (n=3,4,5)
24,— 14, (n=3) ’p,— D, (n=4,95)
24,— %A, (n=3) 3ep? ,—'D, or ’D,

C3—C; 2ES —’E¢ s or 'EQs

'D,—'D, (n=4,5)

Since we have to prove the compact presentability of a group over F,, we should start
with G=G ® F, and identify in such a group the proper parabolic subgroup P of G,
defined over F, as well as the character y which defines P°. For this purpose we imbed
the maximal F-split torus T of G into a maximal F_-split torus T of G and extend y to
a character on T, which gives us T°. Moreover let P be a minimal F,-parabolic
subgroup, which is contained in P and has the decomposition P=Z(T)-U (U the
unipotent radical of P). Since the quotient G(F,)/P(F,) is compact, the same is true for
P°(F,)/P°(F,) and we can restrict ourselves to P°. Z(T) contains an anisotropic group
M, such that M(F,) is compact, and the torus 7 = T°. Thus it remains to prove that
T°(F,)- U(F,) has a compact presentation—using again Theorem G(a).

We decompose U into root groups with respect to T and look for elements in T°(F,)
which provide us with contracting homomorphisms for appropriate subgroups of U(F,),
given as products of root groups U,. In this way we obtain compactly presented groups
(by Theorem G(b)), which we amalgamate in order to show that T°(F,)- U(F,) has a
compact presentation. But in general U contains a subgroup U, on which T° acts
trivially. For those root groups U, < U, we have to show that the elements of UF,)
can be written as commutators of elements which are already contained in “good”
subgroups, described above. This definition as a commutator may not be unique; so we
have to prove that different commutators give the same element which can be done
using an identity due to Philip Hall. In the last step we have to check that all
commutator relations in U are either valid in some good subgroup or follow from these
relations, using a convenient definition for the elements in Uy(F,) as a commutator.
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(b) As an example we shall give the details for a group which is locally of type 'D,
with rank 4 and comes from a global group of type !D, or 2D, with rank 1. We may
think of the local group as G =S80y, corresponding to the direct sum of four hyperbolic
planes, the global group being G=SU,D,s) for an anti-hermitian form s over a
quaternion algebra D with standard involution.

(i) We need the list of positive roots of G with respect to a maximal (split) torus T
(cf. [9], planche 1V):

a,, ay, 4z, 4y, a;+a,, a,+as, a,+a,, a,+a,+a,, a,+a,+a,, a,+a;+ay;
a,+a,+az+a, a, +2a,+as+a,.

The group G and its maximal split F-torus T is defined by a,|T=a;|T=4a,|T=0
(the unique positive F-root is a=a2|T), the proper parabolic F-subgroup of G is
then given by its character ¢: =a, +2a,+a; +a, (the second fundamental weight
@y~ &, +¢,: cf. [9], loc. cit.), therefore T° is defined by ¢=0.

(i) We shall now construct subgroups H; of U(F,), which admit a contracting
automorphism, induced by an element te T°(F,), such that T°- H; is a compactly
presented group. For such an element ¢t we have to satisfy the condition c=
a, +2a,+a;+a,=0. That is easy, if we have free choice for one root a;: For each
H; we designate only the roots a for which U, belongs to H.,.

H:a,, a,, a5, a,+a, a,+as a;+a,+a,.
Hj:ay, a3, a4, a;+aza,+as; a,+a+a,.
Hj:a,, a3, a5 a,+az, a,+as; a,+az+a,.

H,:a,, a;, a,.

We have to add further groups H,;, for which we have to fix all values ]oz,-(t)|,, for
i=1,...,4; it is more convenient to use the normalized additive valuation v( )=
const. exp(—| |,). By this means we define the groups H; by denoting an integer-
valued valuation vector with components v(at)) for a contracting element ¢.

Hs; (2, -3,2,2):a,, a3, a4; a +a,+ay, a,+a,+a,, a;+as+ay;
a,+a,+as+a,.

Hge (2, —1,0,0):a, +a,; a,+a,+as+a, etal

H;-(0,~-1,2,00:a,+a;;, a,+a,+as+a, etal

Hge(0, —1,0,2):a,+a,, a,+a,+as+a, etal
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It is easy to check that within these groups H; (i=1,...,8) all commutation
relations between root groups are defined—with the exception of those
commutators which produce an element in U..

(iii) Our next tool is P. Hall’s identity for commutators [x,y]=x""y 'xy with x”: =
-1
y Xy

[, [y, 213 0% (2. x10- 25 [x, y 1D = 1,
from which we deduce
[[x,y],zZ]=[x,[y,z]]1 if [x,z]=1 and [x, y] commutes with x and [y, z]. (*)

In our group G the following relations are valid:

U.=U,,+20,+05+0,=[Uap Us, +a,+a3+a,] (m
=[Us, +ap Uay+ay+a,] ()
=[Ua, +a,+a5 Usy+a,) )
=[Uq, 40, +a0 Uay+a,] (4)

For the required presentation of T°(F,)- U(F,) we define an element of U, by
equation (2) and we obtain as a consequence of (x) that the other formulas (1),
(3) and (4) are also true.

(iv) To get the missing commutation relations for U, we can now use the various
descriptions (1)«4) and we have to show that U, is contained in the centre of U;
it is enough to prove that U, commutes with U, for i=1,...,4.

_For U,, we use equation (2) and the fact that it commutes with Ual+a2 and

U,, +a;+a, Which takes place in H, and Hj respectively.

For Ua.- with i=1, 3 or 4 we use equation (1) and have to compute e.g. for i=1
the following commutator:

[Ual’ [Uaz9 Gal +ay+ay +a4]] E [x’ [,V, Z]]

with [x,z]=1 and [x, y] commuting with all other terms, thus we have:

[x, [, 20)=x""y 'z yzxz "y T lzy=x "y T 2T yxy T T xzy

=x"ty Ixy(yxy 'x =[x, y)[x" Ly 11!

but this product equals one according to the formulas [@,(r), @,(s)] =, ,(rs) and
i, (r)~'=d,(—r) for arbitrary roots a,b and a+b of G and r,se F,.
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Remarks. (1) I have to admit that this example is one of the easiest, in general the
computations are much longer.

(2) The proof is modelled after Abels’ example of a finitely presented solvable group
with a non-finitely presented quotient, given in [3].

(3) If we could use Abels’ main theorem in [4] (5.6.1 is proven only for characteristic
0 and formulated for Lie algebras), parts (ii) and (iv) from (b) were unnecessary.

REFERENCES
1. H. ABeLs, Kompakt definierbare topologische Gruppen, Math. Ann. 197 (1972), 221-233.

2. H. Asets, Generators and relations for groups of homeomorphisms, in: Transformation
groups, Proceedings Newcastle 1976 (London Mathematical Society Lecture Notes 26, 3-20).

3. H. AseLs, An example of a finitely presented solvable group, in: Homological Group Theory,
Proceedings Durham 1977 (London Mathematical Society Lecture Notes 36, 205-211).

4. H. Aseis, Finite presentability of S-arithmetic groups—compact presentability of solvable
groups, to appear.

5. B. Benr, Zur starken Approximation in algebraischen Gruppen iber globalen Koérpern, J.
Reine Angew. Math. 229 (1968), 107-116.

6. H. Beur, Endliche Erzeugbarkeit arithmetischer Gruppen liber Funktionenkérpern, Invent.
Math. T (1969), 1-32.

7. H. Beur, SL,(F[f]) is not finitely presentable, in: Homological Group Theory, Proceedings
Durham 1977 (London Mathematical Society Lecture Notes 36, 213-224).

8. A. Borer and J. Tits, Groupes réductifs, Publ. Math. I.H.E.S. 27 (1965), 55-152.

9. N. Boursaki, Groupes et algébres de Lie, chap. 1V; Elements de mathematique XXXIV,
Paris 1968.

10. F. Brunat and J. Tits, Groupes réductifs sur en corps local I, Publ. Math. I.H.E.S. 41
(1972), 5-252.

11. R. Gopoement, Domaines fondamentaux des groupes arithmétiques, Seminaire Bourbaki,
vol. 15, exp. 257, Paris 1962-63.

12. G. Harper, Minkowskische Reduktionstheorie in Funktionenkorpern, Invent. Math. 7
(1969), 33-54.

13. J. Hurrererink, Endlich présentierte arithmetische Gruppen und K, iber Laurent-
Polynomringen, Math. Ann. 225 (1977), 123-129.

14. K. KeLLer, Nicht endlich erzeugbare arithmetische Gruppen iber Funktionenkorpern,
Dissertation Frankfurt a.M. 1980.

14a. H. Benr, Addendum to [14], preprint 1981.

15. M. Kneser, Erzeugende und Relationen verailgemeinerter Einheitengruppen, J. Reine
Angew. Math. 214/15 (1964), 345-349.

16. G. McHarpy, Endliche und fast-endliche Prisentierbarkeit einiger arithmetischer Gruppen,
Dissertation Frankfurt a.M. 1982.

16a. H. Benr, Addendum to [16], preprint 1982.

17. U. Renmann and C. Souik, Finitely presented groups of matrices, Algebraic K-theory,
Evanston 1976 (Springer Lecture Notes 551 (1976), 164-169).

https://doi.org/10.1017/50013091500017934 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017934

FINITE PRESENTABILITY OF ARITHMETIC GROUPS 39

18. J. P. Serre, Trees (Springer-Verlag, Berlin-Heidelberg-New York, 1980).

19. S. SeuttHoFF, Finite presentability of Steinberg groups and related Chevalley groups,
Dissertation Bielefeld (1985).

20. U. StuntLer, Zur Frage der endlichen Prisentierbarkeit gewisser arithmetischer Gruppen im
Funktionenkorperfall, Math. Ann. 224 (1976), 217-232.

21. J. Tits, Classification of algebraic semisimple groups, Proc. Sympos. Pure Math. 1X (1966),
33-62.

22. J. Tits, Reductive groups over local fields, Proc. Sympos. Pure Math. XXXIII, part 1
(1979), 29-69.

UNIVERSITAT FRANKFURT AM MAIN
WEesT GERMANY

https://doi.org/10.1017/50013091500017934 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017934

