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Abstract

Let A be a uniform algebra and M (A) the maximal ideal space of A. A sequence [an] in M(A) is called
^'-interpolating if for every sequence (<*„) in lx there exists a function / in A such that / (an) = an

for all n. In this paper, an i'-interpolating sequence is studied for an arbitrary uniform algebra. For
some special uniform algebras, an £'-interpolating sequence is equivalent to a familiar ^-interpolating
sequence. However, in general these two interpolating sequences may be different from each other.
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1. Introduction

Let A be a uniform algebra on a compact Hausdorff space X and M(A) the maximal

ideal space of A. Throughout this paper we assume that {an} is an infinite sequence of

distinct points in M{A). For 1 < p < oo, a sequence {an} is called lp-interpolating

if for every sequence (an) in f there exists a function f in A such that f (an) — an

for all n.

For A = H°°(D), the set of all bounded analytic functions on the unit disc D in C,

an ^-interpolating sequence was studied by Carleson [2] and Izuchi [4]. Carleson [2]

determined an ^-interpolating sequence when {an} is in D, Izuchi [4] studied the

general situation. Recently, Hatori [3] showed that an £l-interpolating sequence is

equivalent to an ^-interpolating sequence when [an] is in D. In this paper we study
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an <!'-interpolating sequence for an arbitrary uniform algebra A when [an] is in M(A).
For [an] in M(A) put

J = {/ € A;f = 0 on {an}}, Jk = [f g A ; / = 0 on {«„},,,«}

and

P* = sup{ | / ( a t ) | ; / eJk, Il/H < 1 } .

Fora, b in M(A)

a(a, b) = sup{|/(a)|;/(Z?) = 0, \\f || < 1}.

When A = H°°(D) and [an] is in D,

a(ak,an) = ak -an and pk =
n^tk

ak -an

- akan-akan

In general, we do not know whether

Pk =
njtk

However, under some mild condition (Hypothesis I in Section 4), we can show that

Pk >

In general, pk > 0 if and only if Jk D^ J. Hence pk > 0 if and only if there exists a
function fk in A such that/t(<3n) = Snk. In this paper, for {an} in M(A) we assume
that pk > 0 for all k.

In Section 2, for an arbitrary uniform algebra we show that {an} is an I' -interpolating
sequence if and only if inft pk > 0. In Section 3, we define a finite £'-interpolating
sequence and give a necessary and sufficient condition to characterize it. In Section 4,
we show that if inft T\n*ka(ak< a") > 0. m e n {a"} 1S a l w a y s a finite <!'-interpolating
sequence and under some mild condition it is an £'-interpolating sequence. In some
sense, this type of theorem for an ^-interpolating sequence was conjectured in [1].
In Section 5, we apply the results from the previous sections to concrete uniform
algebras. In Section 6, we comment on an ^-interpolating sequence.

2. I'-interpolating sequence

In this section we show that {an} is an £'-interpolating sequence if and only if
inf* pk > 0. The argument in the 'only i f part of Lemma 1 is similar to the one which
was used by Hatori [3] when A = H°°(D).
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LEMMA 1. {an} isanl1 -interpolating sequence if and only if there exists a sequence
{/„} in A such that fn(ak) = Snk (n > 1, k > 1) and supn \\fn + J\\ < oo.

PROOF. Suppose M = supn ||/n + J\\ < oo and/,,(a*) = Snk. Let e be an arbitrary
positive constant. For each n there exists gn in J such that \\fn + gn\\ < M + e. If
((*„) e £ \ p u t

n=l

Then / belongs to A and / (an) = an for « = 1, 2, Suppose 5 = {«„} is an ^'-
interpolating sequence. Then there exists a sequence {/„} in A such that/,,(a*) = Snk.
For (a,,) e l \ put

then by hypothesis there exists a function / such that T(an) — f\S. Since A\S is
algebraically isomorphic to the quotient algebra A / 7 , we use the quotient norm of
AIJ in A | S. By the closed graph theorem, T is bounded from £l to A|5 and so

H/* + l̂l = ll/tlS|| <| |rn

because T({8nk}) = fk\S. - •

LEMMA 2. Suppose {/„} is a sequence in A such that fn{ak) = 8nk. Then

farn = 1 , 2 , . . . .

PROOF. Since (pnfn)(ak) = pnSnk, \\pnfn + J|| > 1. By definition of pn, for each
/ > 1 there exists g, e A such that \\g,\\ - 1, g,(an) = 0 for nj^k and

Pk - 1/ / < g/fot) < Pi-

Put G/ = gi/gi(ak), then G; G A and

1 1 1
I|G||Pk \gi(ak)\ Pk-l/l

Moreover, G,(ak) = 1, G,(an) = 0 for n £ k and so G, € fk + J. Since \\fk + J|| <

(pt - I//)"1 for any / > 1, \\pkfk + J\\ < 1. •

THEOREM 1. Let A be an arbitrary uniform algebra and let {an} be in M{A). Then

[an] is a f-interpolating sequence if and only if infk pk > 0.

PROOF. The proof follows from Lemma 1 and Lemma 2. •
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3. Finite tl-interpolating sequence

[4]

We say that [an] is a.finite I1-interpolating sequence if there exists a finite positive
constant y which satisfies the following: For any finite / > 1 and for any (an) in the
unit ball of £l, there exists a function Ft in A such that

Fi(an) = an for 1 < n < I

and||F,|| <y.
For [an] in M{A) and 1 < k < I < oo, put

/ ' = {/ e A ; / ( f l , ) = 0 if 1 < « < / } ,

Jk' = {f e A; f(an) = 0 if 1 < n < I, n k]

and

Pu = sup{|/ (ak)|; / ej[, | | / | | < 1 } .

Then pk\ > pk,i+\ and lim^oopkj > p^.

LEMMA 3. {an} is a finite ix -interpolating sequence if and only if for each / > 1
there exists a sequence {fi,n}'n=l in A such that f\<n(ak) = 8nk for 1 < k < I and
sup, supl s n £ / ||/,,n + J'\\ < oo.

PROOF. (an) denotes an element in the unit ball of lx. Suppose

M = sup sup |/ , ,n + J'l < oo
/ \<n<l

and/,,n(ak) — Snk for 1 < k < I, then for any finite / > 1

n=\

If y=M+l, then for any / > 1 there exists gi€j' such that | E l= i anfi,n+gi\\< Y- Set
F' = E l= i <xnf,,n + gh then F,(an) = «„ for 1 < n < I and ||F,|| < y. Suppose {an} is
a finite £'-interpolating sequence. Since [an] is an infinite sequence of distinct points
in M(A), for each / > 1 there exists a sequence {fi,n}'n=l in A such that/;,n(at) = Snk

for I < k < n. Put

Tthen | | r ' (a n ) | | < | | r ; | | ( ^ = I |an | ) . If T|V'|| -^ oo as / -*• oo, then there exists
(an) in the unit ball of lx such that | | r ' ( a n ) | | -+ oo as / - • oo. On the other
hand, by hypothesis | | r ' (a n ) | | < y < oo for all /. This contradiction implies that
M = sup, || r'll < oo. This shows that for any I > 1 and any k > 1 with k < I,

11//,* •
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LEMMA 4. For I = 1,2,... andl <k < I, \\fk + Jl\\ = 1/p*,,.

Proof is almost the same as the proof of Lemma 2.

THEOREM 2. Let A be an arbitrary uniform algebra and let [an] be in M(A). Then
{an} is a finite ̂ -interpolating sequence if and only if infk lim,_oo pkj > 0.

PROOF. The statement of the theorem follows from Lemma 3 and Lemma 4. •

4. Uniformly separated sequence

When A = H°°(D) and [an] is in D, for any it > 1

Pk = ]~fo-(«*,«») = l imp u .
A A /->oo

When {an\ is in M{A), Izuchi [4] showed essentially that inf,tp* > 0 implies
inf* \\n^k o(ak, an) > 0. However, this is not true in general. If X ^ i O — A>) < °°,
then inft X\n^ka(ak, an) > 0. In fact, pn < a(ak, an) for n ^ k and so fl^li P» —
nn/tCT(a*'an) f o r any * > I- When E^liC1 - P«) < oo, 0 < Y\7=iP« a n d s o

inft I~In̂ * CT(flt. a») > 0. In this section, we study these three quantities.

LEMMA 5. (1) For any I > 1, pkl "> \^nitko{ak, an). Hence for any k > 1

limpu > T~[a(at,an).

(2) For 1 < n < I a n d n ^ k, pkj < a ( a k , an). Hence for any k > \

l i m Pk i < in f cr{ak, a n ) .
l->oo ' n^k

PROOF. (1) Fix any positive constant e > 0. For each n with / > n > 1 and n ^ k,
there exists Fn

e e A such that ||Fn
£|| < 1, F*(an) = 0 and a(ak,an) > \Fe

n{ak)\ >
a(ak, an) - e. Then F£ = \\l

n^k Fs
n belongs to JKk, \\F

£\\ < 1 and

Pi,k>\F\ak)\>Y\{o{ak,an)-e}.
n^k

As £ -* 0, p/,t > fl l / i °"(a*. a«) for any / > 1 and hence

limp*,/ > T~TCT(at,an).
l-KX A A

n^tk

(2) is clear by the definitions of pt>; and o(ak, an) for 1 < n < I and n ^ A:. •
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T H E O R E M 3. Let A be an arbitrary uniform algebra and let {a„) be in M(A). 

(1) If infk Y\n7tk CT(a*> a n ) > 0. then [an] is a finite ll -interpolating sequence. 
(2) If [an] is a finite ^-interpolating sequence, then inf„^k cr(ak, a„) > 0. 

PROOF. (1) By Lemma 5 (1), inf* lim^oo pkJ > 0 and so, by Theorem 2, {an} is a 
finite £'-interpolating sequence. 
(2) By Theorem 2 inf* l i m , . ^ pkj>0 and so, by Lemma 5 (2), infn^t o(ak, an)>0. • 

HYPOTHESIS I. Let A be a uniform algebra and let {an} be in M(A). If gi is a 
function in A and \\gt\\ < 1 for I = 1 , 2 , . . . , then there exist a subsequence of 
{gi}i and a function g in A such that \\g\\ < 1 and limy _>£,<, gi(j)(a„) = g(an) for any 
n>l. 

HYPOTHESIS II. Let A be a uniform algebra and let [an] be in M(A). For any a, b 
in [an}with a ^ b, if the function f in A satisfies f (a) = f (b) = Oand \\f || < 1, then 
for any E > 0 there exist two functions g and h in A such that \\g\\ < l+e, \\h\\ < 1+e , 
g(a) = 0, h(b) = 0 andf = gh. 

LEMMA 6. Let A be an arbitrary uniform algebra and let {an} be in M ( A ) . If 
[a„] satisfies Hypothesis I, then Hindoo pkt = pk for any k > 1, and hence a finite 
^-interpolating sequence is an tx-interpolating sequence. 

PROOF, lim^oo pkt > pk for any k > 1. If lim^oo pki > e > 0, then for each I 
there exists gt e J'k such that < 1 and \gi(ak)\ > s > 0 . By hypothesis, there 
exists g e Jk such that ||g|| < 1 and |g(a*)l > e > 0 . Thus lim^oo p*,; < pk and 
so lim/^oo pkj = pk. This together with Theorem 1 and Theorem 2 also imply that a 
finite ll-interpolating sequence is an tx-interpolating sequence.

LEMMA 7 . Assume Hypothesis II. Iff is a function in Jkii with \\f || < 1, then for 
any e > 0, / = nU/«- f " ^ = 0(n^k) and | | /„| | < (1 + e) '" ' . 

PROOF. We may assume k = 1. Fix any e > 0. By Hypothesis II, / = g2git 

\\gj II < 1 + e 0 ' = 2, 3) and g2(a2) = g3(a3) = 0. Since f (a4) = 0, g2(a4) = 0 
or gi(a4) = 0. We may assume g2(a4) = 0. By Hypothesis II, g2 = gngu, 
Wgij II < (1 + e ) 2 (j = 2, 4), and g22(a2) = g24(a4) = 0. Hence there exist h2, / i 3 , h4 

such t ha t / = h2h3h4, \\hj || < (1 + e ) 2 0 ' = 2, 3, 4) h2(a2) = h3(a3) = h4(a4) = 0. 
This argument implies the proof.

LEMMA 8. Let A be an arbitrary uniform algebra and let {a„} be in M(A). If{a„} 
satisfies Hypothesis II, then for 1 < k < I, pkl = Y['k^n

 CT(a*> a»)- Moreover, if{an] 
satisfies Hypothesis I, then pk = Y[k^n

 a(ak, a„). 
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PROOF. By (1) of Lemma 5 it is sufficient to show that pkJ < Y\'k^n
 a(ak, #«)• If

0 < S < pkt, then there e x i s t s / € Jk,i with \\f \\ < 1 such that

Pk.i -S < \f(ak)\ < pkJ.

For any e > 0, by Lemma 7 , / can be factorized as / = n l # t / « ' H/«H - (1 + £ ) ' ~ '
and /„(«„) = 0 for n ^ k. Hence

Y\o{ak, an).
njtk n^k

As e -> 0, pu -8 < n l / t CT(a*. a")- Since 8 is arbitrary, pkJ < Y\'n±k <*(ak, a,,). •

THEOREM 4. L f̂ A be an arbitrary uniform algebra and let [an} be in M(A).

(1) Under Hypothesis II, {an) is a finite I1-interpolating sequence if and only if
infkY\nitko-(ak,an) > 0.
(2) Under Hypotheses I and II, [an] is an lx -interpolating sequence if and only if

PROOF. Theorem 1, Theorem 2 and^Lemma 8 imply the theorem. •

When A = H°°(D) and [an] is in D, [an] satisfies Hypotheses I and II. Let A be
a disc algebra. Then if \an) is in D, then [an] satisfies Hypothesis II (see Section 5).
On the other hand, it is easy to see that there exists a sequence [an] in D which does
not satisfy Hypothesis I.

5. Special uniform algebras

When A = H°°(D) and [an] in£>, Hatori [3] showed that [an] is an £'-interpolating
sequence if and only if inf k f ] n ^ * a (°k < an) > 0. Since it is clear that [an} in D satisfies
Hypotheses I and II, this is a corollary of (2) of Theorem 4. Corollary 3 is also a result
of Hatori [3]. We give another proof of it. Hatori [3] also shows this type of theorem
for a Hardy space Hp (1 < p < oo) on a finite open Riemann surface and generalizes
a theorem of Shapiro and Shields [7].

COROLLARY 1. Let A be a uniform closed algebra between the disc algebra s/ and
H°°(D), and let {an} be in D. Suppose thatf/z belongs to Aforf in A withf(0) = 0.
Then {an} is afinite ^-interpolating sequence if and only (/Inf* \\n^k a(ak, an) > 0.
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PROOF. If/ € A and / (a) = 0 for some a e D, then / (z)/(z - a) belongs to A
(see [5]). Hence

/ (z) belongs to A
z — a

and (z — a)/(I - az) is a unimodular function in si'. Therefore, {an} satisfies
Hypothesis II and so (1) of Theorem 4 implies the corollary. •

COROLLARY 2. Let A = H°°(Dm) and let [an] be in Dm. Suppose an = (al
n, a

2
n,

... ,a") and 1^1,(1 - \a'n\) < oo for 1 < I < m. Then {an} is an ^-interpolating
sequence if and only if infk \\n^k o{ak, an) > 0.

PROOF. By Theorem 2 and Lemma 6, the ' i f part is proved. We will prove the
'only i f part. Put

then Bk belongs to H°°{Dm) because £ ~ ,(1 - \a'n\) < oo for 1 < / < m. If
Fk = Bk/Bk(ak), then Fk(an) = Snk and

\\Fk + J\\ = \Bk(ak)\-
l\\Bk -frJW = \Bk(ak)\-

1;

thus pk = \Bk(ak)\. Theorem 1 implies that inf* \Bk(ak)\ = inf* pk > 0. Since

o(ak, an) = max

(see [1, page 162]),
1 - afa?

\Bk(ak)\ <\\a{ak,an).
k,tn

This proves the corollary. •

COROLLARY 3. Let R be a finite open Riemann surface and A = H°°(R) the set of
all bounded analytic functions on R. Then {an} in R is an ^-interpolating sequence
if and only if infk \\nikko{ak, an) > 0.

PROOF. It is known [8] that [an] is an {^-interpolating sequence if and only if
inf* Yln^k a(a*> an) > 0- If Wn) is an ̂ '-interpolating sequence, then inft pk > 0 by
Theorem 1 and so by [8, Theorem 5.9] {an} is a ̂ -interpolating sequence. •

Let Dn = [z e C; \z - cn\ < rn], cn > 0 as Dn n Dm = 0 (n £ m), Dn c D\{0)
(n = 1, 2, 3 , . . . ) and J ^ l , rn/cn < oo. U = D\[jn Dn is called a Zalcman domain
[9]. When A = / /^ ( f / ) and {an} is in [/, if MkY\nitk a(ak, an) > 0, then {an} is an
^'-interpolating sequence by (1) of Theorem 3 and Lemma 6 because [an] satisfies
Hypothesis I but {an} is not necessarily an l°°-interpolating sequence by [6].
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6. l°°-interpolating sequence

When [an] in M(A) satisfies Hypothesis I, it is interesting to give a sufficient
condition or a necessary condition for an £°°-interpolating sequence. Berndtsson,
Chang and Lin [1] give the following problem: Let A = H°°(Y) and let {an} c Y
be a bounded domain Y c C". Suppose inft rL#*CT(a*' a«) > 0- Is {an} an l°°-
interpolating sequence? In Proposition 1, X ^ l i ( l ~ Pn) < ° ° a n d so by the remark
above Lemma 5, inf* Y\n&

 a(a>" an) > 0.

PROPOSITION 1. Let A be an arbitrary uniform algebra and let {an} be in M(A).
Suppose {an} satisfies Hypothesis I. If pn > 2(n' + l)(n' + 2)/{(n' + I)2 + (n' + 2)2}
for n — 1, 2, 3 , . . . a/wi some t > 1, r/ie« {an} w an l°°-interpolating sequence.

PROOF. By Hypothesis I there exists a sequence [Fn] in A such that | |Fn|| < 1,
Fn{ak) = 0 if k ^ n and |Fn(an) | = pn for n = 1, 2, Izuchi [4, Theorem 1]
has essentially proved the theorem. We use the notation from [4, Theorem 1]. Set
pn = 2(1 - Sn)/{\ + (1 - <5J2} with 0 < Sn < \/{n' + 2); this is possible by the
hypothesis on pn. If £„ = \/np, then J27=i e" < ° ° an<^ s o FI^li(I + e«) < °°- Then

By the proof of [4, Theorem 1], there exists a sequence Gn € A such that

Hypothesis I implies that {an} is an ^-interpolating sequence. D

PROPOSITION 2. Let A be an arbitrary uniform algebra and let [an] be in M(A).
Suppose {fic}k is a sequence in A such that fk(an) = <$«*• Then {an} is an W-
interpolating sequence if and only if

<OO,

where \/p + \/q = 1 and A* C\ JL = {<f> G A*;0 — 0 on J}. For p = 1 and q = oo
we assume that

1/9

= sup sup |0 (/Jl = sup ||/n + /||.
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PROOF. Suppose that

= Ya < OO.

For any <p e A* C\ J1 with

and so

< 1 and any I < oo,

where /„ =fn + J. Thus if (an) e V then / = ]T~ , an /n belongs to A /7 . Then
/ (an) = an for n = 1 ,2 , . . . and so [an] is an ^-interpolating sequence. Conversely,
suppose S = [an] is an f -interpolating sequence. For («„) e ^p, set

n=\

then there exists a function/ such that T(an) = f\S. Since T turns out to be bounded
from V to A/J (see Lemma 1), for </> e A * / / 1 with | |0|| < 1 we have

n=l

Hence •
Hatori [3] is interested in when an £'-interpolating sequence is an ^-interpolating

sequence. He showed that if A = H°°(R) and {an} in R, then {an} is such a sequence
(see Corollary 3). In general, Proposition 2 gives a necessary and sufficient condition
for this to happen.
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