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On subparacompact and countably
subparacompact spaces

M.K. Singal and Pushpa Jain

A space is said to be subparacompact if every open covering of
it has a 0O-discrete closed refinement. Subparacompactness is

equivalént to Fo-screenability of McAuley and also to

o-paracompactness of Arhangel'ski7. Some properties of these
spaces have been obtained in this note. Countably subparacompact
spaces, which can be defined in an analogous manner, have also

been studied.

In [712] McAuley has introduced the concept of Fo—screenability. He
calls a space X , Fc—screenable if every open covering of X has a

O-discrete closed refinement. Obviously every regular paracompact space

is Fo—screenable. 8ing [2?] has given an example (Example H, [2]) to show
that there exists a normal Fo-screenable space which is not paracompact.

However, as proved by McAuley [12], in a collectionwise normal space

Fo—screenability implies paracompactness. Again in [1], Arhangel'ski¥

introduced the notion of O-paracompactness. According to him, a space X

is oO-paracompact if it has the property that 'for every open covering U

of X there exists a sequence {Un}:_l of open coverings of X such that

for each x € X there exists a positive integer m(z) and a U ¢ U such

that St(x, um(x)) c U ', where St(zx, Um(x)) denotes the union of all

those members of um(x) which contain x . Burke and Stoltenberg [5] and
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Coban [6] proved simultaneously, but independently, that Fc-screenability

implies O-paracompactness. But, later on, Burke [3] proved that

Fo-screenability and O-paracompactness are actually equivalent. He

further proved that any of these properties of a space X 1is equivalent to
any of the following two properties of X :

(1) every open covering of X has a O-locally finite closed

refinement;

(2) every open covering of X has a 0O-closure preserving closed

refinement.

A space characterized by any of the above four properties is called by
Burke [3] a subparacompact space. Subparacompactness has also been studied
recently by Hodel [9]. In the present note we present some further results
on subparacompact spaces. In Section 1, some results concerning
subparacompact subsets are obtained. Section 2 deals with some sum

theorems. In Section 3 countably subparacompact spaces have been studied.

1. Subsets and subparacompactness

As with the other compactness properties, it can easily be verified
that every closed subset of a subparacompact space is subparacompact. In

fact, the following stronger result can be proved.

THEOREM 1.1. BEvery Eb-subset (that is, a countable union of closed
subsets) of a subparacompact space is subparacompact.

Proof. Let X be a subparacompact space and let A be an Fo—subset

of X . Let U= {UOl : @ € A} be an open (in A4 ) covering of A . Let

Ua =AnN U; for each o € A , where U& is open in X . Since A 1is an
0

Fo-subset, there exist closed subsets Ai of X such that 4 = U Ai .
=1

Now, for each 7 , let wi be an open covering of X whose elements are

Y~ Ai and all U&‘s . Since X 1is subparacompact, wi has a 0-locally

finite closed refinement Vi = Vi . Let UZ be the collection of all
J=1
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those elements of Vi which intersect A, . Each U% is locally finite
@ .

with respect to X . U W is an open covering of Ai such that every
J=1

element of Ui is contained in some U& . Let UEJ = {B NA: B¢ Uz}

® .
and let U* = U U U*¥ . Then U* is a o0-locally finite (in 4 )
i=1 g=1

closed (in A ) refinement of U . Hence A is subparacompact.

DEFINITION 1.1. A subset A of a topological space X is said to

be a generalized Fo-subset if for each open subset U of X containing
A there exists an Fo—subset B of X which is contained in U and
contains A4 .

THEOREM 1.2. Every generalized F -subset of a subparacompact space
is subparacompact.

Theorem 1.2 will easily follow from Theorem 1.1 and the following

THEOREM 1.3. Let X be a topological space and let A be a subset
of X such that every open subset of X which contains A contains a

subparacompact set which contains A . Then A 1is subparacompact.

Proof. Let U = {Ua : @ € A} be an open (in 4 ) covering of 4 .

For each a , let Ua =An Va where Va is open in X . Then
Ac U Va . By the given condition there exists a subparacompact subset
o€
B of X such that AcBc U V.. Now {V nB:a€A} is an open
o€l

covering of B . Thus it has a ©O-locally finite (in B ) closed (in B )

(=]
i = . , = | .} W..=V..
refinement W igl wi Let WL {WLJ J € AL} If iy Vzg nB,
where Vij is closed in X , then Vij NnA is closed in A . Also the

family Vi = {Vij nNAa: je Ai} is locally finite in 4 for each © , and

8

covers A . Hence A is subparacompact.

[ ==
<

T

https://doi.org/10.1017/50004972700047249 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047249

292 M.K. Singal and Pushpa Jain

THEOREM 1.4. If every open subset of a subparacompact space X 1ig

subparacompact, then every subset of X <is subparacompact.

Proof. Let A be a subset of X and let U be an open (in 4 )
covering of A . Then there is a collection U* of open subsets of X
such that U = {U* n4 : U* € U*} . Let G = U{U* : U* € U*} . Then

G 1is an open subset of X and U* 1is an open covering of G . Thus
there is a sequence {U;}:=l of open (in G and hence in X ) coverings
of G such that for each x € G there is a positive integer m(xz) and
U* € U* such that St(x, u,;(x)] C U* . For each n , let
@
= * T * ; i
Un {U* n 4 : U* € Un} . Then {un}n=1 is a sequence of open (in 4 )

coverings of A satisfying the condition for subparacompactness of 4 .

2. Sum theorems
DEFINITION 2.1. (Katuta, [70]). A family {Aa : a € A} of subsets

of X 1is said to be order locally finite if there is a linear ordering
Y<!' of the index set A such that for each a € A , the family

{AB : B <o} is locally finite at each point of Ay -

Every o0-locally finite family is order locally finite, but not

conversely.

In [13], Singal and Arya have proved that for a topological property
P which is weakly hereditary {(that is, a property which when possessed by
a space is also possessed by every closed subset of it) and for which the

locally finite sum theorem holds (that is, if {Fa :a €A} is a locally
finite closed covering of X such that each Fa has the property P ,
then X has the property P ), the following results are true:

THEOREM 2.1. Let V be an order locally finite open covering of a
space X such that the closure of each member of V possesses the

property P . Then X pogsesses P .

THEOREM 2.2. If X <8 a regular space, i{f V <& an order locally
finite open covering of X each member of which possesses the property P

and if the frontier of each member of V is compact, then X possesses
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the property P .

We shall prove that the locally finite sum theorem holds for
subparacompactness.

THEQREM 2.3. IF {Fa : o € A} 1is a locally finite closed covering
of a space X such that each F, 18 subparacompact, then X <is
subparacompact.,

Proof. Let U = {U B € A} be an open covering of X . Then

B8

{UB nF : B¢ A} is an open covering of F, for each a . Since F_ is

V% of closed

subparacompact, therefore there exists a family ve = :
1

M=

(2

subsets of Fu (and hence of X ) such that each V: is a discrete (in

Fcl and hence in X ) family of subsets of Fu such that V® is a

8

w. .

covering of F_. For each 7 , let W.= U vV and let W =
a 1 1 , ¢

a€l 7

W c

Then W is a closed covering of X which is a refinement of U . Also,

we shall show that each wi is locally finite. Let x € X . Since

{Fu : o € A} is locally finite, there exists an open set Mx such that

Mx n Fu = @ for all except finitely many indices & , say
al, a2, ey an . We can assume that x € Fa for each
7
o an
1=1,2, ..., n . Since each one of the collections Vj ) Vj s sens Vj

is discrete, therefore, for each 7 =1, 2, ..., n there exists an open
set Wi such that x € Wi and Wi intersects at most one member of

a.
Vj . Thus x € Wl n...nNn Wn n Mx which is a neighbourhood of &« which
intersects only finitely many members of wi and hence wi is locally

finite. Thus W 1is a 0-locally finite closed refinement of U and hence

X 1is subparacompact.

COROLLARY 2.1. A disjoint topological swm of subparacompact spaces

https://doi.org/10.1017/50004972700047249 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047249

294 M.K. Singa! and Pushpa Jain

18 subparacompact.

Since subparacompactness is weakly hereditary, it follows in view of
Theorem 2.3 above that Theorems 2.1 and 2.2 are true for

P = subparacompact. Thus we have the following results.

THEOREM 2.4. If V <s an order locally finite open covering of X
such that the closure of each member of V 1is subparacompact, then X 1is

subparacompact.

THEOREM 2.5. Let X be a regular space and V be an order locally
finite open covering of X such that each member of V <{is subparacompact
and the frontier of each member of V 1is compact. Then X 4is
subparacompact.

Since every O-locally finite family is order locally finite, we have

the following important results as corollaries to Theorems 2.L and 2.5.

COROLLARY 2.2. Let V bea o-locally finite open covering of a
space X such that the closure of each member of V is subparacompact.

Then X tis subparacompact.

COROLLARY 2.3. Let X be a regular topological space and let V be
a o-locally finite open covering of X such that each member of V 1is
subparacompact and the frontier of each member of V is compact. Then X

18 subparacompact.

DEFINITION 2.2. [Hodel, 8]. A subset A of a space is said to be

elementary if it is open and if there exists a sequence {Ai}:;l of open

(o]

subsets of X such that 4 c U Ai and Z; cA for all 7 . A covering
1=1

of X consisting of elementary sets is said to be an elementary covering.

As a result of Theorem 2.3 and the weak hereditary character of

subparacompactness, we have the following;

THEOREM 2.6. If V <is a o-locally finite elementary covering of
X such that each element of V <{is subparacompact, then X 1is

subparacompact.

THEOREM 2.7. Let V be a locally finite open covering of a regular

space X such that each member of V <is subparacompact and the frontier

https://doi.org/10.1017/50004972700047249 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047249

Subparacompact spaces 295

of each member of V is Lindelof. Then X 1is subparacompact.
Proof. Let V = {Va : @ € A} be the given locally finite open
covering of X . For each a € A, FrVa is Lindelof. Therefore there

exists a countable subfamily {Va : 1 =1, 2, } of V which covers
7

o]

FrV . Let F. =FrV ~ U V_ , so that F_ is a closed subset of FrV
o a o 1 a

1 i=2 %
and hence of X such that Fl (e Va . We shall prove that there exists an
1

open set Ul such that Fl [ UlC Ul C Val . Since X 1is regular, for
each x € F. there is an open set U_ such that x € U_C U cv

1 x x x otl
Since Fl is Lindeldf, the open covering {Ux :x € Fl} of Fl has a
countable subcovering, say U!, Ué, ... 5 such that for each n € N ,
I7'n[X’bV]=¢. Now X 7V =[XN7]U[FrV] and
n oy oy oy oy

= . . n,
FrVa n Fl ¢ , since Vor. is open and Flc Va . Let y € X Vor.

1 1 1 1

If y ¢ Ferx then again by regularity of X there exists an open set Vy

1
v n ; AT v i
such that y € Vy c Vy cX Fl If y€X Val , then X n Val is an

open set containing y such that X o Va nF.=¢; for if 3z € Fl then

1
1
|4 is an open set containing 2 such that V_ n [X T ] = @ , which
a o o
1 1 1
implies =z Q X~ Va . Since FrVa is Lindeldf the covering
1 1
{X NV s,V 1y € FrV } of XV has a countable subcovering, say
o y Q a
1 1 1
Vi, Vi, ... , which covers X ~ Va and such that for each n € ¥ ,
1
7;lnl~"l=¢. For each n € N , let
"o g AU p s
U, Un- { b p = n}
and
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"o ] .
vy =V, u{up :p s n}.

o] o
Then UZ n V; =y for all n,m €N . Let Ul = U UZ, V.= U V' so

n=1 1 n=1 n

. U N
that Fl c U1 and X VOll c Vl Hence Fl c Ul c U1 cX Vl C VOLl

Ul , being a closed subset of Va , 15 subparacompact.
1

Now suppose that for eaeh < =1, 2, ..., n-1 , there exists an open

. .cU.cU,c
set U1 such that Fz Uﬂ Uz Vai where

i-1 o
Fi = FrVa " [[ U Uk] U [ U Va ]]
k=1 k=i+1 %k

and U£ is subparacompact. We shall now construct Un and Fn as

n-1 bl
follows. Let Fn = FrVa n [[ U Uk] v [ u v k]] . Then Fn < Va , for

k=1 k=n+1 n
[+ n_l o
if £ € F_ then € U V_ ,z4¢ U U ,2z¢ U Vv, . z¢U
n k=1 % k=1 K kentl K n-1

n-2 o
. . = Fr .
implies that x ¢ Fo_4 v, v [[lJ Uk] u [kg Vak]] Therefore

k=1 =n
[=-]
x € U Va and thus x € Va . As before, therefore, there exists an
k=n "k n
open set Un such that Fn c Un C Un c VQ and Un is subparacompact.

n
The proof is complete by induction and we can define a family

U= {Un :n=1,2, ...} of open sets satisfying
(a) U is a covering of FrVa ;
(v) {ﬁ; :m=1, 2, ...} 1is locally finite.

To prove (a), let =z € FTVa . Since {Va : 1 =1, 2, ...} is point
7

finite, we can take the largest integer < such that x ¢ Va . Then
1
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i o i-1
x € U v and x f U V., . Incase x € U U. we are done.
. o, ., . a. .
J=1 J J=t+1 J J=1
Otherwise x € Fi and so x € Ui . (b) is obvious in view of the fact

that the family {ﬁ; t:n=1, 2, ...} is a family of subsets of a locally

finite family {Va :n=1, 2, ...} .
n

o«

=V, kgl Uk ; then {Un tnm=1,2, ...} v {FO} is a

locally finite closed covering of 7; each member of which is

Let FO

subparacompact. Hence 7; is subparacompact. Thus {7; : 0 €A} isa

locally finite closed covering of X each member of which is

subparacompact. Hence X is subparacompact in view of Theorem 2.3.

DEFINITION 2.3. (Dowker [7]). A space X is said to be totally
normal if it is normal and if every open subset ¢ of X is expressible

as a union of a locally finite (in G ) family of open Fo-subsets of X .
It is proved in [7] that every subset of a totally normal space is
totally normal.

THEOREM 2.8. Every subset of a totally normal subparacompact space

18 subparacompact.

Proof. In view of Theorem 1.4 we prove only that every open subset of
a totally normal subparacompact space is subparacompact. Let G be an

open subset of X . Then G = U Ga where {Ga : a € A} is locally
a€h

finite in G and each Ga is an open Fc-subset of X . Now G is

totally normal and hence normal. Therefore there exists a locally finite

open refinement {HOl : 0 € A} of {Ga : o € A} such that 71‘2 c G, for

each o € A , where Eg denotes the closure of Ha in G . It can easily

be seen that Eg is an Fo—subset of X . Therefore, by Theorem 2.3, it

follows that G is subparacompact. Hence the theorem.
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3. Countably subparacompact spaces

A space X is said to be countably subparacompact if every countable

open covering of X has a O-discrete closed refinement.

This definition is due to Hodel [9]). It is proved essentially in [77]
that in a normal space countable subparacompactness, countable
paracompactness and countable metacompactness are all equivalent. Also, in
a screenable space (that is, a space in which every open covering has a
o-mutually disjoint open refinement) countable subparacompactness is
equivalent to subparacompactness (ef. Hodel [9]). It can easily be
verified that a space is countably subparacompact if and only if it

satisfies the condition:
given a countable open covering {Un :m=1,2, ...} of X, there
i8 a countable closed covering {Fnj tm=1,2, ...54d=1,2, ...}
of X with Fnj c Un for all n and all g .
In the present section we obtain some more characterizations of countable
subparacompactness, and we find that if we add the wordﬁ'countable’ with
the open coverings in the equivalences for subparacompactness obtained by
Burke (3] (mentioned in the introduction) we obtain the equivalences for

countable subparacompactness [Theorem 3.1]. Throughout, ~N will be used

to denote the set of all natural numbers.

THEOREM 3.1. For a topological space X the following are

equivalent:-

(1) every countable open covering of X has a J-discrete closed

refinement;

(i1) every countable open covering of X has a o-loecally finite

closed refinement;

(111) every countable open covering of X has a O-closure

preserving closed refinement.
Before proving this theorem we prove the following lemma.
LEMMA 3.1. Let every countable open covering of X have a

-closure preserving closed refinement. Then for every sequence {U(n)}:=l
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of countable open coverings of X , where U(n) = {Ui(n) : i €N} and

Ui(n+1) c Ui(n) for all 1 € N, there exists a sequence {V(n)}:;l of

(o]

closed coverings of X such that for each n€ N, V(n)= U Vm(n) and
m=1

the following are satisfied:-
(1) v(n)={v, (n) : < €N} and V (n) 4is closure preserving for
m iym m
each m € N ;

(2) Vi,m(n) c Ui(n) s forall i and m € N ;

(3) Vi,m(") c Vf,m+1(n) , forall © and m € N ;

(&) Vi,m(n+1) cv, m(n) , forall i and m € N .

o]
Proof of the lemma, Let n € N . Let P(n) = U ﬁw(n) be a
m=1

O-closure preserving closed refinement of U(n) . We now construct another

oo
o-closure preserving closed refinement. W(n) = U u%(n) of U(n) as
m=1
oo
follows: Let W (n)= U P.(n) . Then W(n) = U W (n) is a o-closure
m . Z m
15m m=1
preserving closed refinement of U(n) " such that Qw(n) c_wm+1(n) . Now,

let i, myn €N . If m<n , let Vim(n)=¢. If m=n , define
5

Vi,m(n) = U{W ¢ %m(k) c WC Ui(n), k€N, n<k=m}.

Bach Vi m(n) , being a finite union of closed sets, is closed. Let
E)

Vm(n) = {Vi,m(n) : 7 €N} . Let V(n) = mgl Vm(n) . Then {V(n)}:;l is

the required sequence of closed coverings.

Proof of Theorem 3.1. (Z) = (7Z) and (iZ) = (i1i) are obvious.

Therefore we prove that (71Z) = (7). Let U = {Ui : 1 € N} be a countable

open covering of X . We shall construct a o-discrete closed refinement
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of U. For each n € N , let Ui(l’ n) = U, Then {U(1, n)}:=l , where

e
u@a, n) = {Ui(l’ n) : 1 € N} is a sequence of countable open coverings of
X . Thus, by the above lemma there exists a sequence {V(1, n)}:=l of

countable closed coverings of X such that for each n € N , the following

are satisfied:

(1) v@a, n) = U V (1, n) ;
m
m=1
(ii) Vm(l, n) = {Vi m(l, n) : © € N} and is closure preserving for

each m € N ;

(iii) Vi,m(l’ n) c Ui(l’ n) , for all 7 and m € N ;

(iv) Vi,m(l’ n) c Vi,m+l(l’ n) , forall ©Z and m € N ;

(v) Vi,m(l’ n+l) C Vi,m(l’ n) , for all ©7 and m € N .

By induction, therefore, it follows that for each k € ¥ , we can

construct a sequence {V(k, n)}:;l of countable closed coverings of X

©o
and a sequence of countable open coverings {U(k, n)}n=l such that for

each 7n € ¥ , the following are satisfied:-

(1) V(k, n) = U V (k, n);
m
m=1
(2) %ﬂ(k, n) = {Vi m(k, n) : 2 € N} and is closure preserving for

each m € N

(3) v. (k, n)c Ui(k’ n) , for each 7 and m € N

() v. (k,n)cv,

m L,m+l(k’ n) , for each 7 and m € N ;

(s) V. (k, n+tl) c Vi m(k, n) , for each 7 and m € N ;
(6) U (k+1, n) =U; ™~ U Vj’n(k, 1)
J<t

Each U(k, n) is an open covering of X , for if x € X and Ui is
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the first member of U containing x , then x € Ui(k’ n) for any
ks n € N. For i, m, n, k € N , define

Wi(k’ m, n) = Vi,m(k’ 1) n Vi,m(k+l’ n)

Then W(k, m, n) = {Wi(k’ m, n) : © € N} is a closure preserving

collection of closed sets. Let %, 2' €¢ ¥ with <' #7 . Let ' <17 ,

then

Wi(k’ m, n) c Vi,m(k+l’ n) c Ui(k+l’ n)

v.~ U v. (k, 1)
i j<i 9o

cU. AT, . oo
Uz Vz',n(k’ 1) , since 1 7

n

Ui N Wi'(k’ m, n) .

Hence Wi,(k, m, n) n Wé(k, m,n) =9 for all <, i' € N with < # 7'

Thus Wi'(k’ m, n) , being a family of mutually disjoint closed sets, is

diserete for each k, m, n € N . Also Wi(k’ m, n) < Ui . To prove that
[+ <0 [+

W= u u U W(k, m, n) is a covering of X , let x € X . Then there
k=1 m=1 n=1

exists a J € N and k € N such that x € Uj(k, m) and x ¢ Ui(k’ m)

for 7 < j . Since V(k, m) is a covering of X , there is an n € N
such that x € V € Vn(k’ m) . Then there is an 7 € N such that

z €V, (k,m) and z ¢ V., ,{(k',m') for i' < i . We show that
i i'n

x € W.(k, my n) . We notice that if ' < i ,
i

Vo m(k+1, n) c Ui.(k+1, n)

>

N
< U'I:’ V’l: n(ks l) L

3
and so,

Vi,’m(k*-l, n) n v, n(k, 1) =9 .

3>

Thus
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x € Vi,n(k’ m) n "U_ Vi',m(k+l’ n)
TARTS

cV. (k,1)~ U Vi' m(k+l, n)

i,n o ,
i'<i
= Vi,n(k’ 1) ~ .'U‘ Vi,’m(k+l, n) , in virtue of (3) and (6)
1 #1
c Vi,n(k’ 1) n Vi,m(k+l’ n) = Wi(k’ m, n) .

Hence W is a 0-discrete closed refinement of U ; which proves
(ii2) = (Z).
THEOREM 3.2. 4 closed continuous image of a countably subparacompact

space is countably subparacompact.

Proof. Let f : X » Y be a closed continuous mapping from a

countably subparacompact space X to a space Y . Let U = {Ui : 1 € N}
be a countable open cover of Y . By continuity of f ,

frl(U) = {f-l[ui) 1€ N} is a countable open cover of X . Therefore

0

there exists a closed refinement P = U Pn of frl(U) where each Pn
n=1

is a closure preserving collection of closed sets. Since f 1s a closed

mapping, f(Pn) = {f(P) : P ¢ Pn} is a closure preserving collection of

closed sets in Y . Thus f(P) is a oO-closure preserving refinement.

Hence Y 1is countably subparacompact.

THEOREM 3.3. If f : X - Y is a closed, continuous mapping from a
regular space X onto a countably subparacompact space Y such that

f_l(y) 18 compact for each y € Y, them X <8 countably subparacompact.

Proof. Suppose U = {Ui : 1 € N} is an open cover of X . For each

y € Y , we can find a finite subcollection U(y) < U such that
Fly) culy) =ulv : v e U(y)} . Let V(y) =Y~ f(X ~ U(y)) . Then
V={V(y) : y € Y} is an open cover of Y . Since U is countable and
U(y) : y € Y c{W : W is a finite subcollection of U} we see that
{U(y) : y € Y} is countable. Then {U(y) : y € Y} and hence V is

countable. Thus, by countable subparacompactness of Y , V has a
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O-discrete closed refinement V* = U V; . Clearly
n=1

f’l(V*) = {f—l(V*) : V* € V*} is a o-discrete refinement of
{U(y) : y € Y} . Given V* € V* | let y(V*) be a fixed element of Y

such that fpl(V*) c U(y(V*)) . For each n € N , let
U; = {f’l(V*) nlU : V* ¢ V;, U € U(y(V*))} . Since f-l(V;] is a discrete

collection in X , each x € X has a neighbourhood Nx which intersects

at most one element of f’l(U;) . Since each element of frl(V;)

intersects only finitely many elements of U; and each element of U; is

contained in some element of f’l(V;) it follows that N will intersect

only finitely many elements of U; . So U; is locally finite and

o]

ur* = U U; is & o-locally finite refinement of U . Since X is
n=1

regular, it follows that every countable open cover of X has a O-locally

finite closed refinement. Hence X 1is countably subparacompact.

REMARKS. It is easy to see that the results of Theorems 1.1, 1.2,
1.3, 1.4, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8 and Corollaries 2.1, 2.2, 2.3 in
Sections 1 and 2 remain true if ‘'subparacompact' is replaced by 'countably

subparacompact'.
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