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QUASI-P-PURE-INJECTIVE GROUPS 

KHALID BENABDALLAH AND ADELE LAROCHE 

Recently, a great deal of attention has been paid to the concept of quasi-
pure injectivity introduced by L. Fuchs as Problem 17 in [5]. An abelian group 
G is said to be quasi-pure-injective (q.p.i.) if every homomorphism from a pure 
subgroup of G to G can be lifted to an endomorphism of G. D. M. Arnold, 
B. O'Brien and J. D. Reid have succeeded in [1] to characterize torsion free 
q.p.i. of finite rank, whereas in [2] we solved the torsion case and in [3] we 
studied certain classes of infinite rank torsion free q.p.i. groups. 

While q.p.i. groups have, in general, rather complicated descriptions, it turns 
out that the class of quasi-p-pure-injective groups (q.p.p.i.) is far more tractable. 
This is due partly to the fact that one can make extensive use of the theory of 
p-basic subgroups. 

In this work we consider mainly ^-reduced groups. Our first result shows 
that the problem naturally divides itself into two cases. First, a utorsion" case 
which is completely characterized as follows: A ^-reduced group H with 
torsion £-basic subgroup B is q.p.p.i. if and only if it is isomorphic to a pure 
fully invariant subgroup of the p-a.dic completion B of B. Such subgroups are 
completely determined by certain dual ideals, in the meet-semilattice of all 
Ulm sequences of elements of B as was shown by A. Mader in [8]. 

Second, a torsion free case for which we have: a ^-reduced torsion free group 
K is q.p.p.i. if and only if it is a torsion free q.p.i. i^-module, where R is a 
unital pure subring of the ring Jv of £>-adic integers. (R is said to be a unital 
subring of Jv if the units of R are exactly those units of Jv that are in R). 

Also, we examine various situations where H © K is q.p.p.i. when H and 
K are as in the previous cases. Finally, we show that finite rank q.p.i. R-
modules are free and that free i^-Modules are q.p.i. if and only if they are 
of finite rank. 

All groups considered here are abelian. The notation follows closely that 
of [5]. 

I. Generalities. Let p be a prime number, we say that a group G is quasi-p-
pure injective (abbreviated q.p.p.i.) if every homomorphism from a £-pure 
subgroup of G to G can be lifted to an endomorphism of G. 

Evidently, q.p.p.i. groups are also quasi-pure-injective. However Z is 
q.p.i. but not q.p.p.i. 
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We collect in the first proposition, without proof, some elementary but 
useful facts. 

PROPOSITION 1.1. (a) A direct summand of a q.p.p.i. group is q.p.p.i. (b) A 
p-pure fully invariant subgroup of a q.p.p.i. group is q.p.p.i. (c) A torsion group 
G is q.p.i. if and only if for every prime p, Gp is q.p.p.i. 

In [2] we have characterized torsion q.p.i. groups as follows: 

THEOREM 1.2. [2]. A torsion group G is q.p.i. if and only if Gv is the direct 
sum of a divisible group and a torsion complete group, for every prime number p. 

We need also the following: 

PROPOSITION 1.3. Let G be a q.p.p.i. group whose torsion subgroup is p-primary. 
Then: 

a) If G is p-divisible, G is divisible. 
b) If G is reduced, G is p-reduced. 
c) G is m-divisible for every m such that (m, p) = 1. 

Proof, a) Let (m, p) = 1. Then mG is p-pure in G, and for x Ç G the cor
respondence mx —* x defines a homomorphism / : mG —> G which can be lifted 
to an endomorphism g of G; now x = f(mx) = g(mx) — mg(x), therefore G 
is divisible. 

b) Let H be the maximal ^-divisible subgroup of G. Since H is p-pure and 
fully invariant in G, H is q.p.p.i. By a), H is divisible and therefore H = 0. 

c) The same argument as in a) shows that G — mG for every m such that 
(w, p) = 1. 

Finally, the following observation is useful and easy to prove. 

PROPOSITION 1.4. Let H be a p-pure subgroup of a q.p.p.i- group G. If H is 
isomorphic to G, then H is a direct summand of G. 

2. p-reduced q.p.p.i. groups. If G is a ^-reduced q.p.p.i. group, then 
G1 = Hn=i pnG because mG = G for every m such that (w, p) = 1. For the 
main result in this section, we need to establish that G1 = 0 for such groups. 

LEMMA 2.1. / / mG = G whenever (m, p) = 1 and if mx G G1 then x Ç G1. 

PROPOSITION 2.2. Let G be a group satisfying the following conditions: 
(a) The torsion subgroup T of G is a torsion-complete p-group. 
(b) G = mG whenever (m, p) = 1 and G/T is divisible. 

Then G1 is divisible. 

Proof. Since T is torsion-complete, T P\ G1 = 0 and G1 ^ (G1 © T)/T. Let 
K/T be the smallest pure subgroup of G/T containing (G1 0 T)/T. Then 
K/pG1 is a p-group. Indeed, let x G K, there exists n G N,g G G1 and / G T 
such that nx = g + t. We may write n = prm, where (w, p) = 1. Since 

https://doi.org/10.4153/CJM-1977-059-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1977-059-5


580 K. BENABDALLAH AND A. LAROCHE 

mG = G, we have: 

mpTx = mgr + ml1 

where tr G T and in view of Lemma 2.1., g' 6 G1. Since T is a p-group we see that 

Prx = g> + f. 

Let 0 ( 0 = ps, then p r + s + 1x = ps+1g' G ̂ G1. It can easily be shown that 
(T © pGl)/pGl is a pure subgroup of K/pG1. But T is torsion-complete and 
therefore K/pGl = ((T © pGl)/pGl) © (R/pG1) for some 1? containing ^G1. 
Thus, K = R ® T, and since i£ /T is divisible, G1 = i^1 = i£ is divisible. 

Definition. We denote by /(G) the family of subgroups of G for which any 
homomorphism into G can be lifted to an endomorphism of G. So, a group G is 
q.p.p.i. if and only if 1(G) contains all p-pure subgroups of G. 

As is mentioned in the introduction, p-basic subgroups play an important 
role in this study. This is due partly to the following: 

PROPOSITION 2.3. A p-reduced group G is q.p.p.i. if and only if 1(G) contains 
all p-basic subgroups of G. 

Proof. The statement is a simple consequence of the fact that every p-pure 
subgroup of G possesses a p-basic subgroup which can be extended, by a direct 
summand to a p-basic subgroup of G. 

Definition. We say that a group G possesses the property (*) if every idem-
potent endomorphism of a p-basic subgroup of G is induced by an endomor
phism of G. 

Such an endomorphism of G is also idempotent if G is p-reduced. Therefore, 
a p-reduced group G possesses the property (*) if every direct decomposition 
of a p-basic subgroup B = Bx © B2 of G induces a decomposition of G = Gi © 
G2 where Bt C Gu i = 1, 2. Clearly, Bt is a p-basic subgroup of Gt and the 
G/s are uniquely determined by the 5 / s . In fact G* is the closure of Bx in 
the p-adic topology of G. 

PROPOSITION 2.4. ̂ 4 p-reduced q.p.p.i. group possesses the (*) property. 

We are now ready for the main result of this section. 

THEOREM 2.5. Let G be a p-reduced q.p.p.i. group. Then 
a) mG = G whenever (m, p) = 1, 
b) G = H © K where H is the closure of T(G) in the p-adic topology of G, 

K is torsion-free and both are q.p.p.i. 

Proof. The first statement has already been proved. If B is a p-basic sub
group of G, B = Bi © B2 where Bx is a p-group and B2 is free. Since G posses
ses the property (*), G = H © i£ where Bi Q H and J52 £ i£. As direct sum-
mands of a q.p.p.i. group, i l and K are both q.p.p.i. Obviously K is torsion-free. 
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Therefore T(G) C H. Since K is torsion-free and reduced, Kl = 0. Therefore 
H is closed in the £-adic topology of G and it is the closure of T(G). 

COROLLARY. Let G be a p-reduced q.p.p.i. group, H and K as in Theorem 2.5. 
Then H is a fully invariant subgroup of G and if H' is a pure fully invariant sub
group of G containing T(G), then Hf C H or H' = G. Furthermore G1 = 0. 

Proof. T(G) is a fully invariant subgroup of G and H/T{G) is a fully in
variant subgroup of G/T(G). Therefore H is a fully invariant subgroup of G. 

Consider H' a pure fully invariant subgroup of G containing T(G). Hf = 
(H H H') © (KC\ H'). If K n H' = 0, H' C H. Ii KC\H' * 0, we can 
find x £ K C\ Hf such that (x) is a £-pure subgroup oi K C\ H\ and hence of 
G, and for every a G G, we can define a homomorphism/0: (x) —> G such that 
Ja(x) = a. Each fa is induced by an endomorphism of G so that H' = 67. Now, 
G1 = H1 0 2Ê1. Since i£ is torsion-free and reduced, K1 = 0. r(C7) is torsion-
complete by Theorem 1.2, so H satisfies all the conditions of proposition 2.2. 
Therefore H1 = K1 = G1 = 0. 

We close this section with a theorem which justifies our interest in p-
reduced q.p.p.i. groups. 

THEOREM 2.6. Let G = D 0 R where D is divisible and R p-reduced. G is 
q.p.p.i. if and only if R is q.p.p.i. 

Proof. If G is q.p.p.i. then R is q.p.p.i. by Proposition 1.1. Conversely, let K 
be a £-pure subgroup of G and / : K —> G a homomorphism. Then it is easy 
to see that K + D is p-pure in G and (K + D)/D is p-pure in G/D. Now, 
f(K r\D) QG1 = D, since R1 = 0 by the corollary to Theorem 2.5. There
fore/induces a homomorphism/: (K + D)/D —» G/Z> defined by/(& + Z>) = 
/(fe) + D for every & G K. Since G/Z) is q.p.p.i. there exists a <p: R—> R 
such that i f£ = d + r Ç i £ where d £ D and r £ R, <p(r) = TR(f(k)). Thus 
there exists <p': K—* R with p'(fe) = <p(r) and /(&) — </(&) € D. Since Z) is 
injective, there is ^: G —» Z> such that ^ | x = f — <p'. Then (<j? + ^)(&) = 
<?'(&) + iA(&) = /W» where £> = 0D 0 <p and <p + ^ is the desired extension 
of/. 

3. The "torsion" case. From now on, following A. Mader [8], we refer to 
groups with torsion ^-basic subgroups as "torsion" groups. 

THEOREM 3.1. Let G be a p-reduced "torsion" group and B a p-basic subgroup 
of G. Then G is q.p.p.i. if and only if it is isomorphic to a p-pure fully invariant 
subgroup of the p-adic completion B of B. 

Proof. Suppose that G is isomorphic to a p-pure fully invariant subgroup 
of B. B is £-pure-injective and therefore q.p.p.i., so that G is q.p.p.i. by 
Proposition 1.1. 

Conversely, suppose that G is q.p.p.i. In view of the corollary to Theorem 
2.5, we have G1 — 0. Then it is a well-known fact that G is isomorphic to a 
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p-pure subgroup of B. Because T, the torsion subgroup of G, is torsion-com
plete, T = T(B). Consider an endomorphism/: B —> B. f(B) C T C G. Since 
G is q.p.p.i. there exists / : G —> G such that / and / are equal when both are 
restricted to B. Therefore / = f\G and G is isomorphic to a p-pure fully in
variant subgroup of B. 

Such subgroups of the £-adic completion of a direct sum of cyclic ^-groups 
have been completely characterized by A. Mader [8]. Thus, the "torsion" case 
is completely solved for ^-reduced groups. 

4. Torsion-free q.p.p.i. Now we turn our attention toward torsion-free 
q.p.p.i. groups. These groups are ^-reduced if and only if they are reduced, as 
was shown in proposition 1.3. They are also q.p.i. and homogeneous of type 
r = (0, oo , oo , . . .) where the first entry corresponds to p. We have this result. 

THEOREM 4.1. Let G be a reduced torsion-free group. G is q.p.p.i. if and only if 
G is q.p.i. and homogeneous of type r — (0, oo , oo , . . .). 

Proof. We need only prove that the condition is sufficient. Let A be a p-pure 
subgroup of G, f: A —» G a homomorphism and (A )* the smallest pure sub
group of G containing A. Consider x £ (A)*. There exists n € N such that 
nx = a £ A. Because A is p-pure in G and G is torsion-free, we may suppose 
that (n, p) = 1. XG(/(#)) = (k, oo , oo , . . . ) , so there is a unique y £ G such 
that f(a) = ny. Define / : (A )* —•» G by f(x) = y. One can routinely verify 
that / is a well-defined homomorphism which is an extension of / : A —> G. 
Since G is q.p.i. there is an endomorphism <p: G —> G which induces / on (A )* 
and therefore / on A. 

A reduced torsion-free q.p.p.i. group G possesses the property (*). A ^-basic 
subgroup B of G is free. If B = (x) 0 W, G = H 0 G', where (x) C H and 
B' C Gr. i J is a torsion-free reduced q.p.p.i. group with a £>-basic subgroup 
isomorphic to Z. We turn our attention to such groups and find that certain 
subrings of the ring Jv of the £-adic integers play an important role in the 
problem. 

Definition. A subring A of a ring R is said to be a unital subring if x G A 
and x_ 1 £ R => x~1 G A. In other words, the set of units of A is the intersec
tion of A and the set of units of R. 

PROPOSITION 4.2. Let G be a torsion-free reduced group with p-basic subgroup 
of rank one. Then G is q.p.p.i. if and only if G is isomorphic to a unital p-pure 
subring of the ring Jv of p-adic integers. 

Proof. We first suppose that G is q.p.p.i. G1 = 0 and G is isomorphic to 
a £-pure subgroup of JP1 containing 1 of Jv. Let x Ç G and define/: (1) —» G 
by / ( l ) = x. f induces an endomorphism cp of G, which in turn induces an 
endomorphism \p of Jv. However every endomorphism of Jv is given by the 
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multiplication by a £-adic integer [7, p. 98]. In this case \p must be the 
multiplication by x. If y G G, xy = (p(y) G G, so G is a subring of J^,. 

Let x G G and x~l G / p . Then x G £ /? and (x) is a £-pure subgroup of G. 
De f ine / : (x) —» G b y / ( x ) = 1. As above, there are endomorphisms <p and ^ 
of G and J p respectively such tha t \p\G = cp and (p\(x) = f. \p must be the multi
plication by x - 1 , so <p(l) = x - 1 G G. 

Conversely, suppose t ha t G is a £-pure subring of Jv such tha t , if x G G and 
x - 1 G Jp, x - 1 G G. Consider 4̂ a p-pure subgroup of G and a homomorphism 
/ : 4̂ —» G. Since 7^ is q .p .p . i . , / induces an endomorphism ^ of Jp, which is the 
multiplication by an element of Jp, say y. Now, A being £-pure, it contains an 
inversible element a of Jv and fia) = ay G G, therefore 3> = arlj(x) G G. Then 
\j/{G) Ç G and ^|G< is an endomorphism of G which e x t e n d s / . 

We should notice tha t , in the last par t of the proof of Proposition 4.2, we 
have shown tha t any endomorphism of a £-pure unital subring R of JP is the 
multiplication by an element of R. 

We know tha t any cyclic direct summand (x) of a ^-basic subgroup B of 
a reduced torsion-free q.p.p.i. group G can be embedded in a p-pure unital 
subring Rx of Jv. But a question arises: if 5 = (x) © (y) ® B', how do i?z and 
i ^ compare with each other? 

PROPOSITION 4.3. L ^ G be a reduced torsion-free q.p.p.i. group. If G = Gi © 
G2 w/ze/r Gi and G2 have cyclic p-basic subgroups, then Gi ~ G2. 

Proof. Let (x) and (3/) be ^-basic subgroups of G\ and G2 respectively. Then 
(x) © (3/) = (x + y) © (3/) is a £-basic subgroup of G. Since G is q.p.p.i., 
G = H1 ® H2 where (x + y) Q Hi and (3/) Ç i72 . Then H2/(y) is divisible 
and G2/(y) is the maximal divisible subgroup of G/{y) = G\ © (G2/{y)). 
Therefore # 2 C G2. Reciprocally G2 C # 2 . So H2 = G2 and H1 ^ G / # 2 ^ 
G/G2 ^ Gi. 

Similarly G = Ki ® K2 where (x) Q Ki and (x + 3;) C i£2. As above 
# 1 = Gi. Also H i = K2 and i£2 ^ G/i^i ^ G/Gi ^ G2. Therefore Gi ^ G2. 

PROPOSITION 4.4. If Ri and R2 are p-pure unital subrings of Jv and R\ ~ R2y 

then Ri = R2. 

Proof. T h e isomorphism <p between Ri and R2 induces an endomorphism of 
JP, the multiplication by an inversible element x of Jp. <p(l) = x G Ri. Then 
x" 1 G Ri and if y G Ru <p(y) = xy £ R2. Therefore Ri Ç R2. Reciprocally 
Ri Q Ru 

If G is a torsion-free i^-module, where R is a p-pure unital subring of JP1 

if B = 0T-£7 (Xi) is a £-pure subgroup of G and ( 5 ) is the submodule gener
ated by B, then (B) = 0 t ç / Rxt and is pure in G. 

We can now s ta te the main result of this section. 
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THEOREM 4.5. A torsion-free reduced group G is q.p.p.i. if and only if it is 
a torsion-free q.p.i. R-module, where R is a p-pure unital subring of Jv. 

Proof. Consider B = 0 i € 7 (x{) a £-basic subgroup of G. For every i Ç I, 
G = Gi © Hi where (xt) Q Gi and G* = R. Gt is an i?-module and if r Ç R, 
we can define a homomorphism fr : B —> G by fr(Xi) = rxu for every i Ç / . 
fr induces an endomorphism fr of G. If r = l , / r = 1^. If 1̂ and r2 are elements 
olRjn ofT2 = / r i r2and/ri + / r a = /n+r2 since/ r i o / r 2 = / n r 2 a n d / r i + / r 2 = 
/n+r2 ' So G is an i^-module. 

If A is an .R-submodule of G which is pure in G as a subgroup then evidently 
A Ç 1(G) and G is a q.p.i. i^-module. 

Conversely, suppose that G is a q.p.i. i^-module. By Proposition 2.3, G is 
a q.p.p.i. group if and only if every £-basic subgroup B of G is an element of 
7(G). However any homomorphism f:B—>G can be easily extended to (B), 
the i?-submodule generated by B, which is a pure subgroup of G. Hence/ can 
be extended to an endomorphism of G and B Ç 1(G). 

COROLLARY. If G is a reduced torsion-free q.p.p.i. group with a p-basic sub
group of finite rank, then G is a free R-module of finite rank, for a p-pure unital 
subring R of Jv. 

Proof. This is a consequence of property (*). 

5. Free i^-modules. Torsion-free reduced q.p.p.i. groups are i?-modules, 
where R is a £-pure unital subring of the ring Jv of £-adic integers. Such R's 
are principal ideal domains. We consider first the simplest case: suppose that 
G is a free i^-module. If (x) is a £-pure subgroup of G, then Rx, the i^-submodule 
generated by x, is also a £-pure subgroup of G. We have the following well-
known fact [4, p. 88]. 

THEOREM 5.1. Let R be a principal ideal domain, G a free R-module and M a 
submodule of G of finite rank n. Then there exists a basis B of G, n elements et of 
B and n non-zero elements atofR such that 

a) {at ei}n
i=:i is a basis of M. 

b) cti divides ai+ifor 1 ^ i S n — 1. 

In our case, if M is p-pure, then the at are units of R and M is a direct 
summand of G. So Rx is a direct summand of G and therefore Rx £ 1(G). 
As a matter of fact, one can easily show that 

Rx= n i(x) + pnG). 
72 = 1 

Also, if A = 0 î € / (xt) is a p-pure subgroup of G, then 

X) R%i — © Rxi, 
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and it is a p-pure subgroup of G. Evidently, any homomorphism f:A—>G 
induces a homomorphism / : 0 ^ / R%i —> G. 

If G is a free i^-module of finite rank and if B = 0*=i (x/) is a ^-basic 
subgroup of G, then G = 0*=i Rxt and G is a q.p.p.i. group. In fact the con
verse is true. 

THEOREM 5.2. If R is a p-pure unital subring of the ring Jv of p-adic integers, 
then a free R-module is q.p.p.i. if and only if it is of finite rank. 

Proof. Consider G = 0 ^ / Rxt a free i?-module of infinite rank. Let K be 
the field of fractions of R. K is an i^-module generated by {l/pn}„=i and it is a 
divisible additive group. There exists an epimorphism f:G—*K whose kernel 
AT is a free jR-module, pure in G and isomorphic to G. By Proposition 1.4, 
G = M © K, which is a contradiction. 

6. Some results on the mixed case. In Theorem 2.5, we have shown that 
a ^-reduced q.p.p.i. group G is the direct sum of the largest fully invariant 
subgroup of G containing T(G) and a torsion-free subgroup. Unfortunately, 
we have not been able to establish the full converse of this theorem. However, 
we have partial results. 

LEMMA 6.1. Consider a p-reduced group G = H © K where H is a "torsion" 
group and K is torsion-free. If A is a p-pure subgroup of H and f: A —> G is a 
homomorphism, then/(A) C H. 

THEOREM 6.2. Consider G = H © K, a p-reduced group, where H is a1'torsion" 
p-pure-infective group and K is a q.p.p.i. torsion-free group. Then G is q.p.p.i. 

Proof. Let A be a £-pure subgroup of G and / : A —> G be a homomorphism. 
One can easily verify that (A + H)/H is £-pure in G/H and that {A C\ H) 
is a £>-pure subgroup of H. By Lemma 6.1, f(A P\ H) C H, and therefore / 
induces a homomorphism/: (A + H)/H -> G/H 9Ë K by J {a + H) = f(a) + 
H. Since K is q.p.p.i., we have homomorphisms <p: K —* K and <pf: A —» K 
such that <p(a) = (pf(irK(f(a)) = irK(f(a)). So / (a ) — < (̂a) G # . Since i J is 
£-pure-injective, there is a homomorphism \p: G -* H such that ^|A = / — <p'. 
If <f> = 0# © <£, then <£ + ^ coincides with / on A. 

On the other hand one can easily show that: 

THEOREM 6.3. If H is a p-reduced "torsion" q.p.p.i. group and if K is a finite 
rank free R-module, where R is a p-pure unital subring of the ring of p-adic 
integers, then G = H © K is q.p.p.i. 

The study of q.p.p.i. groups is by no means finished, as should be obvious 
to the reader. We have, for the sake of reasonable length, omitted from this 
work our results on the ^-divisible reduced q.p.p.i.'s, as well as some further 
results on unital subrings of Jv. 
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