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Transformations of Axes for Whittaker's Solution of
Laplace's Equation.

By G. B. JEFFERY, University College, London.

(Received 15th February 1917. Read 9th March 1917.)

Whittaker has shown that a general solution of Laplace's
equation, V 2 ^ = 0 , may be expressed in the form

(•sir
V— I f(ix cos t + iy sin t + z, t) dt.

Jo
Since the harmonic property of a function is in no way

dependent upon any particular set of axes it follows that the
same solution must be capable of being expressed in the form

7=1 F(iXcosT+iYsmT + Z, dt

where X, Y, Z are any second set of rectangular coordinates.

The object of the present paper is to exhibit the solution
between the functions f, F in a fairly wide class of case. The
analysis is, for the most part, quite straightforward, and we will
only give it in outline.

Consider the most general transformation of orthogonal axes
having the same origin. Then

where the direction cosines satisfy the usual orthogonal relations,
and, if both sets of axes are right-handed, there is also a number
of relations of which lt = m^ n, - m8 n^ is the type.
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Then

ix cos t + iy sin t + z = iX (lt cos < + Z3 sin t - il3)

+ iY(m1 cos t + n»j sin t - ims)

+ iT (in, cos t + in2 sin t + «3).
Let

f.coB« + f,ain l-if, =coaT

tW! cos t + in^ sin < + n3

and
r»i cos t + TO, sin < - im, ^ y

ir»i cos < + i«2 sin t + n3

These are consistent and completely define 1\ if we suppose that
when t = 0, 0 * real part of T7 < 2ir.

We readily obtain the following relations :—

Z, cos T + TOj sin T — inx

il3cos I1 + itn^sin T + n3

I, cos T + TO2 sin T - in3

'•-in3) (l3cosT+m3sinT-in3) = - 1 (5)
and

dt . . .
-j— = tri] cos t + in2 sin I + n3

I
Hence

f(ix cos t + iy sin t + z, t) dt
o

_ f / iZcos2T+irs inr4-^ f \
~ Je V i^cos ??+tm38in7I+n:t' / î 3

where, in the second integral, t is to be expressed in terms of T
by (3) and (4), and C is a certain contour in the ^-plane.

In order to investigate the nature of this contour, let us put
T= U+ iV and solve (1) and (2) for U, V. We obtain

J{l-(rhCOSt-nlSinty} {>

kcoSt-lsint

and
tanh V= Wj cos t - rij sin t. (9)

https://doi.org/10.1017/S0013091500029667 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500029667


The curve corresponding to real values of t is shown in the
diagram.

\

The T-plane showing the carve corresponding to real values of t
and the zeros of tf3 cos 7*+ im3 cos T+n,.

The maximum ordinates are given by tanhF= J(l -w5
!) and

correspond to tan t = - n]/n». The curve cuts the axis at points
corresponding to tan t = n^n^. The contour C will then be a
complete period of this curve.

If the function f is periodic in t with period 2ir, it will be
periodic in T with the same period. We may then take any com-
plete period of the curve for the contour C.

If, in addition, the integrand, regarded as a function of T, has
no singularities in the area contained between the curve and the
real axis of T, the integration may be taken along the real axis
from 0 to 2TT. If f is a one-valued function of T in the area
between the curve and the real axis, poles in this region will not
invalidate the argument if the sum of the residues at the poles in
that part of this region which lies above the axis is equal to the
sum of the residues at the poles in the part below the axis.
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With these restrictions we may write
fa*-
I J (ix cos t + iy sin t + z,t)
Jo

C*T / iXcoaT+iYainT+Z \ dT
Jo \il3cosT+ im3 sin T+ n3 ' J il3 cos T+im, sin T+ n, '

Without making an exhaustive investigation of the singularities of
the integrand, we may examine some of the more important
possibilities.

First consider the zeros of U3 cos T+ t»»j sin T+ n,. Let such
a zero occur at the point T = u + iv. Then we have without
difficulty

tanu = —, sinhv= t s

From these it may be shown that these zeros lie on the
ordinates through the maxima and the minima of the curve and on
the opposite side of the real axis from the curve. These points
are marked S in the diagram. Singularities of the integrand
arising from these zeros therefore cannot invalidate the deforma-
tion of the contour.

Singularities of the integrand may occur at the zeros of
iXcos T+iYsin T+Z. At such a point let T=u + iv, then we
have

sinM=± ,coau=+-

sint>=

Let T = u + iV be the point on the curve having the same
abscissa, then from (8)

X Zj- Zjtan<
tan w = - — = -Y m, -»», tan t

or

From (7), (8), and (9) we then obtain
sinh V _ l,X+m3 Y
sinh v n, Z
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Hence the condition that the zeros of iXcos T+iYsin T+Z shall
not lie between the curve and the real axis is

that is,

or the positive directions of the axes of z, Z make an acute angle
with each other.

In some cases it is sufficient to consider a less general trans-
formation of axes. Let x be the angle between the axes of z and
Z, and let the axis of X be in the plane zZ, then the axis of Y
coincides with the axis of y. Then

0, -sinx

"h.2,3= 0, 1, 0

«i, 2.3 = sinx, 0, cosx,

The curve in the T-plane which corresponds to real values of t
then passes through the origin, and the contour C begins and ends
on the real axis. I t is, therefore, unnecessary to make any
assumption as to the periodicity of/ Our result then becomes

I J (ix cos t + iy sin t + z, t) dt
Jo

2T /iXcos T+iYsin T+Z \ dT_f2T /iXcos T+iYsin T+Z \
Jo \ cosx - i sin x cos T ' / ccosx - ^ sin x cos T '

where the assumptions as to the singularites of/are the same as
before. The condition that no zero of iXcosT+iYeinT+Z
shall lie between the curve and the real axis is now x < !""•

As an example, let us consider the zonal spherical harmonics
given by

1 f2x

rnPn (cos 6) = —\ (ixcos t + iy sin t + z)n dt

**(%Xcos T + iYsin T+Z)n

(cos x - * sin x cos T)n+1 dT.
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Now if x < hw' a simple application of the integral of Laplace's
type for P£ gives

(cos X - i sin X cos T)-"1 = Pn (cos X) + 2 £ J ^ T ^ n -P? (cos X) cos m
m=l » 1 \n-t- I)

Hence

r"Pn (cos 6) = u- Pn (cos x) f "(iX cos y + iZsin T + ZY dT
•*"• Jo

C2ltr

(t
1 "Fln-m + D C2ltr

i r T » i (« + •

Now*

(tXcos7'+ iYsinT+ Z)n cos jn^'rfr
Jo

r j P " ( c o s e ) c o s m *
where 8, <f> are spherical polar coordinates referred to the axis of
Z and the plane XZ.

Hence we have at once the well-known "addition formula "

+ 2 ! T S T S T T ) ^(cos x) P : (cos e) cos m *•
It appears that in a fairly wide class of cases the transformation

of Whittaker's integral presents no difficulty. This investigation,
however, leaves untouched the wider problem which arises when
the conditions, which we have postulated above, as to periodicity
and the absence of singularities between the real axis and the
curve of integration are not fulfilled. ]n these cases also the
integral, though of course not necessarily the integrand, must
transform.

The author is indebted to Professor Whittaker for calling his
attention to the problem, towards the solution of which this paper
is intended as a contribution.

* Whittaker and Watson, Modern Analysis, p. 385.

https://doi.org/10.1017/S0013091500029667 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500029667



