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Abstract A result is presented giving conditions on a set of open discs in the complex plane that ensure
that a transcendental meromorphic function with Nevanlinna deficient poles omits at most one finite
value outside the set of discs. This improves a previous result of Langley, and goes some way towards
closing a gap between Langley’s result and a theorem of Toppila in which the omitted values considered
may include oco.

Keywords: exceptional set; value distribution; Picard set; Nevanlinna theory

2000 Mathematics subject classification: Primary 30D35

1. Introduction

Picard’s theorem states that a non-constant function f that is meromorphic in the com-
plex plane C omits at most two values of the extended complex plane C U {oo}. The
example f(z) = e, which omits the values 0 and oo, shows that this is best possible.

Lehto [5] introduced the concept of a Picard set. A subset E of the plane is a Picard
set for a family F of functions meromorphic in C if every transcendental f in F takes
every value in the extended complex plane, with at most two exceptions, infinitely often
inC\ E.

Thus, for example, the set E = {2inm : n € Z} is not a Picard set for the family of
entire functions, because the function f(z) = e* fails to take any of the three values 0,
l,coon C\ E.

For the family of entire functions, Toppila proved [8] that a countable set of points
E = {am}5_,, where the a,, converge to oo, is a Picard set if there exists € > 0 such
that the a,, satisfy

lam — am/| > ———, m#m'. (1.1)

In the same paper he gives an example showing that this condition is sharp.
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Baker and Liverpool [1] proved further that if the set E = {a,,} above satisfies (1.1),
then there exists a sequence of small radii d,,, — 0 such that the countable union of open
discs

U{z:|z—am| <dm}
m=1

forms a Picard set for the family of entire functions.
For the family of meromorphic functions, Toppila proved in [6] that if E = {a,,} is a
countable set of points converging to infinity, which satisfy

|am|2 = O(lam41l),

then F is a Picard set. He also gave an example showing that this is essentially best
possible.

In clear contrast to the case for entire functions, Toppila showed in [7] that no countable
union of open discs tending to infinity can be a Picard set for the family of meromorphic
functions.

We recall some of the standard concepts and definitions of Nevanlinna theory, a stan-
dard reference for which is Hayman’s book [2]. For a non-constant meromorphic function
f we define n(r, f) to be the number of poles of f in |z| < r, where a pole of multiplicity
p is counted p times. We then define

R

We also define )

m(r, ):7 ; max(log|f(reie)|,0)d9

and set
T(r, f) =m(r, f) + N(r, f).
We write N(r,a, f) = N(r,1/(f — a)) and define m(r, a, f) similarly. We also sometimes
write N(r, oo, f) for N(r, f).
Nevanlinna’s first fundamental theorem states that, for any fixed complex number a,
we have

T(r,f) = N(r,a, f) + m(r,a, f) + O(1).

We define the (Nevanlinna) deficiency of a value a as

5(aaf) thmfw =1 —limsupw_

r—00 T(’I", f) r—00 T(Tv f)

Nevanlinna’s second fundamental theorem states that the number of values a for which
d(a, f) > 0 is countable and that

> d(a f) < 2.

aeC
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(The theorem is actually stronger than this (see [2] for details) but the above result is
all that we require for our present purposes.)

We observe that the second fundamental theorem includes Picard’s theorem. If f omits
a value a, then N(r,a, f) = 0 for all  and therefore §(a, f) = 1; the second fundamental
theorem states that this cannot happen for more than two such values. In some sense,
therefore, the deficiency of a value measures the extent to which that value is taken less
often than other values.

For the family F of meromorphic functions f that have deficient poles, i.e.

0(o0, f) >0,
Toppila [9] proved the following theorem.
Theorem A. Let {a,,}°_; be a sequence of complex numbers with
lim a,, =
m—+00

and |ay| > e and such that, for some

O<a<l, B>2a,

we have |
A
Q= Ay | > ——— 1.2
| | (Tog [am]) (1.2)
for all m # m/. If radii d,, are given by
log 1/dp = (log|am|)**”, (1.3)

then the set -
E=|J Blam,dm) = | J{z: 12— am| < dn}
m=1

is a Picard set for F.

He also gives an example showing that this result is essentially best possible.

This result shows that, for any transcendental f € F, the preimage of at most two
values in the extended complex plane C U {oo} may be contained in the set F.

The fact that any such f has deficient poles means that at most one finite value may
be omitted in the whole plane, by Nevanlinna’s second fundamental theorem.

This suggests the following question. If two exceptional values do exist for a given
f € F, may they both be finite or must one be the deficient value co?

In this direction, Langley [4] has proved the following theorem.

Theorem B. Let {a,}°_; be a sequence of complex numbers with

lim a,, =
m—00

and

Uy — Ayt | > Elam|, m#m/,
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for some 0 < & < 1. Then there exists K = K(g) > 0 such that, if radii d,, are given by
log1/d, > K(log |am|)?

and

E= B(armdm)z

1

T C8

then every transcendental f € F takes every finite value, with at most one exception,
infinitely often in C \ E.

The points a,,, are further apart in Langley’s result than in Toppila’s. In this paper we
go some way towards closing the gap between these two results. We prove the following
theorem.

Theorem 1.1. Let {a,,}5°_; be a sequence of complex numbers with

lim a,, =
m—0o0

and, for some
0<a<i B>da, (1.4)

let the a,, satisfy the spacing condition (1.2) and let radii d., satisfy condition (1.3). If

oo
E = | B(am,dm),
m=
then every transcendental f € F takes every finite value, with at most one exception,
infinitely often in C\ E.

The tighter constraints on o and § mean that we have not closed the gap completely
between Langley’s result and Toppila’s. The question of whether both the omitted values
permitted by Toppila’s result may be finite, when i < a < 1 or when 2a < 8 < 4a,
remains open.

The restrictions on « and § may be relaxed when the a,, lie on a ray. We have the
following theorem.

Theorem 1.2. Let {a,,}3_, be a sequence of positive real numbers with
lim a,, = co.
m—0o0
Then Theorem 1.1 holds with condition (1.4) replaced by

0<a<i, B>2a

The proof of Theorem 1.2 is omitted as the method is the same as for Theorem 1.1.
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2. Preliminaries
The following is a modification by Langley [4] of an argument of Toppila.
Lemma C. Let 0 < t < s < r and assume that
5j>0, t<|bj|—8j<‘bj|+5j<8
forj=1,...,M. Set
M
Q:{z:t<|z|<r}—UEj,
j=1

where E; is the closed disc {z : |z — bj| < s;}. Let u be subharmonic and non-positive
on {2 and continuous on the closure of {2, and let v(z) be the Poisson integral

1 [ ; r? — 2|2
U(Z) = %\/O 7U(Tea)m do

of —u in B(0,7). Then for z in {2 we have

u(z) < —v(2) + C(2)mo(r, —u) < (:z: 1: + C’(z)) mo(r, —u), (2.1)
in which . o |
mo(r, —u) = %/0 —u(rel?)dg
and o
cty= LUl | Lol Skl ot

j:
3. Proof of Theorem 1.1

We follow Langley’s method [4]. The improvement obtained in the result stems primarily
from a refinement of the conditions applied at (3.4), (3.5) and (3.12).

Let the a,,, d,, and «, 8 be as in the statement of the theorem. Suppose that there
exists an f that is transcendental and meromorphic with

§=6(co, f) >0 (3.1)

and which has (without loss of generality) all but finitely many of its zeros and 1-points
in B = _; Blam,dn).
We set
_f-t 1
g I 7
so that
0(l,g)=6>0 (3.2)

and all but finitely many of g’s poles and zeros lie in E. Throughout the proof, C; will
denote positive constants.
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Lemma 3.1. Choose constants k, | with

e<k<l<eVs,

There exists a constant ¢ > 0 and a sequence r, — 0o with

kry < rpyr <lrp (3.3)

such that, for each m,n € N,

clam|
Blap, ————— | N B, =0, 3.4
(m gt ) N B2 =9 34
where
cry, cry
B, = STy — n+ 0. .

{z T oz )% <zl <rp+ (logrn)m} (3.5)

Proof. The proof is by induction on n. Given r,, using the spacing condition (1.2)
we see that the annulus A,, = {z : kr, < |z| < lr,} contains at most

C1(logry,)*™

of the a,,. We can then find 7,41 and an annulus B,,y; of width at least
CQ’I’n
(log 1y, )2
that satisfy (3.3), (3.4) and (3.5). This concludes the proof of the lemma. O

Lemma 3.2. Let v, € be positive constants with £/c and «y/e small, where c is as in
Lemma 3.1. Then for each large n there exist S, S!, with

<1 + W)rn < S, < <1 + W)rn (3.6)
and or
S/ =8, +1/T(Sn,9) < Tn+ m
such that
T(Sy,,9) < 2T(Sn, 9), } 57
m(Sn,g'/9(g — 1)) < C3108(5,T(Sn, g))-

Proof. Such S, and S/, exist, by [2, p. 38] applied to the function ¢(s) = T(e*,g),
and the lemma is proved. O

Lemma 3.3. There exist positive constants Cy, C5 such that, for large n, we have
19'(2)/9(2)] < C4SnT(Sn,9)° (3.8)
for all z satisfying o
Cs < 2| < S, 2¢ | Blam,1).
m=1
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Proof. We fix a large integer L and assume that n is large compared with L. We
have, using (3.6),

T(Sn,9) = n(rn,g)log(Sn/mm)

() (3.9)

2 -
2(log ry, )2

and similarly for n(r,,1/g) so that (since by construction there are no zeros or poles of
ginr, <|z| <S))
(S5, 9) +n(S),,1/9) = n(rn, g) + n(rn, 1/g) < Co(logrn)**T(Sn, 9)-

Now an application of the differentiated Poisson—Jensen formula (see, for example, [2,
p. 22]) in B(0,5),) gives
19'(2)/9(2)] < CaSuT(Sn, 9)°
as long as Cs < |z| < Sy, and |z — a,,| > 1 for all m. The proof of the lemma is therefore
complete. O

Lemma 3.4. For large enough n we have

m(Sn, 9/9') > (6/2)T(Sn, 9)- (3.10)
Proof. We have
1 49 g
g-1 glg-1)g"
Now (3.2) and (3.7) give (3.10) for large enough n. Lemma 3.4 is proved. O

Lemma 3.5. Let €; be small and positive, in particular with 1 < %c, where ¢ is as
in Lemma 3.1. There then exists C7 > 0 such that, for all large n, we have

loglg(z) — 1] < =C76T (1, 9)

for all z satisfying

oo
Tno1 < 2| <y 2 € U B(a Elam).
m=1

" (log |ag )2
Proof. We apply Lemma C to the function

u(z) =loglg'(2)/9(2)| —10g[CsSn1T(Snt1,9)°] (3.11)

with » = Sp41, t = rp—r and s = rp41 and with the B(bj, s;) those discs B(ay,, 1) for
which t < |an,| < r.
We take z to satisfy

£1|am|

(1og [ar])22 (3.12)

Tn—1 < |Z| < Tn, zZ — am‘ 2

for all m.
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We then have
|z| —r < —(k-1)

< =-7<0. 3.13
|z| +r kE+1 ’ (3:.13)
Furthermore, using (3.6),
1+s/r 3 9

< —(log Ty, e, 3.14
175/7, ’y(og/r JFI) ( )

The number of a,, between |z| = r,_1, and |z| = 7,41 is at most
Csl*M 2 (log ry, 1), (3.15)

For each a,, with r,,_1 < |am,| < r,, we have, using (3.12),

log(2Sn+1/]z — aml|) < Co + 2aloglogr,—1

< 3.16
log(2S5,+1) log 25,41 ( )
Also,
1-— Tn—L/Sn—f—l 1Og(5n+1/7“n_1:) L
Therefore, in (2.2) we have, using (3.14)—(3.17),
Cio | Ciiloglogry, 1
< - - =2 2 " -
0<C(z) 7 + (log 5, 11)1 0
<37 (3.18)
for large enough L, n since a < i.
Now (3.13) and (3.18) give that
2| — 7 1
C —5T. 3.19
EES: +C(z) < —57 (3.19)

Also, we obtain, from (3.8) and (3.11), that
mo(r, —u) = m(r,g/g")
and this, together with (2.1) and (3.19), gives
log |g'(2)/9(2)| = 10g(C1Sn11T(Sn+1,9)%) < =(57)m(Sn+1,9/9)-
Therefore, using (3.10), we obtain
log|g'(2)/9(2)| < =C120T (15, 9) (3.20)

for n large enough and z as in (3.12). Using (3.2) to find a point where g is close to 1,
and integrating (3.20) along a path that begins at that point and lies away from the a,,,
we obtain

llog g(2)| < exp[—=C136T (rn, 9)];

and therefore
log |g(2) — 1| < =C70T(rn, g). (3.21)

The proof of Lemma 3.5 is therefore complete. O
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Lemma 3.6. g has the same number of zeros as poles inside each B(am, d.,), for large
enough m.

Proof. This follows from (3.21) and the ‘argument principle’, since g(z) stays close

to 1 as z traverses the circle
_ _ etlam]
z:i)|z—am| = (logam)?®

and all of ¢’s large zeros and poles are inside the smaller discs B(am,, d;,). Lemma 3.6 is
proved. O

Lemma 3.7. There exists p > 0 such that
T(r,g) <rf (3.22)
for all large enough r.

Proof. For large enough n,

1

T < —
(T’I’Hg) C75m

1
n—1, " < C 6_1T n—1,
<7“ 1 g— 1) 14 (rn-1,9)

from (3.21), and so we can find p such that (3.22) holds for all sufficiently large r. The
proof of the lemma 3.7 is complete. O

Lemma 3.8. We have g(z) = 1+ o(1) as z — oo outside the union of the discs

B(am; V).

Proof. Lemma 3.5 shows that this result holds outside the discs
€1|am|
Blam, ——32 |
<“ (log am>2a)
so it suffices to prove that g(z) =1+ o(1) for
Vi <= a| < oHeml_ (3.23)
m
This is proved as in [4]. We factor out the zeros and poles of g in
61|am|
Bl amy, ——5— .
(“ (log amw)

Since these are equal in number, from Lemma 3.6, and lie in B(ay,, d,,), the result follows
from the maximum principle (using Lemma 3.7). Lemma 3.8 is therefore proved. g

This shows in particular that |f(z)| is large for large z outside the B(am,, vVdm)-
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Lemma 3.9. T(r, f) = o((log7)?) as r — oc.

Proof. We take n large and apply Lemma C with

r="Tn, If:’l“n/7 7’1/100<t<7"1/70, SZT—W? U(Z):—10g|f(2)|,
where c is the constant in Lemma 3.1, and with the B(b;, s;) those B(am, v/dy,) for which
t<|am| <.
Then /
1+s/r 9
—_— 1 . .24
1_8/T<Cl4(ogr) (3.24)

We have that u(z) < 0 for z outside the B(b;,s;) since f is large there, by Lemma 3.8.
For |z| = r,—1, we have
1+¢/r logr/|z| 8

3.25
1—t/r logr/t ~ Tlogr (3:25)
using the fact that 7, /r,_1 < %%, and
2r
log ——— < Cisaloglogr (3.26)
|2 = by
using (3.5) for r,_1. Also,
2r 2r
log — > log (3.27)
Sj 1/ dn/
for every j, since |b;| > t.
The maximum number of a,, in the annulus ¢ < |z| < r is no more than
Ci6(log )2, (3.28)

So, using (1.3) and (3.24)—(3.28), Lemma C gives, for |z| = 7,_1,

1t4q @loglogr

~l0g|7(2)] = u(z) < ~0(z) + mlr, )| 2 + Cr(log) (log £)2+8

Tlogr

< —v(2) + m(r, f)

6logr

for large enough n, using the fact that g > 4a.
But v is harmonic in B(0,r) with v(0) = mg(r,, —u) = m(ry, f), and so integrating
round |z| = 7,—1 we obtain

—m(rp—1, f) < m(rn,f){— 1+ 610;7" ]

and therefore
mrasf) _, 6 _ .5

A X ~ 1
m(rn—1, f) 5logry + 4n
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for large enough n, and so

logm(r,, f) < O(1) + %logn <O0(1)+ %loglogrn
so that, by (3.1),

T(rn, f) < %m(rn,f) = o((logy,)?).
Now, for any large r we have r,_; < r < r, for some n, and therefore
T(r, f) = o((logr)?).

And the proof of Lemma 3.9 is complete. g

In particular, we note that Lemma 3.9 implies that

n(r, f) +n(r,1/f) = o(logr). (3.29)

Lemma 3.10. Let 0 < 0 < €1 and let m be large. Then f has at least as many poles
as zeros, counting multiplicity, in B(am, (¢|am|/(1og |am])?*)).

Proof. Set
P q

h(z) = f(z) [Tz =207 [ (2 = wa), (3.30)

n=1 v=1

where the z,, 1 < p < p, are the zeros and the w,, 1 < v < g, are the poles of f in

olanm|
Blam, ——— |.
<“ (log am>2a)
Then A is analytic and non-zero in
olam| )
B(a,,, —24ml_)
( (log |am|)>*
We have

T(4lam|, h) < T(4laml, f) + O(n2laml, f) +n(2|am|, 1/ f))log |amn]
= o((log |am|)?), (3.31)

by Lemma 3.9 and (3.29).
We apply the Poisson—Jensen formula to h in |z| < 2|a,,|. This gives, using (3.31),

log ()] = o((log am|)?) (3.32)

for z € B(am, 1).
We choose z with

Vdm < |z —am| <4Vdy and |z —w,| = Vdn/q
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for each v. Then Lemma 3.8 and Lemma 3.9 and (3.30) and (3.32) give
log | f(2)]

<
< log|h(2)] + plog|4y/dm + dm| — qlog v/ dpm /q
< o((log lam))?) + (p — q) log \/dm.

Now
10g \/dp = 1(1l0g |am|)?+’
and in particular
—log \/dm # o((log |am|)?)

and we therefore conclude that p < ¢. Lemma 3.10 is proved. ([l

Lemma 3.11. For large n we have
N(rn,1/f) < (L +0(1))N(rn, f).

Proof. By Lemma 3.8, f has infinitely many zeros. If m is large and |a,,| < ry,, then
Lemma 3.10 shows that to each zero z, of f in B(am,d,,) there corresponds a pole w,
of f with

wy, = 2z, (14 0o(1)), log I'n

< log |T—n +o(1).

EM vl

This gives
N(rn,1/f) < N(ru, f) + O(logry,) + o(n(rn, 1/f)) = N(rpn, f) + O(log ry,)

and Lemma 3.11 follows. O

But now we can complete the proof of the theorem. Since f is large on |z| = r,, by
Lemma 3.8, we have, for large n,

T(rn, f) = N(ra,1/f) + O(1) < (1 4+ 0(1))N(rn, f) < (1 = 6/2)T(rn, f),

which is a contradiction. Theorem 1.1 is proved.
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