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Subnormal structure in some

classes of infinite groups

D.J. McCaughan

Let p be a prime and G a group with a p-reduced nilpotent

normal subgroup N such that G/N is a nilpotent p-group. It

is shown that if G has the subnormal intersection property and

if G/N is finite or N is p-torsion-free, then G is

nilpotent. This result is used to prove that an abelian-by-

finite group has the subnormal intersection property if and only

if i t has a bound for the subnormal indices of i ts subnormal

subgroups.

1. Introduction

The purpose of this paper is to prove and apply some results similar

to those which were used in [5] to investigate metanilpotent groups with

bounded subnormal indices. For general background, notation and

terminology we refer the reader to [5].

In studies of this nature a typical result is one which states that

under certain conditions, involving the subnormal structure to varying

degrees, a group is necessarily nilpotent. (For example k.h and 'y.k of

[6], and Lemma k of LSI.) We hope to indicate how further results of this

type can be used to describe in some detail the structure of some simple

instances of groups with restricted subnormal structure, and also to

determine conditions under which the subnormal intersection property

implies the (more manageable) property of having bounded subnormal indices.
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138 D.J. McCaughan

In §2, following the pattern of [5 ] , we present a series of

preliminary lemmas enabling us to investigate abelian-by-cyclic groups with

the subnormal intersection property. In §3 we apply the results of §2 to

prove the central theorem of the paper, Theorem A, which deals with

metanilpotent groups. Theorems B and C clarify to some extent the link

between the subnormal intersection property and the property of having

bounded subnormal indices, for metanilpotent groups. In Theorem D (§4) we

show that for abelian-by-finite groups the two properties coincide.

2. Preliminary results

The resul ts in the early part of this section concern automorphisms of

abelian groups, and may be already well known. In the interests of brevity

we fix some notation. We wil l denote by A an arbitrary abelian group and

by B a group acting on A , in the sense that there is given a specific

(but not always expl ic i t ) homomorphism from B into the group of

automorphisms of A . For elements a of A and h of H we write a

for the image of a under the* automorphism which is the image of h , and
—i It

[a, h] for the element a a . The subgroups < [a, h] : a € A) ,

< [a, h] : a € A, h € B> and < a : a = a for a l l h in H) wil l be
denoted by [A, h] , [A, B] and C or CA(H) respectively. If B i s

an //-invariant subgroup of A , the actions of H on B and A/B are

defined in the natural way.

Our f i r s t lemma is merely a statement of some obvious facts.

LEMMA 1. (a) The group A/C may be embedded in the cartesian

product [A, H] by the monomorphism a defined by:

(aC)a(h) = [a, h] .

(b) If a € A - C and {aC) = aC for all h in H then the map

6 defined by hQ = [a, h] ie a non-trivial homomorphism from H into

C .

LEMMA 2. If H ie finitej B ie any B-invariant eubgroup of A

and a., ( A has the property that (a,B) = a,B for all h in B 3 then
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Subnormal s t ruc tu re of groups 139

4*1 € BC .

Proof. The map (5 defined for each a in A by

is clearly a homomorphism from A into C . Now

TT

and the result follows.

REMARK. This lenma shows incidentally that i f the action of H on A

is fixed-point-free (that i s , C = 1 ) and A/B has no non-trivial
elements of order dividing |ff| , then the action of H on A/B remains
fixed-point-free. If A i s f in i t e , fixed-point-free action is transferred
to the factor group modulo any fl-invariant subgroup (see [ I ] , p. 335)• A
moment's contemplation of the inf ini te dihedral group should indicate that
this is not true in general if A i s in f in i te .

Our next lemma yields an analogue of a result for f ini te groups which

appears on p. 172 of [ I I ] .

LEMMA 3. If H %e finite then

(a) (Cn[A, ff])lfil = 1 ,

(b) J f i l < [A, H]C ,

(a) [ J f f | , S] 5 [[A, H], H] .

Proof. The homomorphism B defined in the proof of Lemma 2 has the
h Isl

properties that [a )& = a& for each h € B and a € A , and oB = a' '
i f a € C . Then

(CriLA, ; ? ] ) ' * ' = (Cn[A,

= 1 , proving (a).

Statement (b) follows from Lemma 2 on taking B = [A, E] , and (a) i s a
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140 D.J. McCaughan

t r iv ia l consequence of (b).

We will require the following more detailed version of Lemma 3.3 of

[5].

LEMMA 4. Let x be an automorphism of order pr of a p-reduced

abelian group A , where p is a prime and r a non-negative integer,

define A. for each non-negative integer i ae follows: AQ = A ,

i4^+1 = [A^, x] . If A, = A^+1 for some k then A. = 1 , and if in.

addition A is torsion-free, A^ = 1 .

Proof. The first part of this result appears as Lemma 3-3 of [5]. To

prove the second, i t will suffice to show that if A . £ C = C.(x) for

some non-negative integer m , then Am S C also. But if A^. < C the

subgroup A^C/C is elementwise fixed under the action of <x> . On the

other hand, since A is torsion-free, Lemma 1 (b) implies that the action

of <£> on A/C is fixed-point-free. Thus A £ C , as required.

The central lemma of this work is a variant of Lemma 3-5 of [5]. We

include a proof for completeness.

LEMMA 5. Let G be a group with a normal abelian subgroup A such

ihat G = (x, A) and [x , A] =1 for some integer k . If G has the

subnormal intersection property and A is p-reduced for each prime p

dividing k t then G is nilpotent; if, in addition, A is torsion-free

then G is abelian.

Proof. There is no loss of generality in assuming that k is a prime

power. If we write M for the subgroup < x > n A , G/M inherits the

subnormal intersection property and so the standard series in G/M of the

subgroup ( xM) must become stationary after finitely many terms. But this

standard series is Just {<x)A./M : i > 0} where the A. are defined as

in Lemma h. Thus for some positive integer m , <x>i4m ^ = ( i ) ^ . Then
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From Lemma k we deduce that A = 1 , and i f A i s torsion-free, that

A = 1 . The obvious .fact tha t , for each i , A. coincides with the

(i+l)th term Y-+-.G of the lower central series of G now implies the

resul t .

Example (a). The wreath product G of the additive group of

rational numbers with any f ini te cyclic group has the property that every

subnormal subgroup of G i s normal in G . But G is not nilpotent,

showing that the p-reducedness condition in Lemma 5 is essential .

Example (b). Since, for each prime p , the wreath product of a
f ini te abelian p-group with a p-cycle may have arbi t rar i ly large
nilpotent class, the torsion-freeness condition in Lemma 5 cannot be
removed without loss .

I t is possible to obtain fairly detailed information about the

structure of abelian-by-(finite cyclic) groups with the subnormal

intersection property, provided we retain some torsion-freeness

requirement.

LEMMA 6. Let G = (A, x) where A is an dbelian normal 8ubgroup of

G and ie p-torsion-free for eome prime p . Suppose that af , A\ = 1

for eome non-negative integer r , and -denote by P the maximal p-

radioable 8ubgroup of A . Then if G has the subnormal intersection

property,

(i) P = G'Cp(x) and G' n Cp(x) = 1 ;

(ii) G' = Y3G ;

(iii) A = G'CA(x) and G' n C^U) = 1 i

(iv) G' n ^ ( E ) = 1 •

(v) a evbnovmal aiibgroup of G which contains en element xa ,
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142 . D.J. McCaughan

a € A , contcrine G' and is normal in G .

Proof. By Lemma 3, P is the direct product of the subgroups Cp(x)

and [P, x] . Clearly (i) will be established if we show that
G' 2 [P, x] , that i s , [A, x] 5 [P, x) .

Let a € A . By Lemma 5, G/P is abelian since A/P remains

p-torsion-free. Thus [a, x] € P and x commutes with [a, x] modulo

[P, x] . I t follows that

[a, x~f = a, a? \y = y

for some y € [P, x] . But P/[P, x] is p-torsion-free, hence
[a, x] € [P, x] and we have shown [A, x] £ [P, x] as required.

Since G' = [P, x] and [[P, x ] , x] = [P, x] by Lemma 3, (ii)

follows immedi ately.

To prove (Hi) suppose for the moment that ^ ( x ) = 1 • Since A/P

i s p- torsion-free, the action of <x> on A/P remains fixed-point-free
by Lemma 2. But G/P i s abelian, so that A = P is the only poss ibi l i ty ,
and by Lemma 3, A = [A, x] .

To deal with the general case we note that by Lemma 1, A/CA(x) is

p-torsion-free and acted on fixed-point-freely by (x> . The argument

above then shows that

A = [A, x]CA{x) = G'CA(x) ,

and since C n C.(x) = G' n Cp{x) = 1 , (iii) is established.

Statement (iv) is now clear, for G' n T, (C) = G' n C.(x) . The fact

that

[ff\ xa] = [G\ x] = G'

proves (V).

REMARKS. To indicate the drastic effect of removing p-torsion-

freeness from the hypotheses of Lemma 6, we point out that for any non-

abelian group of the type mentioned in Example (b) above, all of the

conclusions (i)-(v) fail to hold.
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Subnormal structure of groups 143

Robinson ( [9] , Theorem E) has shown that the unrestricted standard
wreath product of any abelian group with an inf ini te cyclic group has the
property that every subnormal subgroup has subnormal index at most 2 .
This indicates that in the context of Lemmas 5 and 6 a res t r ic t ion of the

form [x , A~] = 1 i s necessary to make possible a useful description of
abelian-by-cyclic groups with the subnormal intersection property. Under
these conditions, as we shall see (Theorem D) such groups have bounded
subnormal indices; for abelian-by-cyclic groups in general the subnormal
intersection property does not necessarily imply the existence of a bound
for the subnormal indices (see Example 5-2 of [4]) .

3. The main theorems

In th is section we obtain some results similar to those of [5] in the

context of metanilpotent groups with the subnormal intersection property.

We also attempt to give conditions under which such groups have bounded

subnormal indices.

THEOREM A. Let G be a group with, a nilpotent normal subgroup Ii

such that G/N is a nilpotent it-group, for a given non-empty set of

primes ir , and N is p-reduaed for each prime p in ir . If G has

the subnormal intersection property and if

(i) ir = {p} and G/N is finite; or

(ii) TT = {p} and N is p-torsion-free; or

(Hi) {p, q] c IT with p f q ,

then G is nilpotent, and in cases (ii) and (Hi) the nilpotent class of

G is at most the larger of the classes of N and G/N .

Proof. To prove the result in case (i) we proceed by induction on

n = \G/N\ , noting that the case G = N is t r i v i a l . Suppose that « > 1

and the result holds for groups in which the order of the relevant quotient

group is less than n . Since G/N i s f ini te and nilpotent, there i s a

proper normal subgroup H of G , containing N , such that G/H i s

cyclic. By the induction hypothesis H is nilpotent since i t inherits a l l

the properties of G ; moreover since N and H/N are p-reduced, B i s

also p-reduced. Applying Lemma 3-5 of [5 ] , we deduce that G i s

nilpotent and our inductive proof i s complete.
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In case (ii) we use induction on the nilpotent class of JV . If

N = 1 the resul t i s immediate, so we assume N > 1 and put A = I,AN) .

Then N/A i s p-reduced by Lemma 3.U of [5] and by a well-known result of

Mal'cev N/A i s p-torsion-free. Since G/A inherits the subnormal

intersection property we may assume that G/A is nilpotent.

Now l e t a: be any element of G . Since G/A i s nilpotent, the

subgroup <x, At i s subnormal in G and thus inherits the subnormal

pk
intersection property. Moreover since for some integer k , x i N ,

[/, A]we have \& , A\ = 1 . Hence by Lemma 5» recalling that A i s

p- tors ion-free , <x, A) must be abelian. This shows that A is central

in G and that G i s nilpotent. To bound the nilpotent class of G we

may assume that the p-torsion subgroup T(p) of G i s t r i v i a l , for

N p T(p) = 1 and G i s a subdirect product of G/N and G/T{p) . Under

th i s additional assumption, we point out that by the above argument i t i s

easy to show t,.(N) < c. (G) for each non-negative integer i . If a i s

the nilpotent class of N , G/t, (G) i s thus a p-group. But because G

i s now assumed p-torsion-free, this forces G = t, (C) and proves the

claim.

In case (Hi) the hypotheses imply that N i s torsion-free. The

proof runs essential ly as in (ii) and wil l be omitted.

REMARKS, (a) If there i s a prime p in rr for which N is not

p-reduced, Example (a) of §2 shows that G need not be nilpotent. Similar

examples show that the weaker condition that N should be ir-reduced is

not sufficient.

(b) The group C wr C °° shows that the case v = {p} is special ,

and that the additional restr ict ions on N and G/N are needed to give

nilpotency.

(c) If, in the statement of Theorem A, we ins is t that G should have

a bound on i t s subnormal indices, then the result will hold, by Theorem A

of [ 5 ] , without the extra conditions on G/N and N in (i) and (ii), but

the estimate of nilpotent class will s t i l l depend on a torsion-freeness

https://doi.org/10.1017/S0004972700045524 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700045524


Subnormal structure of groups 145

condition (see Example (b) of §2).

In view of Remark (c) , the question arises as to whether, for a
nilpotent-by-(periodic nilpotent) group with the subnormal intersection
property, the conditions in (i) and (ii) of Theorem A are enough to imply
the existence of a bound for the subnormal indices. Such is indeed the
case, as we will now deduce from Theorem A.

THEOREM B. Let G be a group with, a nilpotent normal subgroup N

such that G/N is finite and nilpotent. Then G has ike subnormal

intersection property if and only if G has a bound on its subnormal

indices.

Proof. The implication in the reverse direction i s immediate. We
prove the non-trivial half of the theorem by induction on n = |G/ff| >
noting that the case G = N i s t r i v i a l . Suppose then that n > 1 . If
G/N cannot be expressed as the product of two proper normal subgroups i t
must be a cyclic p-group for some prime p . Then, denoting by P the
maximal p-radicable subgroup of N , Theorem A implies that G/P i s
nilpotent, say of class d . If the nilpotent class of N i s c , and 5
is any subnormal subgroup of G , we may apply Lemma 3.7 of [5] t o deduce
that 8(SP : S) 5 c . Hence

s(G : S) < s{G : SP) + s(SP : S) < d + c ,

and in this case the subnormal indices are certainly bounded.

We may therefore assume that G/N can be expressed as the product of

two proper normal subgroups. Now i f 5 i s a subnormal subgroup of G

with SN ? G , then SN coincides with one of the finitely many proper

subnormal subgroups of G which contain N . Each of these subnormal

subgroups sat isf ies the conditions of the theorem and so, by the obvious

inductive assumption, must have a bound for the subnormal indices of i t s

subnormal subgroups. Thus there i s an integer k , independent of S ,

such that 8{SN : S) 5 k . If the nilpotent class of G/N i s m , we

then have s(G : S) < k + m . On the other hand, i f S is a subnormal

subgroup of G with SN = G , then by our assumption on G/N , S can be

expressed as the product of two subgroups 5. and 5« , each normal in

S , with S^N/N and S^i/N proper normal subgroups of G/N . Then 5

and 5O are subnormal in G with subnormal indices at most k + m , as
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above. Hence by Lemma 2.2 of [ 7 ] , s(G : S) < (k+m) .

To sum up, any subnormal subgroup S of G w i l l have subnormal
o

index at most (k+m) ; th is integer is independent of the choice of 5 ,

so our inductive proof i s complete.

THEOREM C. Det IT be a non-empty set of primes and G a group with

a TT-torsion-free nilpotent normal subgroup N such that G/N is a

nilpotent •n-group. Then G has the subnormal intersection property if

and only if G has a bound on its subnormal indices.

Proof. To prove the non-trivial half of the theorem we argue by

induction on the nilpotent class n of N . We prove in fact that a bound

for the subnormal indices i s given by f{n) = r + ^-(n+2r+5) where

r = max(m, n) , m being the nilpotent class of G/N . We begin by

remarking that this formula is valid for tt = 0 , that i s , when N = 1 .

Writing A for ^(N) we may assume, since N/A i s TT-torsion-free, that

G/A has i t s subnormal indices bounded by r ' + tt-1 (n+2r'+k) where
2

r' = max(n-l, m) . Since r' 2 r we may replace th is bound by

For each prime p in IT let G{p)/N denote the Sylow p-subgroup of

G/N and Q{p) the maximal p-radicable subgroup of N . If 5 i s any

subnormal subgroup of G , l e t S(p)/SnN denote the Sylow p-subgroup of

S/SnN . Then S(p) i s a subnormal subgroup of G(p) , and by Lemma 3.7 of

[5] we have s{s(p)Q(p) : S(p)) * n . Now by Theorem A (ii) , G{p)/Q(p)

i s nilpotent of class at most r , since N/Q(p) i s torsion-free. I t

follows that 8[G : S(p)) £ n + r + 1 for each p in TT .

Now the group SA/SnN i s the Join of an abelian normal subgroup

A(SoN)/Srfl and a nilpotent subnormal subgroup S/SrN . By Lemma. U.5 of

[7] th i s means that SA/SrN i s nilpotent. Then S/SnN l i es in the

torsion subgroup T/SrN of SA/SrN ; moreover each term (after the f i r s t )

of the standard series of S/SnN in T/SrN i s Just the direct product of

the corresponding terms of the standard series of the S(p)/ScN as p

ranges over TT . Hence

s(T/Sr& : S/SnN) s n + r + 1 .
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We then have

s(G : S) < s(G : SA) + s(SA : T) + s(T : S)

< r + pY^ (n+2r+U) + l + n + r + l

£ r + |(n+2iH-5) = f(n) .

4. An application

In th is section we show, using our previous resu l t s , that any abelian-

by-finite group which has the subnormal intersection property has a bound

on the subnormal indices of i t s subnormal subgroups.

THEOREM D. Let G be a group with an abelian normal subgroup A

such that G/A is finite. Then G has the subnormal intersection

property if and only if G has a bound on its subnormal indices.

Proof. The implication in one direction is immediate. To prove the

converse implication, we argue by contradiction as follows. Suppose that

there are counterexamples to this implication, that i s , abelian-by-finite

groups with the subnormal intersection property but having unbounded

subnormal indices. Let G be a counterexample, with an abelian normal

subgroup A such that the factor group G/A has the least possible order

(clearly A ± G ). We show that we can make the following assumptions

about G :

( i ) <\{yAG% : i > 0} = 1 ,

( i i ) A = CG(A) .

To establish (i) we note that each member H of the finite set of proper

subnormal subgroups of G containing A will satisfy the hypotheses of

the theorem, with \H/A\ < \G/A\ . By the minimality of \G/A\ it is

then possible to find a positive integer k , independent of H , which

will bound the subnormal indices (in H ) of subnormal subgroups of H .

If d is the composition length of G/A , then for any subnormal subgroup

S of G such that SA is a proper subgroup of G we must have

e(C : S) < e(C : SA) + s(SA : S) < d + k .

If we now denote by Z the set of subnormal subgroups S of G with
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SA = G , the remarks above indicate that the subnormal indices of the

subgroups in E must be unbounded, since G is a counterexample. But if

S € I then for some positive integer m , depending on S , we have

yA(f = yA(SA)m = YAS™ 5 5 .

Hence S certainly contains B = 0{yAG1' ; i > 0) and i t is clear that

G/B must also be a counterexample to the theorem. Thus, by replacing G

by G/B i f necessary, we may assume that G sa t isf ies ( i ) .

If ( i i ) i s not sa t i s f ied , we have A < C = CQ(A) . Then C and i t s
derived group C' are normal subgroups of G , and G/C' has an abelian
normal subgroup C/C' , of index \G/c\ < \G/A\ . Since G/C' sa t isf ies
the hypotheses of the theorem, the minimality of \G/A\ implies that G/C'

has a bound on i t s subnormal indices. But A i s central in C , so tha t ,
by a well-known resul t of Schur (see [2 ] , Theorem 8.1), C' i s f in i t e .
Then by Lemma 1 of LSI, G has a bound on i t s subnormal indices,
contradicting our choice of G . We have thus shown that A = CJ^A) and

we may assume that G sa t isf ies both ( i ) and ( i i ) .

Now i f we define A. = yAG1 for each i > 0 , and put

4 = 1 = (\{A^ : i > o} , using ( i ) , we see that the chain {A^ : 0 < i 5 u}

is an invariant descending series of A , in the sense of [3] , 1.2.

Moreover, by ( i i ) , the group G/A i s isomorphic to a subgroup of the

s t ab i l i t y group of th i s s e r i e s , again using the terminology of [3] . But by

Lemma 16 of [3] a f in i te group vhich is embeddable in the s tab i l i ty group

of an invariant descending series of a group is necessarily abelian-by-

nilpotent. Thus there i s a normal subgroup M of G , containing A ,

such that M/A i s abelian and G/M nilpotent.

Now since M inheri ts the subnormal intersection property, M has a

bound on i t s subnormal indices by Theorem B. By a result of Roseb I ade

(Corollary to Theorem 1 of [JO]) the nilpotent class of a nilpotent group

with a bound k on i t s subnormal indices can be at most R(k) , for some

function R . I t easily follows that the lower central series of any group

with bounded subnormal indices must become stationary after f ini tely many

terms. Thus for some normal subgroup M^ of M , M/M^ is nilpotent and

[Af, , M] = M. . Then M. i s clearly contained in A ; indeed a simple
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inductive argument shows that for any non-negative integer i ,

M 5 yAM1 £ yAG1 . I t then follows from ( i) that M = 1 and thus M i s

nilpotent. But now since G/M i s nilpotent we may apply Theorem B to
deduce that G must have a bound on i t s subnormal indices. With th is
contradiction to our choice of G the theorem is proved.
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