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Abstract

We present a characterisation of Banach spaces possessing the weak Radon–Nikodym property in terms
of finitely additive interval functions whose McShane variational measures are absolutely continuous with
respect to Lebesgue measure.
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1. Introduction

In [1], Bongiorno et al. have shown characterisations of Banach spaces possessing
the weak Radon–Nikodym property (WRNP) in terms of finitely additive interval
functions. They proved that a Banach space X has the WRNP if and only if, for
every X-valued finitely additive interval function ϕ that has absolutely continuous
Henstock variational measure, there is a Henstock–Kurzweil–Pettis integrable function
f : [0, 1]→ X such that

ϕ(I) = (HKP)
∫

I
f for every interval I ⊂ [0, 1], (1.1)

where (HKP)
∫

I
f denotes the Henstock–Kurzweil–Pettis integral of f over I; see

[1, Definition 2.2].
In this paper, we present a characterisation of Banach spaces possessing the WRNP

in terms of finitely additive interval functions whose McShane variational measures
are absolutely continuous with respect to Lebesgue measure. We prove that a Banach
space X has the WRNP if and only if, for every X-valued finitely additive interval
function ϕ that has absolutely continuous McShane variational measure, there is a
weakly McShane integrable function f : [0, 1]→ X such that (1.1) holds true for every
interval I ⊂ [0, 1] (but now the integral is the weak McShane integral).
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Henstock and McShane variational measures have been used extensively for
studying the primitives (indefinite integrals) of real functions. See, for example,
the papers by Di Piazza [3] and Lee [4] and the book Pfeffer [5] for relations to
integration; see also the fundamental general work by Thomson [10].

2. Basic definitions

Throughout this paper, X denotes a real Banach space with its norm ‖ · ‖. By X∗ we
denote the dual to X. Given a functional x∗ ∈ X∗ its value on the element x ∈ X will be
denoted by x∗(x).

Let S be the unit interval [0, 1] of the real line equipped with the usual topology
and the Lebesgue measure λ. We denote by L the family of all Lebesgue measurable
subsets of S and by S the family of all nondegenerate closed subintervals of S .
The intervals I and J are said to be nonoverlapping if int(I) ∩ int(J) = ∅, where int(I)
denotes the interior of I.

A mapping ν :L→ X is said to be an X-valued measure if ν is countable additive in
the norm topology of X. An X-valued measure is said to be λ-continuous if λ(E) = 0
implies ν(E) = 0. The variation of an X-valued measure ν is denoted by |ν|.

A function ϕ : S → X is said to be an interval function. An interval function
ϕ : S → X is said to be finitely additive if ϕ(I ∪ J) = ϕ(I) + ϕ(J) for all
nonoverlapping intervals I, J ∈S with I ∪ J ∈S . We denote by Φ the family of
all finitely additive interval functions ϕ : S → X

A function ϕ ∈ Φ is said to be strongly absolutely continuous (or briefly sAC) if for
every ε > 0 there exists η > 0 such that, for every finite collection {Ii : i = 1, 2, . . . , n}
of nonoverlapping intervals in S ,

n∑
i=1

λ(Ii) < η⇒
n∑

i=1

‖ϕ(Ii)‖ < ε.

We denote by 〈a, b〉 the closed interval [min{a, b}, max{a, b}], a, b ∈ R. A function
ϕ ∈ Φ is said to be differentiable at s ∈ S , if there exists x ∈ X such that

lim
h→0

ϕ(〈s, s + h〉)
|h|

= x.

We write x = ϕ′(s) to denote the derivative of ϕ at s.
We say that a function ϕ ∈ Φ is pseudodifferentiable on S if there exists a function

ϕ′p : E→ X such that, for every x∗ ∈ X∗,

lim
h→0

x∗ϕ(〈s, s + h〉)
|h|

= x∗ϕ′p(s),

for almost all s ∈ S . (The exceptional sets depend on x∗.) The function ϕ′p is said to be
a pseudoderivative of ϕ.
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A pair (I, s) of an interval I ∈S and a point s ∈ S is said to be the McShane tagged
interval; s is said to be the tag of I. Requiring s ∈ I for the tag of I we get the concept
of a Henstock–Kurzweil tagged interval.

A McShane partition (or M-partition) π in S is a finite collection of McShane
tagged intervals (I, s) whose corresponding intervals are nonoverlapping. Similarly,
a Henstock–Kurzweil partition (or HK-partition) π in S is a finite collection
of Henstock–Kurzweil tagged intervals (I, s) whose corresponding intervals are
nonoverlapping.

A function δ : E→ (0, +∞) is said to be a gauge on E, where E is a subset of S .
We say that anM-partition π in S (HK-partition π in S ) is:
• anM-partition of S (HK-partition of S ) if

⋃
(I,s)∈π I = S ;

• E-tagged if, for all (I, s) ∈ π, s ∈ E;
• δ-fine, if, for every tagged interval (I, s) ∈ π, I ⊂ (s − δ(s), s + δ(s)).

D 2.1. A function f : S → X is said to be McShane integrable on S and
wS ∈ X is its McShane integral on S if, for every ε > 0, there exists a gauge δ on S
such that, for every δ-fineM-partition π of S ,∥∥∥∥∥ ∑

(I,s)∈π

f (s)λ(I) − wS

∥∥∥∥∥ < ε.
We write wS = (M)

∫
S

f . A function f : S → X is said to be McShane integrable on
E ⊂ S if the function f · χE : S → X is McShane integrable on S , where χE is the
characteristic function of the set E. The McShane integral of f over E will be denoted
by (M)

∫
E

f . Thus we have

(M)
∫

E
f = (M)

∫
S

f · χE .

If f is McShane integrable on S then we obtain by [7, Theorem 4.1.6] that for every
E ∈ L the function f is McShane integrable on E.

D 2.2. We say that a function f : S → X is strongly McShane integrable
(or briefly SM-integrable) on S if there exists ϕ ∈ Φ such that, for every ε > 0, there
exists a gauge δ on S such that, for every δ-fineM-partition π of S ,∑

(I,s)∈π

‖ f (s)λ(I) − ϕ(I)‖ < ε.

By [7, Proposition 3.6.16] we obtain ϕ(I) = (M)
∫

I
f , for each I ∈S .

Skvortsov and Solodov defined the McShane variational integrability of functions
f : I→ X, where I is a nondegenerate compact interval of Rm, m ∈ N; see [8]. This
notion coincides with SM-integrability from Definition 2.2.

If X is a finite dimensional Banach space then we obtain by [7, Theorem 5.2.2] that
Definitions 2.1 and 2.2 are equivalent.
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D 2.3. A function f : S → X is said to be weakly McShane integrable
(or briefly WM-integrable) on S if, for every x∗ ∈ X∗, the real function x∗ f is
McShane integrable on S and, for every I ∈S , there exists wI ∈ X such that
(M)

∫
I

x∗ f = x∗(wI). We call wI the weak McShane integral of f over I and we write
wI = (WM)

∫
I

f . The additive interval function F(I) = (WM)
∫

I
f is said to be the

WM-primitive of f .

According to [7, Theorem 5.2.3] a real-valued function is McShane integrable if
and only if it is Lebesgue integrable. It follows that, if a function f : S → X is Pettis
integrable, then the function f isWM-integrable and, for every I ∈S ,

(P)
∫

I
f = (WM)

∫
I

f ,

where (P)
∫

I
f denotes the Pettis integral of f on I. In [11], Ye and Schwabik have

shown that there exists aWM-integrable function that is not Pettis integrable.
Given ϕ ∈ Φ, a subset E ⊂ S and gauge δ on E, we define

VMϕ (E, δ) = sup
∑

(I,t)∈π

‖ϕ(I)‖,

where the supremum is taken over all E-tagged, δ-fine,M-partitions π in S . Then we
set

VMϕ (E) = inf{VMϕ (E, δ) : δ is a gauge on E}.

The set function VMϕ is said to be the McShane variational measure (orM-variational
measure) generated by ϕ. According to Thomson’s results from [9], it is known that
VMϕ is a Borel metric outer measure on S . We say that the McShane variational
measure VMϕ is absolutely continuous with respect to Lebesgue measure (or briefly
VMϕ (E)� λ), if λ(E) = 0 implies that VMϕ (E) = 0.

If we replace M-partitions by HK-partitions in the definition of McShane
variational measure we obtain the definition of Henstock variational measure,
[1, Definition 3.1]. We denote by VHϕ the Henstock variational measure generated
by ϕ ∈ Φ.

3. The main result

The following lemma was proved by Di Piazza in [3, Proposition 1]. (There she
considers real-valued functions, but the proof works also for vector valued functions,
after trivial changes.)

L 3.1. If ϕ ∈ Φ, then VMϕ � λ if and only if ϕ is sAC.

We now present the main theorem.

T 3.2. Let X be a Banach space and let ϕ ∈ Φ. Then the following statements
are equivalent.
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(i) X has the WRNP.
(ii) If VMϕ � λ, then ϕ is pseudodifferentiable on S .
(iii) If VMϕ � λ, then there exists a function f : S → X such that f isWM-integrable

on S and, for every I ∈S ,

ϕ(I) = (WM)
∫

I
f .

P. (i)⇒ (ii). Assume that VMϕ � λ. Since each HK-partition is anM-partition,
we obtain VHϕ � λ. Therefore the statement (v) of Theorem 4.5 in [1] implies that ϕ is
pseudodifferentiable on S .

(ii) ⇒ (iii). Assume that VMϕ � λ and let ϕ′p be a pseudoderivative of ϕ. We will
prove that the function f = ϕ′p isWM-integrable withWM-primitive ϕ.

Assume that an arbitrary I ∈S and an arbitrary vector x∗ ∈ X∗ are given. Note
that x∗ϕ is sAC and (x∗ϕ)′(s) = x∗( f (s)) almost everywhere in S . Therefore,
Theorem 7.4.13 together with [7, Theorem 5.2.2] yields that the real-valued function
x∗ f is McShane integrable on S with the primitive x∗ϕ. Thus,

(M)
∫

I
x∗ f = (x∗ϕ)(I) = x∗(ϕ(I)),

and, since I and x∗ are arbitrary, we obtain that f is WM-integrable on S and, for
every I ∈S ,

(WM)
∫

I
f = ϕ(I).

(iii)⇒ (i). Let ν :L→ X be a λ-continuous countable additive measure of bounded
variation. We define a function ϕ ∈ Φ as follows:

ϕ(I) = ν(I), I ∈S .

Since ν is λ-continuous, its variation |ν| is also λ-continuous, and since |ν| is a bounded
measure we obtain by [6, Theorem 6.11] that to a given ε > 0 there exists η > 0 such
that, for every E ∈ L,

λ(E) < η⇒ |ν|(E) < ε.

Let D be a finite collection of nonoverlapping intervals in S such that⋃
I∈D

λ(I) < η.

Then ∑
I∈D

‖ϕ(I)‖ =
∑
I∈D

‖ν(I)‖ ≤
∑
I∈D

|ν|(I) = |ν|
(⋃

I∈D

I
)
< ε.

This means that ϕ is sAC and therefore we obtain by Lemma 3.1 that VMϕ � λ. Hence,
by (iii), there exists a function f : S → X such that f isWM-integrable on S and, for
every I ∈S ,

ν(I) = ϕ(I) = (WM)
∫

I
f .
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Now we will show that f is Pettis integrable on S . Since each real-valued McShane
integrable function is Lebesgue integrable we obtain that for each x∗ ∈ X∗ the real
function x∗ f is Lebesgue integrable. Thus it remains to prove that for every E ∈ L
there exists xE ∈ X such that, for every x∗ ∈ X∗,

x∗(xE) = (L)
∫

E
x∗ f ,

where (L)
∫

E
x∗ f denotes the Lebesgue integral of x∗ f over E.

First we consider an open subinterval I of S . We denote by I the closure of I in S .
Note that

(L)
∫

I
x∗ f = (L)

∫
I

x∗ f = x∗
(
(WM)

∫
I

f
)

= x∗(ν(I)).

Thus we have xI = ν(I) = ν(I).
Secondly, let G be an open subset of S . There exists a sequence (Ik) of pairwise

disjoint open subintervals of S such that G =
⋃∞

k=1 Ik. Then

(L)
∫

G
x∗ f = (L)

∫
⋃∞

k=1 Ik

x∗ f =

∞∑
k=1

(L)
∫

Ik

x∗ f

=

∞∑
k=1

x∗(xIk ) =

∞∑
k=1

x∗(ν(Ik)) = lim
n→∞

n∑
k=1

x∗(ν(Ik))

= lim
n→∞

x∗
( n∑

k=1

ν(Ik)
)

= x∗
(
ν
( ∞⋃

k=1

Ik

))
= x∗(ν(G)).

Hence, xG = ν(G).
Finally, we consider a measurable set E ∈ L. There exists a sequence (Gn) of open

subsets of S such that, for every n ∈ N,

E ⊂Gn, Gn+1 ⊂Gn

and λ(Gδ \ E) = 0, where Gδ =
⋂∞

n=1 Gn. Since ν is a λ-continuous countable
additive measure and limn→∞ λ(Gn) = λ(Gδ) we obtain by [2, Theorem I.2.1] that
limn→∞ ν(Gn) = ν(Gδ). Therefore,

(L)
∫

E
x∗ f = (L)

∫
Gδ

x∗ f − (L)
∫

Gδ\E
x∗ f = (L)

∫
Gδ

x∗ f

= lim
n→∞

(L)
∫

Gn

x∗ f = lim
n→∞

x∗(xGn ) = lim
n→∞

x∗(ν(Gn)) = x∗(ν(Gδ)),

and so xE = ν(Gδ) = ν(E).
Consequently the function f is Pettis integrable and, for every E ∈ L,

ν(E) = (P)
∫

E
f .

This proves that X has the WRNP. �
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