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COMMUTATOR OF TWO PROJECTIONS
IN PREDICTION THEORY

TAKAHIKO NAKAZI

Let w be a nonnegative weight function in L = L (d8/2ii) . Let

Q. and P denote the orthogonal projections to the closed linear

spans in I? (wdQ/2v) of {g1"9 : n < 0} and { e W 8 : n > 0} ,

respectively. The commutator of Q. and P is studied. This has

applications for prediction problems when such a weight arises as the

spectral density of a discrete weakly stationary Gaussian stochastic

process.

1. Introduction

Let w be a nonnegative weight function in L = L (<28/2TF) .

Let Z denote the closed linear span in Z of {e : n < 0} and Z

denote the closed linear span in Z of {e : n > 0} , where

Z = L {wdQ/2-n) . Q_ denotes the orthogonal projection onto Z in Z

and P denotes the orthogonal projection onto Z in Z . In this paper

we assume that log W £ L because Z = Z = Z in the case that

log W ̂  L . Hence we may assume W = \h\ for some outer function h

in fr , the Hardy space for the unit disc. Then Z = h H and

Z+ = h~XzE2 . s e t

<s> = Ti/h .

Let P be the orthogonal projection from L onto H and

Q - I - P where I is the identity operator on L . Let P be the
o
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orthogonal project ion from L onto M ^ u . Put Myf = kf , k 6 L

and / G L2 . Then § + P = M QM- and P - P = M PM- . Let H,
\J Z Z \J 2 2 K.

denote the Hankel operator on H defined by H,f = Q(M,f) , and T,

denote the Toeplitz operator on H defined by T.f = P(M-,f) .

In t h i s paper i t i s shown tha t IIQP - P0 < 1/4 . Let H*H. = XdE

fE
Then i t i s shown tha t QP - PQ. i s compact i f and only i f XdE i s

Jo A

compact for any e with 0 < e < 1 . Also QP - PQ_ i s compact and

Z + Z = Z i f and only i f H- i s compact. I t i s shown that H- i s
9 9

f
compact if and only if XdE i s compact.

Jo A

Helson and Sarason [2] showed that QP is compact if and only if H

is compact. Levinson and McKean ([4] , pp. 103-105) studied the weight

functions which satisfy QP - PQ = 0 and Hayashi [1] considered the

operator QP - Q A P where Q A P denote the orthogonal projection onto

Z~ n Z+ in Z .

The problem of characterizing the weight functions w that satisfy

some kind of interdependence of Z and Z is of interest in the

theories of weighted trigonometric approximations and discrete weakly

stationary Gaussian stochastic process (such weights arise as the spectral

densities of processes) . We call Z the past of Z and Z the future

of Z . The results in this paper (see [1], [2], [3] and [5]) have

applications for prediction problems when such a weight arises as the

spectral density of a discrete weakly stationary Gaussian stochastic

process.

2 . Norm of QP - PQ

We give t h r e e lemmas which r e l a t e the commutator QP - PQ and t h e

Hankel o p e r a t o r of <fi where <j> = Tifh and w = \h\

LEMMA 1. For k e L2 , Qh^k = h~lM QM-k and Ph^k = h~XM PM-k .
3 Z Z Z

Proof. Since Z = h'XL2 = h~lH2 ® h'^zU2, h'h = h'1 (Q +PQ)k =

https://doi.org/10.1017/S0004972700004500 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700004500


Projections in prediction theory 6 7

h M QM-k. k £ L . The statement for P follows s imilar ly .
z z '

LEMMA 2. Let k e £2 . 3%en #ie following hold :

(1) QPh'h = fc~ 1M QM,PM-k ,
Z (p 2

^ = ft"^ (M-QM^P - PM-QM.)M-k .

Proof. This is clear.

LEMMA 3 . Let A = M^QM.P - PM-.QM, . Then A\l? = - %
( p a ) (p (p a)

Proof. We sha l l prove only AIH2 = -H-T, , since AlzH2 = T-ff̂
99 $ 9

follows similarly.

A\H2 = <.M-QMXP - PM-QM.P) Iff2

99 99

= QM-QM.PlH2

9 9

= QM-(I-P)M P\H2

2
The map S : f •*• hf i s an isometry of Z onto L . Then

M-S(QP-PQ) = (MTQM.P - PMjQMJM-S
Z 99 9 9 2

THEOREM 1 . IIQP - PQj < 1/4 .

Proof. By the remark above, \\QP-PQ\\ = IH-Tj .
9 <P

I f H.H. = XdE, then
T X J ^

(HT)*HT = f1

Q) Q) Q) (p 1

and th i s implies 0Q? - PQti < 1/4 .
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A theorem of Helson and Szego [3] shows that UQ.PD < 1 i f and only i f

o(H*HJ C [0,1-e] for some e > 0 where a (H*H ) i s the spectrum of
<f> <p I f

H*HX . The proof of Theorem 1 shows tha t D Q.P - PQjl < 1/4 i f and only i f<f <)>

aW*^) C [0,1/2-e] U

3. Compactness of QP - P£

W = \h\ for some outer function h in / r and if = ^/fa. Let

fl
XdE

o
 A

THEOREM 2. 2%e following three properties are equivalent.

(1) QP - Pd is compact ;

(2) H-T. is compact :
9 <?

fE f1

T3; For any e with 0 < e < 1 , XdE and (l-XJdE1 are
J o * J £ A

compact.

P r o o f . Lemmas 2 and 3 i m p l y (1) <» (2) .
r l

(2) o (3) . (H-TJ*H-T, = A(l-A)d£\ by the proof of Theorem 1.
<P 9 <P 9 Jo A

Hence H-T, i s compact i f and only i f for any e , with 0 < e < 1 ,
9 9

f 1
X(l-X)dE and X(l-X)dE are compact, that i s i f and only i f (3)f

J
0

holds.

THEOREM 3 . The following three properties are equivalent.

(1) QP - PQ. is compact and Z~ + Z+ - Z ;

(2) H- is compact :

(3) For any e , with 0 < e < 1 , XdE. is compact and

f 1

(1-A)d£\ has finite rank .

Proof. (1) =»• (2) . s ince Tf-'-S2 + ^"1
3ff

2 = h'1!,2 , zH2 + 4H2 = L2

T i s r i gh t i n v e r t i b l e . By Iheorem 2, H- i s compact.
9 <f>

(2) => (3) . If H-r i s compact and JHr-D = 1 then there e x i s t s f
9 9
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in H2 with D fll = 1 such that H^H-rf = / and so T-f = 0 . This

contradicts ker T- = {0} . Hence if H- i s compact then Otf-0 < 1 .

Thus 2 1 / = H2 and so ISV/t > 60/B _ , f e M for some 6 > 0 where

M = (ker 2\) . Let P.. be the orthogonal projection from L onto M .

Then there exists a bounded linear operator K such that KT-rT = P^ •

PJi*M, i s compact because H2 i s compact and {H-tT.)*H2T, = T-rT H*E .

Since ker ̂  = (E± -E^H2 , Ptflfa = fljff^ - Ohus ffjff^ is

compact and so XdE i s compact. This i m p l i e s ( 3 ) .
J 0 A

(3) =* (2). By Theorem 2 H-T, i s compact. Since XdE. i s
9 9 J n

compact, II21 /1I > 611/11 , f^M fo r some 6 > 0 because

fl*fl.|Af = ( J " - y * r , ) | W i s compact. This i m p l i e s t h a t T. i s r i g h t
99 99 9

invertible and so H- i s compact.

(2) =» (1). As in the proof of (2) =* (3) if H- i s compact then

T is lef t invert ible . T, is left invertible i f and only if

zH + $H = L . This and Theorem 2 imply (1).

THEOREM 4. The following three conditions are equivalent.

(1) Q? - PQ. has finite rank 2n ;

(2) H- has finite rank n ;

(3) for any e , with 0 < e < 1 , XdE. has finite rank m and
>0 K

\

1
(1-A) dE. has finite rank i, with m + I = n .

e

Proof. By Lemma 3 rank (£P - PQ.) = 2 rank tf-2\ . Since
<(> 9

ker T- = {0} ,
<P

r a n k H-.T. = r a n k T-H^ = r a n k ff^ = r a n k H- .
99 9 9 9 9

These imply (1) *» ( 2 ) . (2) <> (3) can be shown in a s i m i l a r manner t o

(2) o (3) i n Theorem 3 .
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4. Weight functions

W = \h\ for some outer function h in H and <(> = Tl/h . Let C

denote the set of a l l continuous functions on the unit c i rc le . Using a

theorem of Wolff [6] we can show that W = \h \ e where h is an

outer function in H = n W , ^ n / ^ n = FG for some inner functions F

p<2

and G and where w and v are real functions in C (V denotes the

harmonic conjugate of V ) .

PROPOSITION 5 . QP - PQ. is compact and Z" + Z+ = Z i f and

w = |fcol V + u

where h is an outer function in H , ^r/^0 = ^ ^or some

function F and where u and v are real functions in C.

Proof. If QP - PQ. i s compact and Z~ + Z = Z then by Theorem 3

H- i s compact. Hence <j> G # + C . By a theorem of Wolff [6]

<j> = Fe where F i s an inner function and where u and V are

r e a l functions in C . Put g = e then

\g\\h\2 = Fgh2 > 0 a.e. .

2 2 2 2 —
I f h = gh then h 6 ti by a theorem of Zygmund (see (4] , p . 140) .

Since \h \ = Fh , h~0/hQ
 = F and W = \h.\ e . Conversely if

\h\ - \h | e then ^ G fl + C . Since H- i s compact. Theorem 3

implies the propos i t ion .

Let Z be the closure of the project ion of Z on Z then

Z~ 3 Z ~ . Levinson and McKean ( [5 ] , pp. 103-105) showed tha t

Z 7* Z i f and only i f <j> = FG for some inner functions F and G .

PROPOSITION 6. QP - PQ. has finite rank 2n if and only if $ = FG

where F is an inner function and G is a finite Blashke product of

degree n .

Proof. If QP - PQ. has f in i t e rank 2n then by Theorem 4 H- has
9

f in i te rank n . Then ker H- ? {0} and so ker H- = GH for some inner

function G by Beurling's theorem. Hence <j> = FG for some inner
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function F . Since rank H-r = codim ker H- = dim(iT © GH ) , G i s a
9 9

f ini te Blashke product of degree n . Conversely if <j> = FG and G i s

a f ini te Blashke product of degree n then H- has f ini te rank n .

Theorem 4 implies QP - ?Q_ has f ini te rank 2n .

Hayashi ( [ I ] , Theorem 2) showed that QP - Q. A P i s compact if and

only if HT i s compact. The proof shows that QP " 0. A P nas f ini te

rank n i f and only i f #T has f in i te rank n . Thus

rank (QP - PQ) = 2 rank (QP - 0 A P) .
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