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Abstract

In the 2006 edition of the Kourovka Notebook, Berkovich poses the following problem (Problem 16.13):
Let p be a prime and P be a finite p-group. Can P have every maximal subgroup special? We show that
the structure of such groups is very restricted, but for all primes there are groups of arbitrarily large size
with this property.
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1. Introduction

In the 2006 edition of the Kourovka Notebook (see [5]), Berkovich poses the following
problem (Problem 16.13):

Let p be a prime and P be a finite p-group. Can P have every maximal subgroup
special?

Berkovich defines a special p-group S to be one which satisfies S’ = Z(S) = O(S)
(where Z(S) is the centre of § and ®(S) is the Frattini subgroup of §). Other
authors allow S to be elementary abelian; we will follow Berkovich here. Clearly,
the requirement that all maximal subgroups be special places severe restrictions on
the structure of such a group. Our aim here is to establish some of these restrictions
and to show that such groups are more common than might be expected. We show
that, except for some small values of n, there will be examples on n generators for any
prime p.

Throughout this paper, P will be a p-group and n will denote the minimal number
of generators of P.

TueoreM 1.1. Let p be a prime and P a p-group with minimal number of generators n.

(1)  Ifn =2 then P contains a maximal subgroup which is not special.

(i) Ifn =73, then P contains a maximal subgroup which is not special unless p = 3,
P has exponent at most 9 and P has class 3. There are exactly two 3-groups on
three generators with all maximal subgroups special.
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(i) For n>4 and all p, if P is not special then P contains a maximal subgroup
which is not special. There exist n-generator special p-groups P with maximal
subgroups special for all n > 4 and all p.

If P has all maximal subgroups special then Theorem 1.1 gives a bound of p""+1/2

on the order of P, and hence for given n, p there are only finitely many n-generator
p-groups with all maximal subgroups normal.

If P is a group in which every maximal subgroup is special then P cannot be abelian.
Thus P has at least two generators and any proper subgroup of P has exponent dividing
p? and is nilpotent of class at most 2. We begin with a general observation. If x € P,
then x is contained in a special subgroup and hence has order at most p?. Further, if
xP is not in P’, then (x, P’") is contained in a maximal subgroup M such that x” is not
in M’ and so M is not special, which is a contradiction. Note also that if P has at least
three generators then for any x, y € P we have [x, y, y] = 1 since (x, y) is nilpotent of
class at most 2. The following lemma is an immediate consequence.

Lemma 1.2. If P is a group in which every maximal subgroup is special, then P has
exponent dividing p* and P|/P’ has exponent p (and hence P’ = ®(P)). Further, if P
has at least three generators then P satisfies the second Engel condition ([x,y,y] =1
forall x,y e P).

Our notation is mostly standard and usually follows Doerk and Hawkes [2]. Note
that the ith term of the lower central series of a group G is denoted by K;(G).

2. The 2-generator case

Suppose P = (x, y). If u € P\P’, then M = (u, P’) is maximal and hence special (and
$0, in particular, nonabelian). Conversely, if M is maximal in P, then M = (u, P’) for
some u € P\P’. Note that M’ < K5(P). If u” ¢ K5(P) then u” ¢ M’ and so M/M’ has
exponent p?, which is a contradiction. We now have u? € K3(P) for all u ¢ P’. Thus
P/K3(P) has exponent p and so is extraspecial of exponent p with p odd. It follows
that M/K3(P) is elementary and then [u, v] ¢ M’ and also that P has class at least 3.
Since (y, [x, y]) has class at most 2, it follows that P satisfies the third Engel condition
(thatis, [x,y,y,y] =1 for any x, y € P).

Suppose P has class 3. We have that M = (u, P’) is maximal. If [u, v, v] € (u, [u, v])’
then [u, v, v] € Z(M)\M’ and M is not special, which is a contradiction. Thus we
must have [u, v, v] € {[u, v, u]). If [u,v,v] =[u, v, u]’, then [u, v, vu~'] = 1. But now
vu™', [u, v], [u, v, u]) is an abelian maximal subgroup, which is again a contradiction.

Hence P must have class at least 4 and so P must be a 2-group of class 4 with K3(P)
of order two (Heineken [3, Satz 1 and Zusatz 2]), contradicting p odd.

3. The 3-generator case

Since every maximal subgroup of P is special, every 2-generator subgroup of P has
class at most 2 and hence by a theorem of Levi (Neumann [6, Theorem 34.31]) Pis a
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group of class 2 unless p = 3. If p = 3, then P has class at most 3 and if it has class 3,
K3(P) has exponent 3.

Suppose P has class 2 and let M be a maximal subgroup of P. Then for any x, y € P,
M ={x,y, P’) is special and hence ([x, y]) = M’ has order p. Moreover, if M’ < P’
and ce PP\M' then ce PN M <Z(P)N M < Z(M) and so c € Z(M)\M’, which is a
contradiction. Thus P’ is cyclic of order p. If Z(P) =P’ we would have P special
and thus extraspecial. But |P/Z(P)| = p?, contradicting Huppert [4, Satz II1.13.7.c].
It follows that Z(P) > P’. If z€ Z(P)\P’ and x ¢ (z, P’) then (x, z, P’) is an abelian
maximal subgroup, which is a contradiction. Hence P cannot be of class 2.

Now suppose that P has class 3 (so that P is a 3-group and K3(P) has exponent 3).
Suppose also that P has exponent 3. Since the free group B of exponent 3 on three
generators has order 37 with Z(B) = K3(B) of order three, B has all proper quotients
of class 2 and hence we must have P = B. Suppose that M is maximal in P, so that
M ={x,y, P’). Let u € P\M. Then it is easy to calculate that M’ = {[x, y], [x, u, y]) =
Z(M) =®(M) and so M is special.

A small variation on the above group gives another example. Let B be the free
group of exponent 3 on generators x, y, z and C = {(c¢) be a cyclic group of order nine.
In Bx Cletd=cxandset Q={(d,y,z). Then ¢ =d> <Z(Q). If we set Z = (d*) and
then P = Q/Z, P is a group of order 37 with all maximal subgroups special.

Now suppose that P has exponent 9. Then P’ /K3(P) is an abelian group of exponent
3 and so has order at most 27. It follows from the second Engel condition and Witt’s
identity [4, Satz II1.1.4] that |P| < 37. A computer search shows that the group of the
previous paragraph is the only such group with all maximal subgroups special. (I am
grateful to Mike Newman for doing the search.)

4. The n-generator case, n > 4

Note that as above P will have P/P’ of exponent p and P’ elementary abelian.
Since n > 4 any three elements will generate a proper subgroup and hence a subgroup
of class at most 2. This gives that any commutator of weight 3 is trivial. Hence P has
class 2 and so P’ < Z(P). Clearly, if z € Z(P)\®(P) there is a maximal subgroup M
of P with ze€ M\®(P). We then have M not special, which is a contradiction. Thus
P’ < Z(P) < ®(P). On the other hand, by Lemma 1.2 we have ®(P) = P’. We now have
P’ =Z(P) = ®(P) and so P is special. As a consequence, |P| < pz"™*D and so for any
prime p there are only a finite number of n-generator p-groups with every maximal
subgroup special.

Observe that if P is special and a maximal subgroup M is also special we have
P =Z(P)=O(P)<M and M’ =Z(M) = d(M) and thus Z(P) <Z(M)=M'<P’'. 1t
now follows that Z(P) = Z(M), P’ = M’ and ®(P) = D(M).

We have seen that if P has two or three generators and is special it cannot have all
maximal subgroups special. We now show that for all n > 4 and all primes p there are
special p-groups on n generators with all maximal subgroups special.

Our examples start with the following groups. Let F be a field of characteristic p
and order p™, m > 2, and set P ={(a, b,c) : a, b, c € F}, with multiplication defined
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by (a,b,c)d, e, f)=(a+d,b+e,c+ f+ae). That P is a special p-group is proved
by Beisiegel [1]. (These groups have been called ultraspecial by Beisiegel [1];
note also that P is the Sylow p-subgroup of SL3(F).) Set H={(a,0,0):a€ F} and
K={(0,a,0):a€ F} and note that P’ ={(0,0,a):a € F}. We will also need some
information about centralisers of elements in P. We have P’ = Z(P). Suppose that
u=(a,b,0)e P\P’. If a#0 then Cx(u)=1. To see this, if v=(0, b, 0) € K then
[, v] =(0,0,ab) =1 if and only if b =0. The maximal subgroups of P are of three
types, which we consider separately. It is easy to see that M is a maximal subgroup
of Pifand only if M =(A, K, P'), M =(H, B, P") or M = {xy, A, B, P""), with A and B
maximal subgroups of H and K respectively and x € H\A, y € K\B.

Suppose now that N = (A, K, P’) with 1 # A< H. If 1 #x€ A then [x, K] =P’. To
see this, if x = (@, 0,0) (@ # 0) and u = (0, 0, c) € P’, we set y = (0, a !¢, 0) and then we
have [x, y] = u. Thus N’ < O(N) < O(P) = P’ < N’, giving P’ = N’ = O(N). Moreover,
if y=(0, b, 0) then [x, y] = (0, 0, ab) and so Cg(x) = 1. It now follows that Z(N) = P’
and so any subgroup of P containing K and a nontrivial subgroup of H is special.
Similarly, any subgroup of P containing H and a nontrivial subgroup of K is special.
In particular, maximal subgroups of the first two types are special.

If M is a maximal subgroup of the third type, with x = (a,0,0) and y = (0, b, 0),
then xy = (a, b, ab). Take 1 #v=(d,0,0)€ A and u = (0, ¢, 0) € B. We have [v, u] =
(0,0, dc) and since [v, u] = 1 if and only if ¢ =0 we have |[v, B]| = p"~!. Note that
[v, xy] = (0,0, db) ¢ [v, B]. Similarly, we have [xy, A] ={(0, 0, be) : e € A}. Since
(0,0, bd) € [xy, AI\[v, B], we have {[xy, Al,[v,B])=P’. Thus M’ =P. Now let
u=_(e,d,c)eZ(M). Since B # 1 we must have e = 0 by the remark above. Similarly,
since A # 1 we must have d =0 and so u € P’. Since P’ < Z(M) we have P’ = Z(M)
and then M special.

This establishes the existence of n-generator special groups with all maximal
subgroups special for even n > 4 and any prime p. For odd n > 5 we use subgroups of
the examples above. Let P be the ultraspecial p-group on 2m generators (m > 3) with
subgroups H, K as above. Let f be a generator of the multiplicative group of F and
then let E be a maximal subgroup of the additive group of F containing both f and the
multiplicative identity ¢ of F. Then A = {(a, 0, 0) : a € E} is a maximal subgroup of H.
Set Q = (A, K, P’) and note that the argument above shows Q' = P’. If M is a maximal
subgroup of Q, then M =(C, K, P’), M =(A, B, P’y or M ={x, S, T, P’), where C and
S are maximal subgroups of A, B and T are maximal subgroups of K and x = (a, b, 0)
with (a,0,0)¢ S, (0,0,0)¢T. Let So=1{a:(a,0,0)eS}and To={b:(0,b,0)e T}
(note S and T are subgroups of F).

If M =(C, K, P’) then as above we have M special.

If M =(A, B, P") we suppose first that {a:(a,0,0)€ A} #{b:(0,b,0) e B}. Ifu=
(a,0,0) witha ¢ {b : (0, b, 0) € B} then [u, (0, b, 0)] = (0, 0, ab) and [(¢, 0, 0), (0, b, 0)]
=(0,0, b). Since {(0,0,b):(0,b,0)€ B} is a maximal subgroup of P’ and
[u, (0,b,0)] ¢{(0,0,b):(0,b,0) € B}, we have M’ = P’. Since nontrivial elements
of A do not commute with nontrivial elements of B we have Z(M)<P' =M’ <
OM)<D(Q)=0Q =M =Z7Z(Q) <Z(M), and hence M is special. Now suppose
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that E=1{a:(a,0,0) € A} ={b: (0, b, 0) € B}. Since € E we have [(¢, 0, 0), (0, b, 0)] =
0,0,b)e M’ and so {b:(0,0,b)eM’'}>E. If {b:(0,0,b)e M’} =E we have
[(f,0,0), (0, b,0)] = (0,0, £b), and hence if f' € E then f*! € E and so F < E, which
is a contradiction. Since E is maximal in F we get {b:(0,0,b) e M’} = F and so
M’ = P’. As above we now get M special.

Finally, suppose M =(x, S, T, P’y with x = (a,b,0) and a ¢ S, b ¢ Ty. Sincen > 6
we have SgNTp#0. If u=(s,0,0)€S and 0 # s €Sy N Ty then as above [u, T] =
{(0,0,st):te Ty} ={(0,0,7):te Ty} and so is a maximal subgroup of P’. If S is
not contained in T let s € Sy \ Ty. We then have [(s, 0, 0), T] ={(0, 0, s1) : t € Tp}.
Since st ¢ Ty for any ¢ it follows that ({(0,0,v):veToUsTo}y=P. If So<Ty,
then [x, S]=1{(0,0, sb): s€S}. Since S¢g < Ty and b ¢ T, it follows that [x, S| is not
contained in [u, T] and then {[x, S ], [u, T]) = P’. Thus M’ = P’ and as above we have
M special. This completes the proof of Theorem 1.1.
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