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EXISTENCE OF POSITIVE SOLUTIONS
OF QUASILINEAR ELLIPTIC EQUATIONS

ADRIAN CONSTANTIN

We prove under quite general assumptions the existence of a positive solution to
the equation Au + f(z,u) + g()2.Vu = 0 in exterior domains of R" (n > 3).

1.

Let us consider the quasilinear second order elliptic equation
1) Au+ f(z,u) + g(|z]) z.Vu =0, =z € Gg4,

in an exterior domain G4 = {z € R*: |z| > A}. (Here n >3 and A > 0.)

Our purpose is to prove under quite general assumptions on the functions f and
g the existence of a positive solution to (1) in Gg = {x € R® : |z| > B} for some
B> A.

Given that all solutions of (1) that are radial functions (which depend only on
r = |2|) satisfy a second-order nonlinear ordinary differential equation, it seems natural
to consider first the problem of the existence of solutions of constant sign to second
order nonlinear ordinary differential equations. This ODE approach will enable us to
construct a positive subsolution w and a positive supersolution v to (1) such that
w(z) < v(z), ¢ € Gp, for some B > A, and then to establish the existence of a
positive solution of (1) in Gp that is squeezed between w(z) and v(z).

Among the equations of the form (1) we have the equation
(2) Av+ f(z,u) =0, =z€Ga.

To show the applicability and usefulness of our results we show that they cover cases
when recent investigations (see [4]) on equation (2) are powerless.
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2.

Let us consider the second order elliptic equation
(3) Au+ F(z,u,Vu)=0, =z€ G4 CR"

subject to the assumptions
(i) there is a number a € (0,1) such that F € C*(M x J x N, R) (Hélder
continuous) for every bounded domain M C G4, every bounded interval
J C R and every bounded domain N C R";
(ii) for every bounded subdomain M of G4, there exists a nonnegative con-

tinuous function lps such that

|F(a,t,9)| <tu(t)(1+1s*), =€, te R, yeR™

A solution u of (3) in Gp for some B > A is defined to be a function u €
C**®(M) for every bounded subdomain M C Gg, such that u satisfies (3) at every
point £ € Gp. Subsolutions of (3), that is, functions u satisfying Au+ F(z,u,Vu) > 0,
and supersolutions, that is, functions u satisfying Au + F(z,u,Vu) < 0, are defined
similarly.

Let us denote for B > A4,

Sg={z€ R": |z| = B}.

We shall need the following result in the sequel.

LEMMA 1. [3] Assume that the conditions (i) and (i) are satisfied. If for some
B > A there exists a positive subsolution w and a positive supersolution v to (3) in
Gp such that w(z) < v(z) for all z € GpU Sp, then (3) has a solution v in Gp such
that w(z) < u(z) < v(z) throughout Gg U Sp and u(z) = v(z) for z € Sp.

3.
Let us consider the nonlinear ordinary differential equation
(4) v + G(t,u,u')=0, t>1,
where G € C*([1,00) x R%, R).

We introduce the class ® of functions w € C'(R4, Ry) with w(0) = 0 and w(t) >
0 for ¢ > 0, nondecreasing on Ry and which satisfy [ (1/w(s))ds = co.
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LEMMA 2. Assume that

|G(t,u,v)| < a(t)w(ll:—l) +58(t)|v], t>1, u,v€R,
where w € ® and a,b € C(R., Ry) satisfy fom la(s) + b(s)] ds < o0.

Then equation (4) has a solution u(t) which is of constant sign in [m, oo} for some
m21.

PROOF: Under the hypotheses of Lemma 2 we know (see [1]) that every solution of
(4) is defined on [1,0) and that for every solution u(t) of (4) there are real constants
c,d such that u(t) = ¢t +d+ot) as t — oo0.

We shall actually show that any nontrivial solution of (4) is of constant sign in
some interval [m,c0) for some m > 1.

Assume that there is a nontrivial solution u(t) of (4) which has a strictly increasing
sequence of zeros {tn}n>1 accumulating at oo. Then we have that the corresponding
c,d are both equal to zero and taking into account (see [1]) that ¢ = tlillgo u'(t), this
implies that tligalo u'(t) = t1~l—«>n¢;lo u(t) = 0.

Since u(t) is bounded on [1,00), we may define
K =sup{lu(t)]}, L= sup {jw'(u)]}.
21 lul<K

By the mean-value theorem (since w(0) = 0) we have that w(|u|) < L|u| for [u| < K.

Let ¢t > 1 be a root of u(t) such that L:o [a(s) + b(s)]ds < 1/(L +1). Since G
is of class C! we have uniqueness for the solutions of (4} and so, since u(fx) = 0 and
u(t) is nontrivial, we have that |u'({x)] > 0 (otherwise u(t) = 0 for all ¢ > 1 since
G(t,0,0) = 0 for all ¢ > 1). Since t]ingou'(t) = 0, there is a root t, > #; of u(t)
with |u'(t)] < |u'(2k)|/2 for t 2 tn. If T € [tr,tn] is a point where |u'(2)| attains its
maximum on this interval, by the previous construction we have that

()] < [W'(T)], &2ty

and since |u'(tx)] > 0 we also have that |u'(T)| > 0.
In view of the relation T > ¢ we get by the mean-value theorem that

[u(s)] = lu(s) —u(ts)] < (s — &) W'(T)], t2T,
so that

Iu(s)l < lu,(T)l , s>T
8
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By integrating (4) on [T,t], we get

u'(t) —'(T) + /; G(s,u(s),u'(s))ds =0, t>T,

thus

o<+ [ ao( M) as s (o i >

Since lim u'(t) = 0, we obtain taking into account the previous remarks that

t— oo

W' (T)| < /: a(s)w(M)ds + /: b(s) |u'(s)| ds

< L [W/(T)] / s)ds + [u'(T)] /

< W(T)] (L+1) /T [a(s) + b(s)] ds < ['(T)],

a contradiction.
This proves that any nontrivial solution u(t) of (4) is of constant sign in some

interval {m,oc) for some m 2> 1. a

4.

In order to be able to prove the main result of this paper, we recall from [2] the
following useful fact

LEMMA 3. [2] If w € R, then the function defined on Ry by t — t + w(t) also
belongs to the class R.

THEOREM. Assume that thereis a number o € (0,1) such that f € C*(M x J,R)
for every bounded domain M C G4 and every bounded interval J C R and that
gECl(R+,R). If

< f(=,t) < ofle))w(lt]), te Ry, z€R",

where w € ® and a € C(R4,R4), then there is a positive solution to (1) on Gg for
some B > A if

‘/0°° s[a(s) + |g(s)|] ds < oo.

PROOF: Let us consider the differential equation

A\
-

(5) &d;{r :y} +r*a(r)we(y) + 7 g('r)— 0, r
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where wo(t) = w(t) for t € Ry and w(t) = —w(lt|) for ¢ < 0 (since w(0) = 0 we see
that we € CI(R+,R+)).

The change of variables

r=8) = {5} ho) =5 80N,
transforms (5) into
©) B(s) + —2 8 (a)B()a(B(s)) wo (M)

+ A8 BN - XY <o,

In view of Lemma 3 we have that the function ¢ — ¢ + w(?), ¢ € Ry, belongs to

R, so that, since

/O ” (8'()B()a(B(s)) + B'(5)B(s) l9(B(s))]} ds = / ~ sla(s) + lg(s)]) ds < oo,

we deduce by Lemma 2 that there is a solution to (6) which has a constant sign on
some interval [m,oc0) with B = f(m) > A.
 Returning to (5), this yields a solution of (5) which has a constant sign on some

interval [B,00) with B > A. Since wo is odd on R, we observe that if y(r) is a
solution of (5), then —y(r) is also a solution; thus we can state that (5) has a positive
solution on some interval [B,o00) with B > A.

Let us define v(z) = y(r), r = |z| > B.

We have that v(¢) > 0 on SpUGp and

ir{r,-"‘l :—f} + 7 f(z,v(2)) + " g(r) 2. Vo(z)
d

d d
= g{rﬂ-—l%} +7-"'_1f(z’,v(m)) + rng(r)d_g

r"_lAv(:c) =

d 4y _ dy
< — n—~1%J n—1 n dy _ S
S dr {" dr } +r"la(r)w(y(r)) + r"g(r)5 =0, r>B,

so that v is a supersolution to (1) on Gp. Clearly w(z) = 0 satisfies
Aw(z) + f(z,w(=z)) + g(|z]) . Vw(e) 20, =z & Gp.

By Lemma 1 we deduce that (1) has a solution u(z) in Gp with w(z) < u(z) <
v(z) for [z > B and u(z) = v(z) for |z| = B.
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Since [;°s|g(s)|ds < co there is k > 0 such that
sup {lg()]} + 5 < k
sup {19 7z Sk

Define for € > 0,

u(z) = inf {u(z)} +ee ¥, zecSpUGH,
z€Sp

where u(z) is the solution of (1) in G, and let us consider the operator
Lz =Az+g(z]) 2.Vz, z€ C*Gg)NC(Gs).
Observe that
Lu,=c¢ (41::2 lz|? - 2kn)e_’°|’|2 — 2k ]:l:lzg(|.1:l)e_’°|”'2
> 2 k? lz|2 e Fel _oc |:¢:|2g(|:l:|)e_'°|”|2
> 2 kol e (k- sup{lg(0)l}) > 0> ~f(z,u(=)
= Au(e) + g(le]) 2.Vu(e) = L(u+e e "), 2 € G,
that is,
L([u+e e“sz] —u,) <0, =ze€Gp.
On the other hand,
[u(z) + € e ¥ —u.(z) >0, ¢ Sp.

Since u(z) 2 0 on Gp and u.(z) is bounded on Gg, we have that the function
ze(z) = u(z) + € e~ kB _ ue(z), z € Gp U Sg, has a finite infimum in GgU Sp. If

there was z¢ € Gp with
ze(zg) = inf  {z.(z)}

z€EGRUSE

we would have that Az.(z¢) > 0 and Vz.(zo) =0, so that Lz.(z¢) > 0, which is not
possible. Thus

0< inf {z(e)} = inf  {z(=)}

and we obtain
2
ue(z) <u(z)+ e e ™) zeGpUSE.
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By letting € — 0 in the previous relation, we get

0<y(B)= :iensfg {u(=)} <u(z), =€Gs,

so that u(z) is positive in Gp. 1]
As a Corollary of our theorem we have the following
PROPOSITION. Assume that there is a number a € (0,1} such that f €
C"‘(jll— x J, R) for every bounded domain M C G4 and every bounded interval J C R.

It
0 < f(=,t) < a|z))w(lt]), te€R,ze R,

where w € R and a € C(R;,R,), then there is a positive solution to (2) on Gp for
some B> A if

(7 /Doo sa(s)ds < oo.

The following example shows the applicability of the proposition.
ExXAMPLE. Consider the quasilinear second order elliptic equation

+ v In(1 + |u|) _

3 0, z€G;CR.
1+ ||

(8)

By our Proposition, there is a positive solution to (8) in some Gp with B > 1.
Observe that the results of Swanson [4] are not applicable.

Among the equations of the form (2) we have the sublinear Emden-Fowler equation
(9) Autp(z)ul sgn(u)=0, 0<y<1, z€Ga,

where p(z) is nonnegative and Hélder continuous in G4 with 4 > 0. An application
of our proposition shows that if

/0 s lrilli)s {p(z)}ds < 0

then (9) has a positive solution in Gp for some B > A. It is known (see [4]) that if

/ows min {p(2)} ds = oo

|z|=s

then all solutions of (9) are oscillatory. Thus if p(#) = a(|z|), then the necessary and
sufficient condition for the existence of a positive solution to (9) is condition (7) and

this shows the sharpness of our results.
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