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1. I n t r o d u c t i o n . It i s a w e l l - k n o w n fac t in the t h e o r y 
of A p p e l l ' s h y p e r g e o m e t r i c funct ion of two v a r i a b l e s F , 

defined by 
oo oo (or) (P) 

fA\ TT / o i \ N- x- m-rn m + n m n 
(1) F (or, Pry, v1 ;x, y) = Z S — — — x y , 

4 m=o n=o (v) (v1) 
m n 

1/ 2 1/2 
w h e r e [ x | + jy( < 1, tha t i t can be e x p r e s s e d in t e r m s 
of p r o d u c t s of o r d i n a r y h y p e r g e o m e t r i c funct ions when 
V +V = a +(3 + 1 . B a i l e y [1 , page 306] p r o v e d th is r e s u l t which 
r u n s a s fo l lows : 
( 2 ) E j a , pry, ûr+p-v-H;x(l-y), y( l -x)] 

= 2 F 1 U P;v;x) 2 F U P;ar+p-Y+l;y)f 

this formula being valid inside simply-connected regions 
surrounding x = o, y = o for which 

| x ( l - y ) | 1 / 2 + | y ( l - x ) | 1 / 2 < l . 

As a mat te r of fact this resu l t was obtained by Barnes in his 
unpublished work about a quarter century ear l ie r than the 
publication of Bai ley 's formula [3, page 236]. Bailey [4, page 239] 
has also given some cases of reducibility of Appell !s hyper
geometr ic functions of two var iables F and F in t e rms of 
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generalized hyper geometric function F . 

The object of the present note is to obtain four different 
cases of reducibility of Appell's function F in terms of 

ordinary generalized hyper geometric functions F . The 

results have been given in the form of four theorems. 

THEOREM 1. If | x | 1 / 2 < ^ , then 

1 
' X , jJL, V~"T 

(3) FJX>i^v>v;x>x) - 3F7 f i ; 4 x 

The following infinite integrals will be required in the 
proof. 

1 2 
If RCXj^+v) > - T a n d R[a+(b+c) ] > 0 then [8, page 174] 

f°° tX - 1 exp[-~(a+b2+c2)t] Wv (at) I (2bct)dt 
ô 2 X , JJL v 

(bc)v ré +x-u+v) r ( ^ +x+u+v) 
(4) = 

(5) 

a r ( v+1) 

2 2 
1 1 b e 

X F 4 ('J + X ' "* J L + V ' 2+*+H-+v; v + 1 , v + 1 ; - •£ , - â ). 

If R(a)>0, R(b)>0, R(X+u)> |R(v)| - | , then 

rC°xX"1 exp[-(a+2b2)x] Wx (ax) I (2b2
x)dx 

^O . X , U V 
2 4 4 

b v r (~+x+ix+v) r ( -+x-{ j .+ v ) 
x + v 2 

a r (v + 1) 

2v+ l , v+1 
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(5) fol lows f r o m [6, page 410] , 

P r o o f . In o r d e r to p r o v e T h e o r e m 1, we p u t c = b in 
(4) and ob ta in 

f00 t X " 1 expf - ~ ( a + 2 b 2 ) t l W (at) I ( 2b 2 t ) dt Jo 2 X, p. v 

(6) 

2v 1 1 

b r( - +x-n+v) r ( - + x+n+v) 
X+v ' 2 , ^ ' . 

a r (v + 1 ) 

2 2 
, 1 1 b b 

X F l - +X-HL+V, r +X. + t t + v ; v + 1 , v + 1 ; - — , - — ) 
4 2 2 a a 

wh ich i s equa l to (5) . The r e s u l t (3) now fol lows on equa t ing 
the r i g h t hand s i d e s of (5) and (6) and m a k i n g su i t ab le c h a n g e s in 
the p a r a m e t e r s . 

T H E O R E M 2 . If R ( 2 X - v ) > - - | and | x | < | then 

1 1 x 2 -, 
F [X, X + ~ ; v, p; 4 L ~ > ^ • 2 ^* 2 ' 2 

xv~2x~ 2 (i+x)2x r(v)r(u+v-2x-i)r(2x-v + | ) 

4X~V+1 r ( § ) r(2H+v-2x.. |)r(2x)r( li-- |) 

v - "T , ^ + v - 2X - 1, T - v 
(7) X 3 F / 

l i + v - 2 X , 2 j i + v - 2 X - 1 
X2 2 

(l-te:)2X r ( v - 2 X - ~ ) r (v ) 
+ • 

4X"V+4 r ( | ) r( 2^ -1 ) r(2v- 2x -1) 

. 2 \ , 2 ( X - v + l ) , j i - { . 
X 3 F 2 ( 3 

y 2A. - v+ —, Z\s.- 1 ; 
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T H E O R E M 3 . If R(jijhv)> - 1 and | x | < 1 then 

rX-n)r(n+v + i) 
— i — « _. r JJL -f- v + 1 u + v + 2 i 

v , - v (1 + x ) r 4 L 2 2 ^ l i + x ) 4 -

(8) 
r (~ ) r(j i+v+i) r ( ^ - v + i ) 

^ 2 u + i ~ 3~~ 
2 ^ r <^ + 7> 

X F , 
3 2l 

M- + T» [ i + v + 1 , f i - v + 1 

2 ĴL + 1 , |JL + — 

X \ 

w h e r e the s y m b o l S i n d i c a t e s tha t to the e x p r e s s i o n 
v, -v 

following it , a s i m i l a r e x p r e s s i o n obta ined by i n t e r c h a n g i n g 
and - v i s to be a d d e d . 

T H E O R E M 4 , If R ( X + v ) > 0 and | x | < l , then 

2 r ( - v ) r(x+v) 
v, - v 2 ( 1 + x ) 

(9) 

X F 
X + v X + v + 1 

; v + 1 , ji +1 ; 

r ( - +x+v) r ( | + x-v) r ( | ) 

2 X _ 1 r ( | + \ ) 

( l+x) 
2 ' l+x 

2 -r 

x / 2 / i + X + v . f + X-v. f + , ; . x N 

1 + 2ji , - + \ 

218 

https://doi.org/10.4153/CMB-1966-029-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-029-8


The following r e s u l t s wi l l be found usefu l in the p r o o f s . 

If I L U + J J L + V ) > 0 , R ( \ + n ) > 0 and R( a) > |R( p ) f + j lm y\ », 

then 

T t 2 ^ - 1 K ( a t ) I ( p t ) 
v v 

1 2 2 
X 1 F 2 ( H . + y ; 2^1+1, X+!x; - Y t ) dt 

(10) = 
2 2 ( X + ^ ~ 1 ) u p ) v r ( \ + u ) r(x+u+v) 

U 2 + p 2 + 2 Y
2 ) x 4 t l 4 v r ( v + i ) 

X F 
\ + | J L +v X + u + v + l , . 

r — , , ; v + l , 
4L 2 

2 2 . 4 -] 
4a 3 4 \ 

^ + ' ? ? ? ? ' 2 2 2 2! 

If R(JJL+V) > - 1, R(<* + p ) > [JxriY J + | lm6 J then 

f°° t K {at) K ( p t ) J ( y t ) J ( 5 t ) dt 
^ O V V |JL U 

( i t ) 
( \ s f 2 U3)v r(-v) r(u+v+i ) 

Z r f c + i ) v , -v ^ 2 ^ 2 ^ 2 ^ + v+l 

X F 
2 2 2 2 -

E ± L ± i i i ± v ± 2 . . 4or p 4^_5 
2 ' 2 > v-M, u n 2 

(a +p +Y +6 ) {a +p +Y +5 )_ 

If R ( X + | i + v ) > 0 and R( or + p )> | l m y \ , then 
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roo t 2 X + 2 ^ - l K ( f f t ) K ( ( H L + i . 2 H L + 1 > x + ( i . _ Y
2

t
2

) d t 

«'O V V 1 ù Ù 

(12) = 2 2 x + 2 ^ 3 r ( x + , ) s (°P) rf-v)r(XH-H4v) 
V ' " V ( a

2
+ P

2 + 2 Y
2 ) X + t l + V 

X F 
X+£+y X+fi + v+1 4a p 4v 

2 ' 2 . v + i . j i + i . 2 2 2 2 ' 2 2 2 2 , 
(a +(3 +2v ) {a +|3 +2v ) J 

(10), (11) and (12) have been proved by the author in an 
ear l i er paper [7, pages 1 3 1 - 1 3 2 ] . 

If R ( ^ + v ) > - l , then [5, page 335] 

(13) 

f°° -XK2 (ax) J 2 (bx)dx Jo v (J. 

b2fl r(^+v+i ) r(|x- v + i ) r ( n + | ) 
= 4 a ^ H 1 r ( 2 , H ) r ( , + | ) 

X 3 F 2 

^|JL+*r, JJL + V + 1 , JJL-V + 1 , 2 ' 

3 ; " ~1 
2 f i + l , R. + ^ a 

If R(X+fj .+v) > 0 , then 

/ « t 2 ^ 2 » 1 - 1 K2(at) F ( , 4 ; 2 , + U ^ ; - b V ) 
^o v 1 Z c 

àt 

(14) = r (f ) r ( x + ^ i ) r ( f +*+^+v) r (~+x+^-v) 

* 3 F Z / 2 
" T + X + H + V , ~ + \ +|JL - V, "T+jJL # b -

1 +2jJL, ~ + \ + f l 
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If R(X + ^ + v ) >0 , R(X +ji ) > 0 , then 

, o o t 2 x + 2 f x - l K ( a t ) I ( a t ) 

JQ y y 

2 2 . 
X F ( j i + j ^ j i + l, X. +|JL; - b t ) dt 

(15) 

bl-2X -2^ r ( 2 u + 1 ) r ( x + ,x) r ( l - X ) r ( X + u - l / 2 

4 a r ( | ) r ( n + | ) r ( | - \ + l i ) 

\ 3 3 

r ( x + n ) r ( - - X-HO r ( x + ^ + v ) 

/X + f i +v; X+u - v, JJL + "T 

x F / ù 

(14) and (15) follow from an integral [6, page 422], 

Proof of Theorem 2. Putting j3 -a = a and v = b in 
(10) and then equating its right hand side with that of (15) and 
making suitable changes in the parameters we obtain (7). 

Proof of Theorem 3. On writing or = |3 = a , y = 5 = b 
in (11) and using (13) we arrive at the result (8). 

Proof of Theorem 4. It can be easily proved in a 
similar manner from (12) and (14). 
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