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Abstract

In the study of the reliability of technical systems in reliability engineering, coherent
systems play a key role. In this paper we consider a coherent system consisting of n
components with independent and identically distributed components and propose two
time-dependent criteria. The first criterion is a measure of the residual lifetime of live
components of a coherent system having some of the components alive when the system
fails at time ¢. The second criterion is a time-dependent measure which enables us
to investigate the inactivity times of the failed components of a coherent system still
functioning though some of its components have failed. Several ageing and stochastic
properties of the proposed measures are then established.
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1. Introduction

Reliability properties of coherent systems have been discussed quite extensively in the
literature. By definition, a technical structure consisting of n components is said to be a
coherent system if there is no irrelevant component in the system (a component is said to be
irrelevant if its performance does not affect the performance of the system) and it is monotone
with respect to each component (that is, when a failed component in the system is replaced by
a working one, the system cannot get any worse). Some important special cases of coherent
systems of order n are (n — k + 1)-out-of-n systems, k = 1, 2, ..., n, in which the cases k = 1
and k = n correspond to the series and parallel systems, respectively.

Several authors have studied the residual lifetime and inactivity time of the coherent systems
in different scenarios. See, for example, Bairamov et al. [6], Asadi and Bayramoglu [2], Asadi
and Bayramoglu [3], Khaledi and Shaked [8], Asadi and Goliforushani [5], Li and Zhang [11],
Navarro and Hernandez [15], Samaniego et al. [22], and Zhang [26]. The inactivity times of a
component or a system have also been discussed by Navarro et al. [17], Asadi and Berred [4],
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Asadi [1], Tavangar and Asadi [24], Khaledi and Shaked [8], Li and Zhao [13], Li and Zhang
[11], [12], Navarro et al. [20], and Gertsbakh et al. [7].

In the study of the reliability of coherent systems, a useful tool is the concept of ‘signature’.
The signature vector of a system enables one to represent the distribution function of the
lifetime of a coherent system in terms of the distribution functions of ordered lifetimes of its
components. Consider a coherent system consisting of n components with independent and
identically distributed (i.i.d.) lifetimes X1, X5, ..., X, which are distributed according to a
common continuous distribution F. Let T = T(Xq, X2, ..., X;) be the system’s lifetime.
The signature of the system is defined to be a probability vector s = (s, 2, . .., s,) in which

Sl:P(T:Xlﬂ)v i:1729"-7ns

where X;., denotes the ith ordered lifetime of the components. It is well known that the
signature vector s does not depend on the underlying distribution function F. This fact leads to
the following theorem, which shows that the distribution function of the system lifetime can be
represented as a mixture of the distribution functions of the ordered lifetimes of its components
where the mixing distribution is the probability vector s (see [9] and [21]).

Theorem 1.1. If F7 (1) denotes the survival function of the system lifetime then

Fr)=_siFx,,®,

i=1
where F x;., (1) denotes the survival function of Xj.,.

Recently, the reliability properties of a coherent system based on the properties of its signature
have been extensively discussed. For some recent developments on this subject, we refer the
reader to [9], [16], [17], [18], [19], [22], and [25].

In this paper we consider coherent systems for which the signature vector is of one of the
following forms.

(A s=(s1,...,5,0,...,0), wheresy >0fork=1,2,...,i,i=1,2,...,n—1.
B) s=(@,...,0,8+1,...,8,),where sy >O0fork=i+1,i+2,...,n,i=1,2,...,n.

A coherent system with signature of the form (A) has the property that, upon failure of the
system at time 7, components of the system with lifetimes Xy.,, k =i+1,i+2, ..., narestill
alive. Hence, after the failure of the system, they can be removed from the system and used for
other testing purposes. Thus, the study of the reliability properties of such components may
be of interest for engineers and system designers. On the other hand, a coherent system with
signature vector of the form (B) has the property that, when the system fails at time ¢, it has to
be due to the failure of one of the components with lifetime Xj.,, k =i+ 1,i +2,...,n.

In the sequel, we define two conditional probabilities. Assuming that the signature vector
of the system is of the form (A), we define

Pirt,x) =PXju—t>x|T <t <Xjn), x,t>0,j=i+1,i4+2,...,n.
(1.1

In an analogous manner, for the system having a signature vector of the form (B), we define

PJT'jT(t,x)zP(t—ijn>x|Xj;,,<t<T), x,t>0,j=12,...,i. (1.2)
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The conditional probability in (1.1) gives the reliability of the residual lifetime of a live
component with lifetime X j.,, k =i+1,i+2, ..., n, when the system has failed before time ¢
while the component with lifetime X ;., is still alive at time 7. The conditional probability in
(1.2) gives the survival function of the inactivity time of a component with lifetime X .,, j =
1, ..., i, under the condition that the system is functioning at time ¢ but the component with
lifetime X ;., has already failed in the system. A system with signature vector of the form (B)
can be considered as a ‘black box’ in the sense that, when the system is functioning, upon the
failure of X;.,, j = 1,2,...,1, the failure time of that component is unknown. Hence, the
study of the conditional probability in (1.2) is important for system designers to get some useful
information on the inactivity times of the failed components.

The rest of this paper is organized as follows. In Section 2 we concentrate on the conditional
probability in (1.1). We begin by obtaining the functional form of P; 7 (¢, x) and show thatit can
be represented as a mixture of the residual lifetimes of the live components of the system with
simpler structures. Among the results in this section, we prove that when the common hazard
rate of the components of the system is increasing, then P; r (¢, x) is a decreasing function of
time. We also prove that when two coherent systems with the same structure have components
with distribution functions F and G, respectively, for which the hazard rates of the components
are ordered, then the corresponding residual lives of the systems are also ordered. In Section 3
we focus on the reliability function PT"’T(t, x) defined in (1.2). We prove that if in a coherent
system with signature vector of the form (B) the reversed hazard rate of the components of
the system is decreasing in time, then P7 (¢, x) is an increasing function of time. Stochastic
comparisons between the inactivity times of the failed components of two different systems are
also made under the condition that the components of the systems are ordered in terms of their
reversed hazard rates.

Before proceeding to present the main results, we recall some stochastic order definitions
for two nonnegative random variables X and Y having distribution functions F and G and
probability density functions f and g, respectively.

° )_( is said to be less tpan Y in the st(zchastic order, denoted by X <y Y, if F x) <
G(x), x>0, where F=1—Fand G =1-G.

e X is said to be less than Y in the hazard order, denoted by X <y, Y, if F x)/ G(x) is
a decreasing function of x. If the densities of X and Y exist, X <y, Y is equivalent to
saying that h1(t) > ho(t), where h(t) = f(t)/F(t) and hy(t) = g(t)/G(t) denote the
hazard rates of X and Y, respectively.

e X issaidtobelessthan Y inthereversed hazard order, denoted by X <, Y, if F(x)/G(x)
is a decreasing function of x. If the densities of X and Y exist, X <;, Y is equivalent
to saying that r1 () < ra(t), where r1(t) = f(¢t)/F(¢t) and rp(t) = g(¢t)/G(¢) denote the
reversed hazard rates of X and Y, respectively.

e X issaid to be less than Y in the likelihood ratio order, denoted by X <. Y, if f(x)/g(x)
is a decreasing function of x.

2. Residual lifetimes of the live components

Let T be the lifetime of a coherent system of order n, and let X1, X», ..., X, be the lifetimes
of its components. We assume that X, X5, ..., X, arei.i.d. according to a common underlying
continuous distribution F. Furthermore, we assume that the signature of the system has the
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TaBLE 1: Coherent systems with four components and signatures of the form (2.1).

T =T(X1, X2, X3, X4) Signature

X502 = min(X, X») (2-series) (%, % %, 0)

min(X7, max(X, X3)) (consecutive 2-out-of-3: F) (%, 15—2, %, 0)

min(X1, max(X»>, X3), max(X3, X4)) (%* 177’ %’0)

min(X;, max(X», X3, X4)) (3-parallel) .1 10

min(X1, X2, X3) (3.1.0,0)

max(min(X1, X2, X3), min(X»>, X3, X4)) (consecutive 3-out-of-4: F) (%, % 0,0)

min(X2:3, X4) (4.2.0,0)

X1.4 = min(Xq, X2, X3, X4) (series) (1,0,0,0)

form

s=(s1,...,5,0,...,0), 1<i<n. 2.1

Some examples of systems with signatures of the form given in (2.1) are presented in Table 1.
Based on the structure of the system, it is clear that the components with lifetimes Xi.,, k =
i+1,i+2,...,n, would never cause the failure of the system. That is,

P(T = Xpn) =0, k=i+1,i+2,...,n.

In what follows, we assume that the system has failed by time . We are then interested in the
following conditional probability:

Pir(t,x) =PXju —t>x|T <t <Xju), x,t>0,j=i+1,i+2,...,n.

Evidently, this conditional probability represents the residual lifetimes of the components that
could never fail in the system, under the condition that the system has failed by time . In what
follows, we first derive the form of P; r (¢, x). For j > i + 1 and all x, ¢ > 0, we have

1
P(T <t, Xjy>t+x)=Y P(T=Xpn. T <t, Xjin >x+1)
k=1

i
= ZP(T = Xk, Xin <t, Xjip > x +1)
k=1

i
= ZP(T = Xpn) P(Xpen < 1, Xjm>x+t | T = Xk)
k=1

1
= ZSkP(Xk:n <t, Xj:n >x+1),
k=1
where sy = P(T = Xy.n), k =1, ..., i, and the last equality is due to the fact that the events

{T = Xk} and {Xg.y < t, Xj:;n > x + t} are independent. Therefore, for all x,¢ > 0, we
have

P(T <t,Xjy >t+x) i
= DYiknt, x),
P(T <1, X, > 1) kE—l POk (t, x)

Pjr(t,x)=
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where Vikn(t, x) = P(Xj:n —t>x | Xpm <t < Xj:n),

P(Xgm <t < Xjup)
P(T <t <Xjy)

Pr(t) = sk =PT=Xpn | T <t < Xj:n),

and the last equality follows from [14]. The vector

p@) = (p1(®), ..., pi(®),0,0,...,0)

can be regarded as the conditional signature of the system in which the element py(¢) is the
probability that the component with lifetime Xy, causes the failure of the system given that
the system has failed but the components with lifetimes Xy.,, k =i+ 1,i +2, ..., n, are still
alive.

Before presenting the main results, we examine some properties of pg(f). The following
lemma shows that py (¢) can be represented in terms of the ratio ¢ () = F(¢)/ F(t).

Lemma 2.1. Fork =1,...,iandi < j, we have
seWik(®)
pr(t) = "0, 2.2)
Zm:l sij,m(t)
where
j—1 "
Wim() =" ( l)(¢(r)>l. 2.3)

I=m

Proof. We have
P(Xin <t < Xj:n)
P(T <t <Xjy)
P(Xip < 1) — P(Xj:n <t)

S S {P(Xn < 1) — P(X 1y < 1)}
sk () F @) (1 = Fey)™!
Yt $n Lo (NEOF A = F@)!
se X (D@ @)
St m i (D@ @)

pr(t) = sk

as required.

Theorem 2.1. We have
(a) lim;—o p(t) = (1,0,...,0,0);
(b) limy, o p(t) =s.

Proof. To obtain lim;_, o, pi(¢) and lim;_, o px(t), since ¢ (¢) is an increasing function of ¢
and lim;_, o, ¢ (t) = 0o and lim;_,¢ ¢ (¢) = 0, without loss of generality, it is sufficient to find
lim,_, » gx(¢) and lim,_, ¢ gx(¢), respectively, where

Sk le;kl (’11)t1
S bt sm Yo (1!

gk(t) =
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However,
sk 0 ()1
=1 (2 sm) (!
se (@ + s (L) + (1)
(S sa) (Ot + (SR ) B -+ (T o) (215
sk + s (3 ) ! + - ()

s1(3)+ (SR sm) ()2 -+ (Spumy sm) (2171

Now, we have

gk(t) =

lim gx(7) = li sk () F + sk ()< +o (0 )/t
t) = lim -
1mgk t_>0s1( )t+(zmln(21) )(g)t2+.,,+(zm 1Sm)( )ﬂ 1
51(1)

=1, k=1,

0, k>1,
which completes the proof of part (a). Next, we have
sk ()t + si -nH)’H] +o Tt sk(jil)tj_l
11m grk(t) = lim m1r1(21) ; ; PR
s () (2 ) Q)2 e () (1)1
_ )
(3 Sm)(jﬁl)

= Sk,

which completes the proof of part (b).

Theorem 2.2. Let p(t) be a vector of coefficients with py(t) as in (2.2). Then, p(t;) <g p(t2)
forallO0 <t <tpand p(t) <g s forallt > 0.

Proof. To prove the required result, we need to show that, for all i > u > 1, we have
Dk PE(11) = Yk, Pr(r2), or, equivalently, that > _y >4, sksm{Wjm(12) W) ik (t1) —
Wim@)Wjr(t2)} <0, where W; ,,(¢) is as defined in (2.3). We have

i
DN ks Wim ) Wia(t)) — Wim(t) Wi (02))
m=1k=u
u—1 i

= Z ZSksm{Wj,m(IQ)Wj,k(tl) — Wim ()W i(t2)}

m=1k=u

l l
0 skt Wim )Wk (1) = Wi (1) W i (02)}
m=u k=u
u—1 i

=Y sk Wim Wi (t) = Wjm ()W) 1 (12)}.

m=1k=u
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Now, for m < k, we have

Wim@)Wj k(1) — Wi m ()W i (22)

j—1j-1 j—1 j—1
n n n n
=X (1) (1) e - 3 X (1)() oo oo
li=m =k li=m =k
SLY A ! b = (n\(n I L
= (1) (1) e - X X (1)() oo oo
li=m =k li=m =k
j—1j-1 2\ /n j—1j—1 o /n
+> 2 (zl) <12> CICHRCIUNEED DS <11> (lz) (@ @) (¢(12)"
li=k b=k li=k b=k
k=1 j—1 N
=2 (, )(1 )(¢>(tz>)“(¢(n)>ll[(¢<n>)lz—“ — ()]
Li=m =k V17 \'2
<0,

where the last inequality holds since ¢ (¢) is an increasing function of ¢. This completes the
proof.

In what follows, we focus on the conditional probability
Vikn(t,x) =P(Xj —1t > x | Xpw <t < Xjun),
where x,¢ > 0and 1 <k < j < n. Itis clear that y; t , (¢, x) represents the residual lifetime
of the live components in an (n — k 4 1)-out-of-n system when the system has failed by time ¢
and k of the components have failed. Note that y; « , (¢, x) can be represented as
P(Xj;n —t>x, Xpp <t < Xj:n)
P(Xiy <t < Xj:n)
i—1
l]:k P(Xjm —t >x, Xpn <t < Xig1m)
P(Xgm <t < Xjun)

Vikan(t, x) =

j—1
= Bjia(t. 0K} (1),

1=k
where Bj; ,(t,x) =P(Xjy —t > x | Xpip <t < Xj41:0) and
P(Xp <t < Xig1:)
P(Xpn <t < Xju)
(Y FEA-Fo)!
Y (Y F@)yma = Fayr
(Do)
Y EIGII0E

Remark 2.1. The above results readily yield the following representation for P; 7 (¢, x):

i@ =

l<k<l<j<n. (2.4)

i i Jj—1
Pir(t,x) =Y pe®)yjkn(t,x) =D pr(®) Y Bjralt, K] (). (2.5)
k=1 I=k

k=1
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Lemma 2.2. Forn > j > [, we have

D
Xjn =t | Xpn <t < Xig1:) = X;;I;nflv

where X _i:n_; denotes the (j — l)th order statistic among n — 1 i.i.d. random variables with
a left- truncated distribution with survival function F (x|t) = F(t + x)/F(t) for x,t > 0.

Proof. We have

P(Xj:n >t+x, Xim <t < Xig1m)
P(Xpn <t < Xig1m)

Bj,l,n(t» x) =

n—I

= - I’l—' l _ n—Il—mpq _ m
_< 2 iy O D = FOITD F(X+f)])

m=n—j+1

n I n—I -
X / (F() (1 = F(@))

n—I

n—1 = m r n—Il—m
. ( >(F(x|t)) (1 — Fxleyy=—m,
m

m=n—j+1
where F(x|t) = F(x +t)/F(t). This establishes the required distributional result.
Remark 2.2. It should also be noted that

(Xjm =t | Xim <t < Xig1m) = (Xj—tm—i =t | Xin—1 > 1),
since

P(X;_jn1—t>x, Xipuy >t
POG it — 1> x| Xy = 1) = ot Lot > 1)

P(X1p—1 > 1)
St COIFG+0 — FOI " F G+ )"
(F@)n-!
B i <n—z>{ﬁ(x+z) }’"{1 ~ F(t+x)}"_l_m
m=n—j+1 m F(t) F(t)
n—l
n—1 7 m I n—Il—m
= > ( )(F(xm) (1 — F(x|n)y .
. m
m=n—j+1

Lemma 2.3. Under the assumption that the underlying distribution function is absolutely
continuous, for j > 1 > m, we have

(Xj:n — 1| Xpp <t < Xpy1m) <ir (Xj:n — 1| Xipn <t < Xint1m)-
Proof. Itis well known (see Theorem 1.C.37 and Corollaries 1.C.38 and 1.C.39 of [23]) that
Xe—1m—1 <tr Xpe fork=2,3,...,m

and
Xiem—1 =1 Xpem fork=1,2,...,m—1.
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Hence, we have
t t
X] In—i =Ir Xj+1—l:n—l+1 =lr Xj—(l—l):n—(l—l)’
which means that
(Xj:n —t | Xpp <t < Xip1m) <nir (Xj:n —t | Xj—1m <t < Xp),
as required.
Lemma 2.4. If F is absolutely continuous then, for k < m, we have
(Xj:n 1| Xpm <t < Xj:n) ZIr (Xj:n — 1| Xpn <t < Xj:n)-

Proof. Let us denote the densities of (X ., — 1 | Xy <t < Xjy) and (Xjo — 1 | Xpip <
t < Xj41:) by ft " (x) and fjin,1(x), respectively. Then, we have

k—1
F5 0 =3 fame K] ).

I=j
To prove the claimed result, we need to show that the function
j.k,n
ft (x)
fj,k+1,n ()C)
t
is increasing in x, that is, we need to show that, for x| < x»,
j=1 » n j=1 £ n
Zl —k f/,l,n,t(xl)Klyj)k(t) < Zl —k f/,l,n,t(x2)K1’j’k([)
Zl k+1 fj,l,n,t(xl)Klrfj’k+1(t) Zl k+1 fj,l,n,l‘(xz)Klrfj‘k+](t)

This is equivalent to showing, by using (2.4), that

Z{‘; fiand D@0 Z{‘; Fidana @) ()@ 0)
Z k+1 f/,m,n,t(xl)(;;) (@)™ Z k+1 fj,m,n,t(XZ)(;;) (@)™ ’

or

j—1 —1

Z ( ) <:1) (¢(t))l+m{fj,l,n,t(xl)fj,m,n,t(XZ) - fj,l,n,t(x2)fj,m,n,t(xl)} <0.

1=k m=
We can easily verify that this inequality holds if and only if the following inequality holds:

j-1
3 (Z) (:1) S F s 1) Framans 62) = fkand O62) frmna 61D} < 0. (2.6)

m=k+1

However, for m > k, we know from Lemma 2.3 that (X, — ¢ | Xgn < t < Xgy1) 21
(Xjn —t | Xpmn <t < Ximg1.0), Which is equivalent to

fj,k,n,t(xl)fj,m,n,t(XZ) - fj,k,n,t(XZ)f/,m,n,t(xl) <0.

This leads to the inequality in (2.6), completing the proof.

https://doi.org/10.1239/jap/1339878793 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1339878793

394 S. GOLIFORUSHANI ET AL.

We now present the main result of this section.

Theorem 2.3. Let p1(t) and p>(t) for a fixed t > 0 be the vectors of coefficients in represen-
tation (2.5) of two coherent systems of order n, both based on components with i.i.d. lifetimes
having a common continuous distribution function F. Denote by Ty and T, the respective
lifetimes of the two systems with signatures of type (A). Then, for j > i, we have the following
orderings.

(@ If p1(¢) <st p2(@) then Xy —t | T1 <t < Xjip) st Xjin—t | T2 <t < Xjin).
(b) If p1(t) <nr p2(t) then (Xj:n —t|Th<t< Xj:n) Zth (Xj:n -t h<t< Xj:n)~

(¢) If p1(t) <ir p2(t) then (Xj:n —t| T <t < Xj:n) ZIr (Xj:n —t|Th<t< Xj:n),
when the parent distribution F is absolutely continuous.

Proof. Orderings (a)—(c) follow readily from the above mixture representations, Lemma 2.4,
and properties of mixtures given in [23].

2.1. Ageing properties of the live components

In this subsection we examine some ageing properties of P; 7(f, x). We show that when
the components of the system are IFR (increasing failure rate), then P; 7 (¢, x) is a decreasing
function of time. To this end, we need the following lemmas.

Lemma 2.5. Ifh(t) = f(t)/I:"(t) is increasing (i.e. F is IFR) then
H(t,x) =PXjy—t >x | Xi>1) forj>1

is decreasing in t for all x > 0.

Proof. Note that the random variable (X ., — t | X1., > t) can be considered as the jth
order statistic in a random sample of size n from a left-truncated distribution with survival

function F(t + x)/F(t) for x, t > 0. Hence, the survival function Hnj (t, x) is given by

jil r m - n—m
j _ n _F(t+x)} {F(t+x)}
B0 =), <m>{1 F(1) F(t)

m=0

1 | R .
_/ M g'a—priarn 2.7)
1= Fa+x)/F@ (U — D@m= j)!

Since A (7) is increasing if and only if F(t +x)/F (1) is decreasing in ¢, from (2.7) we see that
H,] (¢, x) is a decreasing function of ¢.

Lemma 2.6. Let h(t), the hazard rate of the components of the system, be increasing in t for
t > 0. Then yj . »(t, x) is a decreasing function of t.

Proof. Note that

i—1 i1
d (d iy - d
3y Vika (%) = ;(55’,{_1 (t, x)>K1'fj,k(f) + ij H)Z(t, x)<aKl'fj,k(f)>~ (2.8)
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The first term on the right-hand side is negative by the assumption of the lemma and Lemma 2.5.
Hence, we just need to prove that the second term is negative. On taking Uy, (t) = (::l)tm, we
have

i1 d
i—1
> H]T () (EKl”yj’k(t))

1=k

IV i x){U,(nZ Uty - Uiy X U )
(> Um(t)}

After some algebraic manipulations, it can be shown that the numerator of the above expression
can be written as

j—1j-1
SN U UnO(H] (%) = B0, 0)
1=k m=k
-1 1
=Y UOUnH]Z (1) — B @)
1=k m=k
j—1 m
+ U/ () U ()(H] ] (1) = H] (1))
m=k =k
k—1

Z U/ (OUn (1) = Up OU(OWH] ] (1. x) — H] (1, 3))

I=j m=j

—1
Z(z—m){<’;)(m>rl+m 1}{111 Lt x) = HI (2, x))

v
53

where the last inequality follows from the fact that, for j > [/ > m, we have
(Xj:n —t| Xim <t < Xit1m) <nir (Xj:n —t| Xppn <t < Xint1m),
and, hence, H’ i= l(t x) < H’ o (t, x). This completes the proof.

Now we present the main result of this subsection.

Theorem 2.4. Let h(t), the hazard rate of the components of the system, be increasing in t for
t > 0. Then Pj r(t, x) is a decreasing function of t.

Proof. Under the assumption that P; 7 (¢, x) is differentiable in terms of 7, we have

i

d d d
d_tPj,T(tvx) = Z(d ijn(t x))Pk(t)+Zij:1(t x)( Pk(t)>

k=1 k=1

Based on the assumption of the theorem and the result in Lemma 2.6, the first term on the
right-hand side is negative and so it is sufficient to show that the second term is also negative.
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We have

Zmn(r x)( pk(r))
Zk 1V/kn(t X){SkW k(t)Zm 15m /m(t)_sijk(t)Zm 15m Jm(t)}
{Zm 1SmW1m(t)}

After some algebraic manipulations, we can show that the numerator of the above expression
can be rewritten as

ZZsksmy]kn(r W] (OW) () = Wik (OW], (1)}

k=1 m=1
i k
= skl Wi OWjm(@®) = Wik OW] , (ONYikn(t, X) = Vima(t, 0)}. (2.9)
k=1 m=1
Since (Xj:n —t| Xgm <t < Xj:n) st (Xj:n =t | Xy <t < Xj:n), we have, for

m <k, Vjrn(t,x) — Vjmn(,x) < 0. On the other hand,

Wi OWjm(@) = Wi (OW], (1)

ROl Z ol -0l (ol

I=m

j—1j-1 j=1 j—1

—¢>(z)2 Zh(”)( ) b=ty — ¢><r)2 leG)( ) BRI ()
j—1 k-1

—¢>(z)2 Z( )( ) ML — b))

=k lp=m

> 0.

Hence, the expression on the right-hand side of (2.9) is negative, and, consequently, P; 7 (¢, x)
is decreasing in ¢, which completes the proof.

2.2. Stochastic comparisons between the live components

In what follows, we consider two coherent systems having the same structure with i.i.d.
components distributed according to common distribution functions F and G, respectively.
Let T1 and T3 be the corresponding lifetimes of the two systems. We show that, under the
condition that the hazard rate of the components with system lifetime 77 is less than the hazard
rate of the components with system lifetime 73, the live components of the system with lifetime
T are more reliable than the live components of the system with lifetime 7,. For this specific
purpose, we need the following lemmas.

Lemma 2.7. We have X <y Y if and only if

Xjm — 1| Xpw <t < Xig1m) Sst Xjon =0 | Y <t < Yig1m)- (2.10)
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Proof. Let Bj I, ,(t, x) be the survival function of P(Xj, — ¢ > x | Xy <t < Xig1:m).
Then from Lemma 2.2 we have

n—I
—1
BY .x)= Y (”m )(1—Ft(x>)'"(Ft<x>)"—l—’"
n—j+1

m=n—

n—j _
- (”m )(1 — F())" (F(x)"

m=

0

l 1 ) )
1—j<.)/ w1 = w)/ " du.

i) i

F(t+x)/F(t)

However the assumption that X <p,. ¥ implies that F(t+x)/F(t) < G(t +x)/G(t). Hence,
Lt x) < BY ,(t, x), where BY (¢, x) is the reliability function of (Yj.y — | Yy <t <
Y1+1 ,,) This leads to the stochastlc ordermg in (2.10), completing the proof.

Lemma 2.8. Let X <y Y. Then

(Xj:n — 1| Xpm <t < Xj:n) St (Yj:n —t | Yew <t < Yj:n)~

Proof. We have

X Y
VX)) =yt %) = ZB],n(r,x)K,’f,,k(t) ZB,,na,x)K;f,,k(r)

Z le,n(f,x)(’,')(qﬁX(l))l_ 120 BY @0 () @y )

Y () @x () Zmzk (") @y )"
XD BY L0 () @x ) WL, (3) @y ()"

(X5 (MY @y )y () @x)m)
(X5 BY 00 @y ) i () @x )"
(X5 (MY @y )y () @x()m)

The numerator of the above expression can be rewritten as

1

j—1
3 ( )Z( ){(¢X(l)) (¢y ()" BX, (8, x) — @x ()" (dy ) B, (¢, 1))

m=k =k

j—1 j—1
=Y ( ) > <n>(¢x(f)) (@y ()"(B} ,(t,x) — B, (1, %)}

m=k 1=k

- Jj—
Z( >Z(1){(¢X(l))l(¢Y(l))m (Sx ()" @y (0)}BY, (1. x).  (2.11)

The assumption that X <y, Y implies, from Lemma 2.7, that B¥ il n(t x) — j l L, x) <0.
Hence, the first term on the right-hand side in the above expressmn is negative. Next, after
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performing some algebraic manipulations, it can be shown that the second term can be expressed
as

j—1 m
3 (Z) 3 (?){(qsx(t))l(m(t))m (x 0" @y () }BY, (1, x)

m=k =k

_ i
Z <m) (n){(¢x(t))l(¢}f(t))m (Px ()™ (py (1)) }B] Lt %)

=k I=m

<n) 2 ’11> (@x ()" (8 ()" (($x ()" = Gy (1)~}

1=k
x {B}/’l’n(t, x) — E{m,,(x)}.

Now, since B]Yl [t x) — BYm (1.x) = 0 and (dx ()™ — (¢y (1))!=™ < 0, the second term
on the right-hand side of (2 11) is also negative. This completes the proof.

The following theorem is the main result of this subsection.

Theorem 2.5. Let X <y Y, andlet T and T, denote the lifetimes of two systems with signatures
of type (A). Then, for j > i, (Xju —t | T1 <t < Xjp) <g¢ X —t | To <t < Yjp).

Proof. Note that

i
P(Xjm—t>x | Ti <t <Xj)= > prO)yS . x).
k=1

l
Pjw—t>x | Ta<t <Ypn)=Y p{ O]t %),

k=1
where
() kW5 () Yy siW] ()
Pk ()= ———~—— P = ———
Zm lsmWX (t) Zlm=l s’”Wj{m(t)
To prove the required result, we need to show that
i i
> Oy =Y plOy] )
k=1 k=1
d SkW k(t) d SkW k(t)
=Y Va0 =Y ] D)
k=1 Zm:l Sm W],m(t) k=1 Zm:l Sm Wj,m(t)
<0.

This, in turn, is equivalent to showing that

DY s WS OW] O 0 =YY sas WL OW] 0y, x) 0.

k=1 m=1 k=1 m=1
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The left-hand side of the above inequality can be written as

i i
DD skl WOW] 0 = W, OW]  ONy . x) — v, 0) (212)
k=1 m=k

From Lemma 2.8, for m > k, we have yj”'k’n(t, x) < y}fk’n(t, x). Moreover, it is not difficult
to show that
Wi OW], (1) = Wi, (OW] (1) < 0.

So, the expression in (2.12) is negative, which completes the proof.

3. Inactivity times of the failed components

In this section we study the properties of inactivity times of the components of a coherent
system that have failed in the system, but the system is still functioning at time ¢. Let T be the
lifetime of a coherent system of order n, and denote by X, X», ..., X, the i.i.d. lifetimes of
its components with the underlying distribution of the components being F. In what follows,
we suppose that the signature of the system has the form

s =10(0,...,0,8i, Si41,---»Sn), 1<i<n. 3.1

Examples of coherent systems of order 4 with signature vector of the form (3.1) are presented
in Table 2.
In such coherent systems, we have

P(T = Xpn) =0 fork=1,2,...,i.

That is, a component with lifetime Xy.,, k = 1, 2, ..., i, cannot cause the failure of the system
and, hence, when the system is working at time 7, i.e. T > ¢, it is possible for such components
to have already failed in the system, i.e. Xy, < t. Thus, the following conditional random
variable will be of interest for reliability and system designers:

= Xpn | T >, X < 1).

This conditional random variable is in fact the inactivity time of the component with lifetime
Xi:n When the system is working at time ¢ and the component with lifetime X., has failed

TaBLE 2: Coherent systems with four components and signatures of the form (3.1).

T =T(Xq1, X2, X3, X4) Signature

X0 = max(Xy, X2) (2-parallel) (, %7 %’ %)
max(X,, min(X1, X3)) (consecutive 2-out-of-3: F) (0, % 15—2 %)
max (X1, min(X», X3, X4)) 1 15
max (X1, min(X7, X3), min(X3, X)) 05D

X3.3 = max(X1, X2, X3) (3-parallel) 0,0, %, %)
max(X23, X4) 0,0,3, 5

min(max (X1, X2, X3), max(X3, X3, X4)) (consecutive 3-out-of-4: F) 0,0, % %)
X4:4 = max(Xy, X3, X3, X4) (parallel) 0,0,0,1)
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sometime before ¢, k = 1, ..., i. In the sequel, we are interested in examining the ageing and
stochastic properties of the conditional probability

PﬁT(t,x)zP(t—Xj:n>x | T >1t, Xjp<t) forj=1,2,...,i

We now obtain the form of PﬁT(t, x). Using the same steps as used to obtain the form of
P; 7(t, x) earlier, we obtain, for j <i —1landallx,y >0,

n
P(T >x, Xjy <y) =Y P(T=Xpn. T >x, Xjoy < )
k=i

n
= Zsk P(Xgim > x, Xjm < »).
k=i
Therefore, for all x < ¢ and ¢ > 0, we have

Pt —Xju>x,T>t,Xjy <t)

Pr (t,x) =
ot x) P(T >1t, Xjy <1)

n
=Y piOP(E = Xjon > x | Xen > 1. Xjin < 1), (32)

where
P(Xgim > 1, Xjm < t)

P(T >t,Xju <t)

pr(t) = sk =Pl =Xpn | T >1, Xjin <1).

Remark 3.1. As with pi(¢) in Section 2, we can easily show that

KW (1)

pr(t) = m, 3.3)

where W7 (1) = 31 l(n)(qﬁ(t))l and ¢(1) = F(1)/F(1). Let p*(t) = (p; (1), ..., pi(0).
Using the form in (3 3) we can show, similar to Theorem 2.1, that lim;—¢ p (t) = s and
lim;—~ p*(t) = (0,...,0,1).

The following theorem can be established along the same lines as Theorem 2.2, and, hence,
its proof is omitted for the sake of brevity.

Theorem 3.1. Let p*(t) = (0,0,...,0, p¥ (1), ..., pp(t)), where p(t) is as given in (3.3).
Then

(@) p*(t1) <q p*(0) forall0 <t; < to;
(b) p*(t) =g s forallt > 0.

In what follows, we present the main results of this section concerning some properties of
the random variable

C—Xjm | Xin>t, Xjin<t) =@t —Xjn | Xjun <t < Xg) forl<j<k=<n.

Let
V;k’n(ts X)=P@t —Xju>x | Xju <t < Xgm)-
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Then, by performing some algebra, it can be shown that

k—1
y;jk,n(tv -x) = Z B;,l,n([’ x)K;j']"k(t),
I=j

where
B, x) =Pt — Xji > x | Xpw <t < Xig1)

and
P(Xin <t < Xl+1:n)
P(X;., <t < Xkn)
(NF @) A = Fey!
Y () F@)ym (1 — Foyyr—m
= (7)@0))1 1<j<l<k<n.

Yol () @@y

Remark 3.2. The quantity B;" 1., (¢, x) can easily be shown to equal

K} (1) =

l

l
HEGEEDY (m)<F,(x>)'"(1 — ), (3.4)

m=j

where F;(x) = F(t —x)/F(t), 0 < x < t. Hence, from this equation we obtain the equality
in distribution
D
= Xjn | Xin <t < Xig1:0) = Xlt_j_H;]a

where X ; it denotes the (/ — j + 1)th order statistic among/ i.i.d. random variables distributed
as (t — X | X < t) with distribution function F,(x) = F(t — x)/F(t).
It is well known (see Theorem 1.C.37 and Corollaries 1.C.38 and 1.C.39 of [23]) that
Xjm <ir Xiwn, J<i,m—j=n—I,
kalszl Sll‘ Xk:m, k=2’37‘-'5m5
Xiem—1 21t Xiem s k=1,2,...,m—1.

Hence, we have

t ¢ t t vt
Xi_jra =i Xpojynaqgn X it <ie Xp_ g1 = XG4 1:-1-

This, in turn, implies that
(t— Xjn | Xin <t < Xipy1) <1 (¢ — Xjn | X141 <t < Xiq2m),
(t — Xjn | Xin <t < Xpy1) <1 (¢ — Xjn | X <t < Xmt1m), I <m,
E—=Xjo | Xpp <t < X)) <ie (= Xjotn | Xic1 <t < Xp)-

Remark 3.3. Asadi [1] showed that

l

l
P(t—Xju>x | Xy <t)=) (m>(F (0)"(1 = Fy(x)! ™.

m=j
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Hence, from (3.4) we obtain
(- Xj:n | Xin <t < Xig1m) = X[t_.H.];[ = (- Xj:l | Xiq < 1),

and so

=X | Xpg<t) < 0= Xjug1 | Xigra41 < 1),

(t_Xj:l|XI:I<t) =Ir (I_Xj:m|Xm:m<t)s [ <m.

We now present a theorem that is useful for our subsequent derivations. The proof of the

theorem is similar to that of Theorem 2.4 and is therefore omitted for the sake of brevity.
Theorem 3.2. Ifk <mthen (t — X | Xjin <t < Xgp) <tr ¢ = Xjun | Xjon <t < Xipen)-

Theorem 3.3. Let pi(t) and p;(t) for a fixed t > 0 be the vectors of coefficients in represen-
tation (3.2), of two coherent systems of order n, both based on components with i.i.d. lifetimes
having a common continuous distribution function F. Let Tiand T, denote the respective
lifetimes of the two systems. We then have the following stochastic inequalities:

(2) lpr(t) St P;(I) then (t — Xjm | Xjm <t <T) <g¢ ¢ = Xjun | Xjun <t <T);
(b) lfPT(I) =th P;(t) then (t — Xj:n | Xj:n <t <Ty) < (t— Xj:n | Xj:n <t <)
© lfPT(t) <Ir P;(I) then (t — Xjn | Xjm<t< ) <i (t — Xjn | Xjm<t< 1).

Proof. The theorem can be proved by using Theorem 1.B.12 of [23], and proceeding along
the same lines as those used to establish Theorem 2.3.

3.1. Ageing properties of the failed components

In this subsection we study some ageing properties of P ;T (). First, we note that B, (¢, x)

A Jilin
can be rewritten as
1

*J l m —m
HY (@ x) =) <m)<F,<x>> (11— F@)

m=j
Fu=x)/F()  /]\ '

=/ J() 1A —w)' I du. 3.5)
0 J

Let 7(t) = f(¢)/F(¢t) be the reversed hazard rate of the components of the system. Then it
is easy to see that r(¢) is decreasing if and only if F(¢+ — x)/F(¢) is an increasing function
of t, t > 0. Hence, from (3.5), r(¢) is decreasing if and only if B;’.‘J’” (t, x) is an increasing
function of ¢ for all x > 0. The above discussion leads to the following lemma.

Lemma 3.1. Let r(t), the reversed hazard rate of the components of the system, be decreasing
int fort > 0. Then, yjfk’k,n(t, X) is an increasing function of t.

Proof. Note that

k—1 k—1

d d 4 ; d

Ey;k’n(t, x) = Z(EHI*] (, x))Kl’fj’k(t) + Z Hl*j([7 x) <aKllfj,k(t))'
I=j I=j

The assumption that r (¢) is decreasing implies, from the discussion above, that the first term on
the right-hand side of the above equation is nonnegative. The second term can also be shown
to be nonnegative if we follow the same arguments as used to show that the second term on the
right-hand side of (2.8) (in Lemma 2.6) is nonnegative. This completes the proof.
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The following theorem extends the result of Lemma 3.1 to coherent systems. First, since
= Xjn | Xjin <t < Xpw) Sst 0= Xjon | Xjin <1 < Xpr1),
we have
VEen(tX) < Vi1t 1), (3.6)

Theorem 3.4. Letr(t), the reversed hazard rate of the components of the system, be decreasing
int fort > 0. Then, P j’.‘)T(t) is an increasing function of t.

Proof. Note that

d * . d * * - * d *
a j,T(t’ x) = Z(Eyj»kﬂl(t’ X))pk(t) + Z Vj,k,n(t’ X)(apk(t))

k=i k=i

The first term on the right-hand side is nonnegative due to Lemma 3.1. The second term can also
be proved to be nonnegative by following similar lines to those used in the proof of Theorem 2.4
and by using inequality (3.6).

3.2. Stochastic comparison between the failed components

Let X and Y denote two continuous random variables with distribution functions F and G,
density functions f and g, and reversed hazard rates rr and rg, respectively. Consider two
coherent systems with the same signature as in (3.1), and assume that 77 and 7, denote the
lifetimes of the systems whose components are distributed as F and G, respectively. In this
subsection we prove that when the components of the system are ordered in terms of reversed
hazard rates, then the inactivity times of the failed components of the systems are stochastically
ordered. First, let X;., and Y;.,, i = 1,2, ..., n, denote the ordered lifetimes of the two
systems, respectively. From (3.5), it can be easily shown that X <, Y if and only if

= Xjn | Xpw <t < Xig1m) 25t @ = Yjon | Yin <t < Yig1m)-

If we follow the same arguments as those used to prove Lemma 2.8, we can show thatif X <g, ¥
then

(- Xjn | Xjm<t< Xin) =5t (2 — Yin | Yim <t < Yien).

Finally, the steps that were used to prove Theorem 2.5 lead to the following theorem, which we
therefore present here without a proof for the sake of brevity.

Theorem 3.5. Let X <n Y. Then (t — Xjup > x | Xjuu <t <Tp) 2 ¢ =Yjiu > x | Yjiu <
t <1p).
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